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/ How to represent binding operators? I \

Scenario: we have to represent formally (encode) an object language (e.g.,
m-calculus) in some logical framework for doing formal (meta)reasoning
Problem: how to render binding operators (e.g, V) efficiently?
. e First-order abstract syntax
Slide 2
nu : Nanme -> Proc -> Proc

Needs lots of machinery about a-equivalence, substitution, . ..

e de Bruijn indexes

nu: Proc -> Proc

Good at c-equivalence, but not immediate to understand and needs

\ even more machinery for capture-avoiding substitution than FOAS j
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/ Higher-order abstract syntax [Harper, Honsell, Plotkin 87] I \

nu : (Name -> Proc) -> Proc

Q it delegates successfully many aspects of names management to the
metalanguage («-conversion, capture-avoiding substitution, generation

Slide 3 of fresh names,...) = widely used in most logical frameworks

& if Nane is defined as inductive then exotic terms (= not corresponding
to any real process of the object language) will arise!
weird = nu [x: Nat](Cases x of 0 => P
| _ =P Q end).

& usually structural induction over higher-order terms (contexts, terms with

K holes) is not provided = metatheoretic analysis is difficult/impossible J

/ A methodology for HOAS metareasoning I \

We propose a general methodology for dealing with metatheoretic properties

of contexts in HOAS-based encodings.

Let T be a framework metalanguage corresponding to a theory of Simple
Types/Classical Higher-Order Logic a la Church. Types:

Slide 4 .
T = 0 propositions

| v names
\ L object language terms (e.g., processes)
| 77— 71

Two judgements: type assignments and validity derivations

I'bs M7 'ty P
N v
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/ The logical framework Y: Syntax I \

Two basic logical connectives:
=:0—0—0 V;:(1—0)—o0

Other logical connectives and Leibniz equality are defined as abbreviations,

Slide 5
as usual
VaTp £ V. (\zT.p) pAg = =(p=—q)
1L = vror pVg = —p=ygq
p £ p=1 peqg = (p=q A=)
Jz"p = VzT..p M="N = VR ° RM = RN
/ The logical framework Y': Typing and Logical rules I \
Typing rules:
— VAR
Lz:rtbksax:7 (VAR)
Slide 6 T 07 T(M :T)EX (CONST)
I'tsM:7 =7 I'Fs N: 7/ APP
'y MN : 71 (APP)
Dx:7'bss M:T ABS
ks Xe™ M7 — 1 (ABS)
Logical rules (next slide)

- /
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4 N

I'ksp:o 'kggqg:0o T'kyr:o ©)
ks (p=qg=>r)=> =9 =p=>r
I'tgp:o T'kxq:o ©
Pksp=q=p
I'ts P:7—o0 I'bs M7 V.E
TFy V. (P) = PM (V-5
I'kep:o N
: ks~ p=p N
Slide 7 x:tks M:0 Tk N7 5
T Fy (a7 M)N =7 M[N/7] @)
'ty M:7— o0
FV(M
T Fe ner Ma ——o 3" £ VM) "
Fz:obys M="N ¢
'y Axo. M =2=7 \x° . N ©)
'+ 't
zprizq =P (MP)
I'ksp:o Iz:1kgp=g¢ Gen)
K Tk p=VaTgq /
/ An example encoding X in the logical framework T I \
Example of object language L:
P:=0|7.P|Pi|P:|[x#y|P| (vz)P
Corresponding signature X:
Slide 8
0 : ¢ Rect @ 71— (1—71)—
T 1 L— (T—>71T—>71)—
|+ =1 (vov—oToT)—>
[#] @ vov—o1—0 (v—1)—>T)
v o (V=) > —1—T

N J
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/ Y+ A Theory of Contexts on X I \

The theory of contexts > *++ is obtained by adding to X the following three axioms:

'k P v
TFyg3dava g P (nsat)
I'ky P:o" kyx: n
T I P (B-eap” ™)
Chy 3QU" ~tag" QAP =" (Q x)
Slide 9 FF2P2Un+1—>L F"EQIUn+1_>L by ax:wv

T l_E xgn—i—lp = xgn—i—l@ = (P 33‘) —un—y (Q .’L‘) = P _ontly Q

Ext" Y
Questions:

e Expressivity: are these axioms really useful? = case studies

e Soundness: are these axioms consistent? = a model for HOAS

\o Completeness: in what sense? j

/ Case studies: m-calculus . \

Full language, with recursion and mismatch.
e Encoded the full theory (transition system, strong late bisimulation)

e Proved all main results in A calculus of mobile processes by Milner, Parrow,
Walker (algebraic laws and Lemmata 1-7).

Slide 10 In particular: For p, q processes, &, y names, T & p:

Lemma 3 if p —— ¢ then p[z/y] olely] q[z/y]
Lemma6 if p ~ ¢ then plx/y] ~ q[z/y]
Both are instances of the general property (cf. Cardelli)
If I" 5y P then for all h injective: T'[h] ks P[h]

Both these name replacements are readily encoded by applications of

\ higher-order terms to names. j
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/ Case studies: A-calculus I \

Both call-by-name and call-by-value, simply typed:
o full theory: substitution, small step and big step semantics, typing system
o functionality of substitution relation (totality and determinism)
Slide 11 . . .
e equivalence of small step and big step semantics

e confluence of big step semantics

e subject reduction

o /

/

Substitution of the A-calculus as a (functional) relation I \

| nductive subst [NNtm : (var->tm ->tm-> Prop : =
subst _var : (subst Nisvar N)

| subst_void : (y:var)(subst N[_:var]ly vy)

| subst_App : (M, M:var->tm (M, M :tm
(subst N ML ML) -> (subst NM M) ->
(subst N [y:var](App (M y) (M2 y)) (App MI" M2"))

| subst_Lam : (Mvar->var->tm(M:var->tm
((z:var)(subst N[y:var](My z) (M 2))) ->
(subst N [y:var](Lam (My)) (LamM)).

Slide 12

Axioms used for proving

e Determinism: Ext‘, Ext"™"*, Unsat,

\o Totality: higher-order recursion /
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/ Other case studies (minor/work in progress) I \

First Order Logic full theory: validity judgement, substitution;

metatheory: functionality of substitution.
spi calculus full theory; metatheory: some algebraic laws
Slide 13 v-calculus theory

Ao-calculus theory; some metatheoretic result

/ Towards a categorical model I \

In order to interpret a HOAS signature in a model based on functor

categories, we adopt the following protocol [Hof99]:

e the metalanguage is interpreted in a suitable functor category

Slide 14 V = SetV such that

— if a constructor type contains a negative occurrence of a given type,
the latter must have a representable interpretation (e.g. since we
have v : (v — ¢) — ¢, [u]] must be representable, i.e.,

[u] = J7(X) for some X);

e the structure of functional types will be unraveled by means of the

o

equation Y(X) = A = AX where AY¥ £ Axyuy. j
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g A

The ambient category is y = Setv, where V is defined as follows:
® objects are finite sets of variables;
e morphisms are substitution of variables for variables.

Slide 15

The model U of T is defined by means of the following protocol:

e types and contexts are interpreted as covariant presheaves:

[7] € Obj(V) and [I'] € Obj(V);

e terms are interpreted as natural transformations:

[Chks M: 7] € V(HP]], I7D);

o /

/ Interpreting basic datatypes I \

o [v] ©F Var : V — Set defined as follows:

Var x dof ¥ Varp(x) def h(z), forze X,heV(X,Y)

Hence, it is isomorphic to the representable functor j)({*})
Slide 16 def
e [.] = Proc:V — Set defined as follows:
Procx & {P | FV(P) C X}
Procy(P) = PI[h], for P € Procx,h e V(X,Y)

Proc is not representable

\Prop.: For alln, Var™ = Proc is an initial algebra for a suitable functor. J
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/ Toposes are not enough I \

Being VY = SetV a topos, we could use the canonical interpretation for the
propositions type:

[olx £ Sub(Y(X)) = Sub(V(X,))
lo] £(S) £ (g€ Arr(V) | dom(g) =Y andgo f € S}

Slide 17
(where f : X — Y and S € [o] x)
However, this does not work because the axiom of unique choice would be
validated:
AClyr + (Ya®.3W7. R(a,b)) =
ANfo77.Va?. R(a, f(a))

N /

/ Toposes are not enough (cont.) I \

whence:

e AC! allows to derive the characteristic function of the equality over
names eq : v — v — nat (defined by

Slide 18 Va,y:v.x =y < eq(x,y) = 1, where = is Leibniz equality);

e Q Z \zv.if eq(x,y) then pelse g (wherey : vep,q: u);

e using Ezt" " one can prove that ) =" \z". ¢;

e hence it is possible to show that all processes are syntactically equal
(absurd).

- /
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/ Interpreting o in % I \

Given F' € V, predicates over F (Pred(F")) are V-indexed familes of sets
{Px } xey such that:

1. Py C Fx where X € V;

Slide 19 2. forallh € Z(X,Y),if f € Px then Fj,(f) € Py;

3. if f € Fx and Fj,(f) € Py forsome h € Z(X,Y), then f € Py.
Then we can define [o] = Prop, where Prop y = Pred(Y(X))

For each X, Prop x is a Boolean algebra, where order is given by

(pointwise) inclusion.

o /

Interpreting o in V: the formal justification I \

This approach can be explained by the existence of the adjunction
()" A (-)*, where ()7 : V — T and Z = Set?:
e objects of Z are finite sets of variables;

Slide 20 e morphisms of Z are injective substitution of variables for variables.

Indeed we have the following:

Pred(F) < Pred;(F") = Z(F",Q) = V(F, Q")

Hence, choosing F' = Y(X), we have

Pred(Y(X)) = V(P(X), ") = Q%
wis suggests to take [o] = Prop, where Prop y = Pred(Y(X)). J
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Slide 21

Slide 22
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/ Interpreting the truth judgment I \

Ker([l ke p:o 1x > *
H[[F]]([[F)—Zp:o]])l 'y lT ITX
[T] ~ P Propy > I(X,_)
T0 TO , -
[CFsp:o]! P Px
K [[]x >n———[kFsp:o]x(n AI(X,-) J

-

I' Fy; pholds iff for all X € V and ) € [I'] x we have
[T Fsp:o]x(n) = Z(X, ).

Intuitive meaning: proposition p holds on (a tuple of) terms 7 if it is preserved
at least by all injective substitutions (Z(X, )).

! er He)
]])K ([TFsp ]]%I.

h

Given X € V,T',n € [I'] x, and p such that I" k-1 p : o the forcing
judgment

Xlkrg,p
stands for 7 € k) ([I' Fs p: o])x (e, [['Fs p:o]x(n) = Z(X, ).

The forcing judgment is a powerful tool allowing to streamline the

computation of the truth value of propositions:

I' by pisvalid iffforall X € Vandn € [I'] x we have X IFp, p.

N J

11
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/ Some properties derived by means of forcing I \

o X lkp, VaTpiffforal Y, h € Z(X,Y),a € []y we have Y I-(r 4y, ([T] (1)) P
e X IFr, p= qiff X IFp, pimplies X IFr,; ¢;

e itis never the case that X IFp, L.

Slide 23 o X IFp, —piffitis never the case that X Ik, p;

o X lFp, pAqiff X IFp, pand X IFp, ¢;

e XIr,pVqift X IFp, por X IFr, q;

o X lkp, a7 piffthereexist Y, h € Z(X,Y), a € [7]y st. Y IF (0 air), ([0] (0),0) P-
e Foralll', M, N, X andn € [T'] x:

Xlry M="N <+ [I'kxM:7]x(n)=[FsN:7]x(n)

N /

/ The model validates the theory of contexts I \

Using forcing, all HOAS axioms have been verified.
Unsat?: if ' sy P o, thenforall X, € [I']x: X lFp,, 3a¥.a &€ P.

ExtV"% if kg P:v— 1, 'Fs Q:v—crand' by z : v, thenforall X,
nelMx: Xlry,zg' P=>2¢' Q= (Pz)="(Qz)=P=Q.

Bexp' ifT kg P:rand'Fy a2 : v, thenforal X, n € [I'] x:
Xlrr, 3QU 7tz ' QAP =" (Qux).

Closure under injective substitutions

Slide 24

If T b5 P then for all h injective: T'[h] b5 P[h]

corresponds to monotonicity of forcing:

\ it X I, Pthenforall Y,h € Z(X,Y): Y Ibp i P. J
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/ AC! is not validated by U I

Suppose AC! true in the model /. Since

y:vbEVe'In e =Yy <= n=""1
holds, by AC! we have
Slide 25
e yrob 3T =Ny = (fr) =1

thatis: forall Y and ¢y’ € Y, there exists Z, h € Z(Y, Z) and
€ (Var = nat)z suchthatforall X, h' € Z(Z, X), 2’ € X:

Y by faoy/ihp) g ="y < (fz)=1

But this condition means that g is not a natural transformation =

Kcontradiction. J

13

/ Recursion and induction principles over v™ — ¢ are validated I

Iy (RAV.0) = (VP 7. (R P) = (R \Z¥ ( P i)
(VP (RP) = VQ"" ~".(RQ) = (RAZ".(P f)( 7)) =
(Vy¥.V2' YP"" 7' (R P) =
(RAZV.[x1 # 21](PZ)) A - AN(RANZV [z # ] (PZ))A---

A (RAZY [z, # 25| (P Z))A
(RAZV.[y # a1 (P Z)) A= A
(RAZV.[x1 £ 2](PZ))A--- A
(RAZ"[y # 2|(P 1)) =
(VP = (VY (RAZY(P £ y))) = (RAZY (P E))) =

K vPY" =t (R P)

R A\ZV [xn # 2|(P &)\

'y R: (V™ — 1) — o Ind”"

~
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4 )

e FOMNAN py McDowell-Miller (LICS'97) is a metalogic where induction

principles are derived from induction over natural numbers.

o Gabbay and Pitts (LICS’99) introduced a language of contexts based on
permutative renaming. “New” quantifier, similar to both ¥ and 3

Doy#rt-o¢  THEW.o T,0,y#T2H 1
T FWy.¢ T+

Slide 27

In the theory of contexts, /y.¢ is definable as

Ny.o = Vy'yg' \We)=¢ = Fyyd N o)A

/

and the rules above are derivable.

/ Conclusions and future work . \

The proposed theory of context is quite expressive, sound and modular.
The model is the basis for future extensions

Future work:

Slide 28 e Expressivity: more case studies (ambient calculus)

e Extending the model to dependent types (useful for dealing with

higher-order proof objects, e.g., natural deduction derivations)

e Extending the model to capture-avoiding substitutions of terms for

variables

\o Realizability semantics (constructive logic) J
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