ITERATED FUNCTION SYSTEMS, FRACTALS AND KLEINIAN GROUPS

GIOVANNI PANTI

This is a personal geodesic along the topics in the title. It is not a textbook, nor
an attempt at it. It does not constitute a syllabus for my course. Definitions,
lemmas, and examples are merged in the text, and it is up to the reader to discern
which is which. Corrections, suggestions, observations, . . ., are most welcome.
Version of February 2, 2026.

1. BASIC DEFINITIONS

All topological spaces are Hausdorff and 1st countable (every point has a contable open
basis); for example, discrete more than countable spaces are fine. For 1st countable spaces being
Hausdorff amounts to the fact that converging sequences have a unique limit. Good spaces are
Polish (that is, 2nd countable and metrizable by a complete metric).

Theorem 1.1. Let X be a metrizable space; the following conditions are equivalent.

(1) X is compact.

(2) every infinite subset has an accumulation point in X.

(3) X is sequentially compact.

(4) X is complete and totally bounded w.r.t. every complete metric.

(5) X is complete and totally bounded w.r.t. at least one complete metric.

Definition 1.2. X is locally compact at x if there exists an open O and a compact K with
x € O C K. Itis locally compact if it is locally compact at every point.

The space Q with the topology induced by R is not locally compact at any point. A theorem
by Weil says that a topological vector space over R or C is locally compact if and only if it has
finite algebraic dimension. Thus, for example, /2, P([0, 1]), and C([0, 1], ||-||) are not locally
compact.

The Cantor space is the only nonempty, metrizable, compact, perfect, O-dimensional (i.e.,
with a basis of clopen sets), 2nd countable space. The Baire space is the only nonempty,
metrizable in a complete way, perfect, O-dimensional, not locally compact at any point, 2nd
countable space.

Theorem 1.3. Let A : X — Y be continuous, with Y locally compact. Tf.a.e., and define a
proper map.
(a) The counterimage of every compact set is compact.
(b) For every sequence (x,,) whose A-image converges to vy, there exists a subsequence
converging to a point in the fiber of v.
(¢) A sends sequences escaping to infinity (that is, that intersect every compact set in finitely
many points) to sequences escaping to infinity.
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Neither x — exp(2miz) from [0,1) to C or z + sin(z) from R to R are proper.
Corollary 1.4. Every proper map is closed.

Corollary 1.5. If A is injective, with X compact and 'Y locally compact, then A : X — A[X]
is a homeomorphism.

Definition 1.6. Let A be a continuous map between metric spaces. Then A is ¢-Lipschitz (or ¢
is a Lipschitz coefficient for A) if w(d) = ¢ is a module of continuity for A; the infimum of
such ¢ is the Lipschitz coefficient of A, written Lip(A). Also, A is u-Hélder (or u is a Hélder
exponent of A) if there exists ¢ such that ¢ 6“ is a module of continuity; the supremum of such
w is the Holder exponent of A.

Definition 1.7. Let (X, d) be a metric space. A weak contraction (in the sense of Rakotch)
isamap A : X — X that has a module of continuity of the form w(d) = R(J) 6, for some
continuous nonincreasing function R : (0,diam X) — (0,1). That is, for every = # 2/,
we have d(Az, Az") < R(d(z,2')) d(x,a’). A weak contraction is Lipschitz with constant
7 = sups~o R(0) < 1, hence continuous. If r < 1, then A is a strong contraction.

Theorem 1.8. Every strong contraction A on a complete metric space has a unique fixed point,
then can be obtained as lim,,_,, A™xq for an arbitrary x.

The group of similitudes of R is the group in the middle of the short exact sequence
1 — Transl — Sim — Ry x O, R — 1,
while its affine group is the one in
1 — Transl - Aff — GL, R — 1.
Sim and Aff act on Transl via GT,G~ = Tg,.

Definition 1.9. Let (X, d) be a metric space. We write x . for the open ball of points at distance
strictly less than € from z, and x<. for the closed one (in R? the second is the closure of the
first, but this may fail in other spaces). If Y is a nonepty subset of X, then

Yoo = U{y<s Yy €Y,
and analogously for Y<..

The function p(Y, Z) = inf{d(y, z) : y € Y, z € Z} is useful, but is not even a pseudometric
(the latter being defined as a metric, except that the distance between different points may be 0).
The asymmetric distance between two nonempty subsets of X is

d(v,2) = sup{p(y. 2) :y € Y.

It is the supremum of distances an enemy can force me to travel when moving from a point of
Y (chosen by her) to a point of Z (chosen by me).
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Let E={e>0:Vyp(y,Z) < e}. Then FE is upwards closed, which implies
inf{e >0:Y CZ .} =infE
= Sup(Rzo \ E)
=sup{t > 0:Jyp(y, Z) > t}
=sup{p(y,Z) :y €Y}
—d,2).
The symmetrization
%
d(Y,2) = d(Y,2)v d(Y,2)
is a pseudometric (d((O, 1), 0, 1]) = 0) on the set of nonempty subsets of X. It becomes
the Hausdorff metric, still denoted d, when restricted to the space X of all nonempty compact
subsets of X; the natural embedding of X in X’ is of course an isometry. It can be proved that the
topology determined by d on X is the Vietoris topology. By definition, the latter is the topology

generated by the sets { K : K C O} and {K : K N O # (}, as O varies in the open sets of X;
if X is Polish then & is Polish.

Theorem 1.10. If (X, d) is complete (respectively, compact), then (X, d) is complete (respec-
tively, compact). The limit of the Cauchy sequence Ko, K1, ... is

N(U )"

n>0 k>n
Proof. See Appendix 2 of [BP17]. U

Definition 1.11. Let X be either R? or a compact subset of R?, and let A = {Aq, ..., A,,_1} be
a finite set of injective selfmaps of X. The metric d is always the one induced by the euclidean
norm ||—||2 = |-|. Assume that:

e cither every A, is a strong contraction;
e or X is compact and all A, are weak contractions for the same R.

Then A is an Iterated Function Systems (IFS); if all A, are similitudes with the same contraction
rate, necessarily < 1, then A is homogeneous.

In holomorphic dynamics one requires that X = £ is a simply connected bounded domain,
and that all A, are holomorphic univalent maps such that the closure of the image of £ is
contained in £. These are strict contractions by the Schwarz Lemma.

The map A : X — X defined by

A(K) = | J{AdlK] : a € m}
is the Hutchinson operator.

We fix notation: wu,v,... € m<% are words, a,b,... € m* sequences. If u = ag...a;_1,
then A, is the composition A, - - - A,, , and x,, the fixed point of A,,. If A, is r,-Lipshitz and
Ty = Tay " Ta, ,» then A, is r,-Lipschitz. The words u and v are incomparable if neither is
a prefix of the other. For Y C X, we set diam(Y) = sup{d(y, ') : y,v' € Y}, Y, = A,[Y],
and have diam(Y,) < r, diam(Y").

Note that each A, : X — X, is a homeomorphism; if X is compact this follows from
Corollary 1.5, and if X = R? from Brouwer’s Invariance of Domain Theorem.
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Lemma 1.12. Given finitely many pairs (H,, K,) of compact sets, we have
d(UaHa, UaKa) < mgxd(Ha,Ka).

Theorem 1.13. Let A = {Ay, ..., Ap—1} with all A, r-Lipschitz. Then A is r-Lipschitz.
Proof. If A= {A}, we have
d(AH, AK) = sup(inf d(Ah, Ak))
h
< infrd(h, k
< s%p(lrkg rd(h,k))

—r d(H,K).

%
It holds for d as well, and thus for d.
For the general case,

d(U A0, AaK) < maxd(A.H, A, K) < rd(H, K).

0

Definition 1.14. The IFS A satisfies the Strong Separation Condition if there exists a compact H
such that Hy, ..., H,, _, are pairwise disjoint subsets of H. It satisfies the Open Set Condition
if there exists a nonempty bounded open set O C X such that Oy, ...,0,,, , are pairwise

disjoint and contained in O. If, moreover, O N K # () (K being the attractor of A, to be defined
soon), then A satisfies the Strong Open Set Condition.

Theorem 1.15. Let A be an IFS as above; then the following statements hold.

(1) There exists H € X such that H O AH.
(2) There exists precisely one K € X which is a fixed point for A; it can be constructed as
the intersection of the chain

HODAHDA*HD -,

forany H as in (1).
(3) Foreveryuandt > 1, we have K,, = |J{ Ky : w € m'}.
(4) For every a we have a strictly descending chain

KDKa[lDKaFQD"'

whose intersection is a singleton. Denoting by m(a) the element of that singleton, the
map 7 : m* — K is surjective and continuous; moreover, A, (w(a)) = w(ua). It is
injective iff it is a homeomorphism iff the SSC holds; if so, then K is a Cantor set.
(5) We have m(u”) = x,, and m(a) = limy_,o0 Tays; therefore, K = {x, 1 u € m<“},
(6) Let L € X. Then:
o A'L converges to K in the Hausdorff metric, as t — oo.
o For every a, d(Lay, m(a)) converges to 0, as t — oo, uniformly (i.e., with bounds
on convergence not depending on a).
e In the definition of w(a), K can be replaced by any H as in (1).

There are two handy strategies to draw the limit set, or attractor, K of A.
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(1) If you know a reasonable approximation K of K, draw A'Kj, for some ¢ about
log,., (5000).

(2) The Chaos Game: choose z( and generate x1,z2,... with ;41 = Ag, (z¢) for a
random a. Plot {z; : 50 < t < 10000} (if z is known to be in K, replace 50 by 0).

Example 1.16. (1) The Sierpinski triangle and carpet.
(2) The Koch curve and snowflake..
(3) The Peano-like curves.
(4) The Lévy and Heighway dragons.

2. ToPOLOGICAL DIMENSION

Let X be any metrizable 2nd countable space.

e If X = (), then X has ropological dimension —1.

e Otherwise, X has topological dimension n > 0, where 7 is the least integer such that
for every z € X and every € > 0 there exists a neighborhood (not necessarily open)
x € U C x. whose boundary OU has topological dimension < n.

3. THE BOX DIMENSION

Let ) # Y C RY be bounded and let § > 0. We classify balls according to diameter rather
than radius.

e The covering number Cs of Y is the minimum cardinality of a §-cover £ of Y (i.e., £ is
at most countable, | J€ D Y, and 0 < diam(FE) < § forevery E € &).

e The net number Ny is the minimum cardinality of a § /2-net for Y, that is the covering
number by closed balls of diameter ¢.

o The packing number Pj is the maximum number of nonoverlapping open balls of
diameter § with centers in Y, that is the maximum cardinality of a )-separated subset of
Y.

e The box number Bs of Y is the number of closed mesh boxes with vertices in dZ% that
intersect Y.

Since Y is bounded, these numbers are finite. If Y is a “nice full dimensional” set, then
lims_,o Bs 6% converges to the volume of Y; thus Bs grows like const ¢, with const # 0.
This suggests defining the dimension of Y as the exponent 0 < h < d such that Bs grows like
const 6", Thus

Bs
lim — — const € Ry;
500N >0

taking logarithms and dividing by log 6 ! we see that we must have

. log Bs
=1 .
h 513(1)10g(5_1
We then have |
0g35
— h| =q(d) = o(1).
o~ ] = 4(0) = o)
Therefore los B
h—q(6) < 220 < hit q(6),
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and one writes By = (6~1)h*e(1),
All of this can be formalized as follows.

Theorem 3.1. We have the indentities

oo logCs o logNs . logPy
liminf = liminf = liminf = liminf ,
5—0 logd—1 5—0 logd—1! 5—0 logd—1! 5—0 logd—1

log Bs

and that number defines the lower box dimension of Y, denoted dimg @ An analogous
statement holds for limsup, and we obtain the upper box dimension dimp(Y) of Y. If
dimp(Y) = dimp(Y), this defines the box dimension of Y, dimp(Y) (sometimes box di-

mensions are called Minkowki dimensions).
Proof. See [Fall4, §2.1]. We need to establish inequalities of the form C..; < Ps and Pss < Cs
for appropriate r, s > 1. Indeed, such inequalities imply
log C..5 < log Ps
log(rd)~1 — logr—! +logd—1’

and for § — 0 the summand log 7! disappears in liminf and limsup.

For example, let {y1, ..., yp, } be a maximal -separated subset of Y. Then every point of Y’
must be at distance < J from at least one y;, otherwise the set could be enlarged. This implies
that the open balls (y;) s cover Y, and therefore Co5 < Ps.

Conversely, let { E1, ..., Ec, } be a minimal ¢-covering of Y. Every (1.10)-separated subset
of Y is contained in the union of the F;, and every E; contains at most one element of the subset;
therefore P 15 < Cj. ]

Example 3.2. Suppose that, for k = 0,1,2,..., Y can be covered by mF* «

of diameter const*. Then

almost disjoint” sets

log mF 1
dimpY = lim — s 08T
k—oo log (constr®)=1  logr—!

Thus the classical Cantor set, the Sierpinski gasket, and the Koch curve have box dimension
log 2/ log 3, log 3/ log 2, log 4/ log 3, respectively.

Lemma 3.3. Let ) #Y = Yy U ---UY,,_1, with every Y; a copy of Y scaled by a factor
0<r <1 Fott >0, let V' be the set of m' copies of Y scaled by rt. Assume that there
exists ¢ > 1 such that, for every t and every q + 1 elements of J', at least 2 of them are at
p-useful-function > r'. Then dimpY = logm/logr~".
Proof. Of course C,+ < m/!; therefore

t

log C 1
08 Trt ; < limsup mn g™

limsup

t—oo  (—log)r (—log)rt ~ logr—1°

Conversely, every set of diameter < r’ can intersect at most ¢ elements of )'. Therefore

Cs >m! /q, for t the exponent in the sandwich rttl < § < rt. Hence

logm'/q  logm

.., logC;s -
1 f——>1 f = .
550 (—log)d — 500 (—log)rttl  logr—1
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Ficure 1. Volume of unit ball

Box dimension has a simple presentation, but has disadvantages. For example, using the
Ns-definition it is clear that dim(Y) = dimg(Y/), and similarly for dimp and dimp. Thus
Q2N10, 1)2 has box-dimension 2, which is questionable. The issue arises since we are considering
finite converings only.

4. THE HAUSDORFF MEASURE

Let €2 be a nonempty set. An outer measure on €2 is a function p* : Z(2) — [0, co] which
satisfies p* () = 0 (it may be trivial), u*(A) < p*(B) for A C B, and is o-subadditive. A set
A is p*-measurable if for every B we have

1(B) = p*(B O A) + (BN A°).

Theorem 4.1 (Carathéodory, about 1918). The family M of p*-measurable sets is a o-algebra,
and contains every set of p*-measure 0. The restriction p of u* to M is a (possibly trivial)
measure, so that (2, M, 1) is a complete measure space. If ) is a metric space and p*(Y UZ) =
w(Y) 4+ u*(Z)if p(Y,Z) > 0, then M contains all Borel sets.

Proof. [RF10, Chapter 20]. ([l
Ford = 0,1,2,..., the closed unit ball unit in R? has d-dimensional volume
/2
T
d)=——7—.
") = tar

Fix a “dimension” s € R>(; the number 7(s) still makes sense, so we define the s-dimensional
volume of the ball of diameter § to be y(s)(0/2)*.
Fix 6 > 0 and let Y be any subset of R?. We agree that 0° = 1 and define

(H)*(Y) = inf{ Z (diam E)® : £ is a §-cover of Y}
Ec&

_ (’VQ(S)> - inf{ 3 (s) (dia;nE>s € is a 6-cover of Y}.

Ee&

Lemma 4.2. (H3)* is an outer measure.

Proof. LetY = ;. Yx. fix e > 0 and, for every k, choose a -cover & of Y}, such that

> (diam E)* < (H3)* (Vi) + /28
Ee&;,
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Since | J;,, & is a d-cover of Y, we have
(H3)'(Y) S e+ (M) (Ye).
k

Since ¢ is arbitrary, we have o-subadditivity. U
If0 < B <0, then clearly (H3)*(Y) > (H35)"(Y); this implies that

(H*)*(Y) = lim (H3)"(Y) = sup(H3)"(Y)
exists and is still an outer measure (easy). Applying Caratheodory’s theorem we obtain the
s-dimensional Hausdor{f measure H?® on the class of (H*)*-measurable sets.
From now on we will write #*(Y") for (#%)*(Y"), no matter what Y is.

Lemma 4.3. Let s < t. Then H3(Y) < oo implies H!(Y') = 0 (equivalently, H!(Y) > 0
implies H*(Y') = 00).

Proof. For every E in every J-cover of Y, we have (diam E)! < §'~%(diam E)*. Therefore,
HE(Y) < 675 H5(Y'), and the statement follows by letting & tend to 0. O

Theorem 4.4. Let A : Y — R be a u-Hdolder map for some u,c > 0; then the following
Statements are true.
(1) H/“(A[Y]) < /" M1 (Y).
(2) In particular, since every projection Proj (not necessarily orthogonal) towards any
subspace is 1-Lipschitz, we have H* (Proj[Y]) < H3(Y).
(3) If A is a similitude of ratio r, then H*(A[Y]) = rH*(Y).

Proof. Let £ be ad-coverof Y. Then G = {A[ENY]: E € £} isacé*-cover of A[Y]. Noting
that

(diam(A[E N Y]))s/u < sl ((diam(E N Y))“)S/“ < ¢/ diam(E)?,

we obtain
HALAY])) < D (diam G)¥/* < ¢/ Y (diam B)®.
Geg Ee&

Since £ is arbitrary, we get ’Hig}f (A[Y]) < ¢*/"H(Y), and the statement follows by letting &

tend to 0. Let A be a similitude of ratio r. Taking v = 1 and applying (1) to both Y, A and
A[Y], A~ we obtain (3). O

Theorem 4.5. (i) H? is a Borel regular measure on R

(i) H° =t and H? = v(n) 129N\

(iii) If s > d then H? is trivial.

(iv) If s < d then H?® is not o-finite, is not finite on compacta, and does not induce a
continuous functional C.(R%) — R; thus, it is not a Radon measure.

(V) If0 < m < dand Y is a smooth m-dimensional manifold in R, then the restriction of
H™ toY equals (m)~12™ times the m-dimensional volume form on'Y in the sense of
differential geometry.
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Proof. (i) follows from Theorem 4.1. (ii) We have H)(Y) = C5(Y'), whose limit for § — 0 is
gY.

The second statement crucially uses the isodiametric inequality: for every nonempty subset
Y of R? we have

M(Y) < 4(d)2~4(diam V).

5. THE HAUSDORFF DIMENSION
Definition 5.1. The number
dimy Y = sup{s : H¥(Y) = oo} = inf{t : H'(Y) = 0}.

is the Hausdorff dimension dimg Y of Y C R, An s-set is a Borel Y of Hausdorff dimension
s such that #*(Y") # 0, cc.

There is a way of defining the Hausdorff dimension bypassing the measure. The s-dimensional
Hausdorff content of Y (which is not a measure) is defined by

H(Y) = inf{ Z (diam E)? : £ is a countable cover of Y}.
Ee&

Lemma 5.2. We have H*(Y) = 0 iff H3_(Y') = 0 and, hence,
dimy Y = inf{s: H: (V) = 0}.
Proof. For every § > 0 we plainly have
H(Y) = HF(Y) = H(Y),

and the left-to-right direction is clear. Assume, conversely, that H5_ (Y") = 0. Then, for every
t > 0 there exists a countable cover £ of Y with

Z{(diamE)S Eef} <t

Such an & is necessarily a t'/*-cover and thus 7%, ,.(Y) < t. Since t}/* — 0 for t — 0, we have
y 11/

HE(Y) = 0. O
Lemma 5.3.

dim g UYZ = supdimpg Y;. 5.1
<w i<w
Proof. fY C Zand H*(Z) = 0 for some s, then H*(Y') = 0. Thisimplies dimpy Y < dimy Z
and the > inequality. If the inequality were strict there would exist a sandwitched s. The
‘H?5-measure of each Y; is then 0, and thus so is the H®-measure of the union, which is a
contradiction. I

Example 5.4. Every at most countable Y has Hausdorft dimension 0, but the 0-sets are precisely
the finite nonempty ones.

Let 0 < r9p < 71 < --- converge to 1/2. Then we have Cantor sets K; C [0, 1] with
dimy K; = log2/logr;*. Thus |J, K; has Hausdorff dimension 1, but it is not a 1-set.
Analogously for Bad = | J,~, Bad(b), by the Jarnik theorem..
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Lemma 5.5. Let Y C R be bounded. Then
dimpg Y < dimgY.
Taking Y = [0,1]? N Q? we see that the inequality may be strict.

Proof. Tt suffices to show that if 2*(Y") = oo then s < dimpzY". For such an s, and for every
small enough §, we have 1 < H3(Y) < C56°. Taking logarithms we get 0 < log C5 + slog d;
therefore s < log Cs/log 6! and s < dimpY. O

Lemma 5.6. Let A be as in Theorem 4.4; then dimy A]Y] < (dimg Y')/u.

Proof. Let s > 0 be such that %*(Y) = 0; by Theorem 4.4 we have H*/*(A[Y]) = 0, and thus
dimg A[Y] < s/u. O

Lemma 5.7. Lipschitz maps do not increase dimp, dimp, dimyy; bi-Lipschitz ones (e.g., affine
maps) leave them invariant.

Proof. By definition, A is bi-Lipschitz if it is invertible and both A and A~! are Lipschitz;
thus the second statement follows from the first. For Hausdorff dimension, apply Lemma 5.6.
Let A : Y — R™ be Lipschitz with constant ¢ > 0, choose § > 0, and let £ be a finite
d-covering of Y of cardinality C5(Y"). Then G as in the proof of Theorem 4.4 witnesses that
C.s(A[Y]) < Cs(Y). Taking logarithms and dividing by log(cd)~! + loge = logd~*, we
obtain
log Ces(A[Y]) _ log Cs(Y)
log(ed)~! +1loge = logd—1 ~
The conclusion follows by applying liminfs_,¢ and limsup;_,. g

Lemma 5.8. Ifdimy Y < 1thenY is totally disconnected, hence a Cantor set.

Proof. Let xg,z1 be distinct elements of Y. The function Az = |z — x| from R? to R is
Lipschitz, by the triangle inequality. Therefore dimy A[Y] < 1, and thus does not contain
intervals. In particular there exists ¢ ¢ A[Y] with 0 = Azg < ¢ < Azq, and (z¢)<4 is a clopen
that separates zg from x;. O

Lemma 5.9. Let 6(0) > (1) > -+ converge to 0 not too fast (i.e., 6(n+ 1) > cd(n), for some
0<c<1). Then
limsup 710g(05) = limsup —log(C5(n))
50 (—10g)(0)  nooo (—1og)(d(n))’
and analogously for liminf, Ns, Ps, Bs.

Corollary 5.10. Suppose that, for a sequence 6(n) as above, Y can be covered by M (n) sets of
diameter < §(n). Then:

v log(M(n))
. . og n
dimgY < hn}}lnf Clog)(0(n))"
)
log(M(n))
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3) If M(n) = O(6(n)~*) for some s > 0 (i.e., {M(n)d(n)® : n > 0} is bounded), then
HH(Y) < oo and dimp Y < s.

Definition 5.11. Let A = { Ay, ..., A,,—1} be an IFS of similitudes, with attractor K and ratios

0<rg,...,"m—1 < 1. The function 7§ + - - - + 15, _; from R>¢ to (0, m] is strictly decreasing,
and therefore there exists a unique D such that (r(’)j ,...,7P_Yis aprobability vector. We call D

the similarity dimension of K if the IFS is homogeneous with ratio 7, then D = log m/logr .

Very roughly, upper bounds on the dimension depend on the size of the chunks in A" K,
while lower bounds on the spacings between these chunks. The following is called the Mass
Distribution Principle.

Lemma 5.12. Let 11 be a probability on R?, with w(Y) = 1. Let ¢, 09 > 0 be such that for every
E of diameter < 5y we have ji(E) < ¢ (diam E)®. Then ¢! < H3(Y), and thus s < dimpy Y.

Proof. For every d-covering £ of Y, with § < dp, we have

1< Z w(E) <c Z(diamE)s.

Ee€ Ee&
Therefore ¢! < Hi(Y) < H3(Y). O

Example 5.13. Let m > 2 and let K be the attractor of an IFS consisting of m similitudes
of H by the factor r < 1, with “almost disjoint” images. Then dimy K = dimp K = D =
log m/log 71 = entropy over Lyapunov exponent.

For the usual (1/3)-Cantor set, D = log 2/ log 3 ~ 0.6309.

For the Koch curve, D = log 4/ log3 ~ 1.2618.

For the (1/2)-Sierpinski triangle, D = log 3/ log 2 ~ 1.5849.

For the Heighway dragon, D = log2/log /2 = 2.

6. DEVIL STAIRCASES

Let [a,b] be a compact interval in R, and let u € M o([a,b]). We say that p is of pure
type if the decomposition of its repartition function

M - Mjump + Mac + Msing

(in which the first summand is the repartition functions of an at most countable combination
of Diracs, the second is absolutely continuous, and the third is continuous with derivative 0
A-everywhere) contains precisely one summand. A purely singular M is called a devil staircase,
which is ordinary if A(supp ) = 0 and splippery if supp u = [a, b].

Theorem 6.1. For every IFS of similitudes on R and every product measure P on m*, the
pushforward measure | = 7, P is of pure type (thus absolutely continuous or purely singular,
because the jump component is always 0). Moreover, if i is purely singular, then its repartition
function is either an ordinary devil staircase or a slippery one.

Example 6.2. Let 0 < ro,71,p < 1 and let Ag(x) = roz, A1(z) = riz+ (1 —ry). Let P
be the power measure on 2 with weights (1 — p,p) and p = m.P. Iff ro + r1 < 1, M is an
ordinary devil staircase, and if rg + 1 = 1 it is a slippery one; see Figure 2.

Let K be attractor of A; then dimy K is an upper bound for the Holder exponent of M.
Indeed we have M[K] = [0, 1] (which, in the o + 71 < 1 case, is a good specimen of the old
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FIGURe 2. 70 =1/3, 711 =2/3,p=1/2

theorem according to which every compact space is the continuous image of the Cantor set).
Let u be a Holder exponent of M. A fortiori, u is a Holder exponent of M | K and therefore,
by Lemma 5.6, it is bounded above by dimy K.

7. RECTIFIABLE CURVES

Let v : [0,1] — R? be a parametrized simple curve, i.e., an injective continuous map from
[0,1] onto I" = ~[0, 1]. If 7y is of bounded variation, then we say that I" is rectifiable and has
length

LT = sup{thiH —ti] t - < tj < tiy1 < --- are finitely many points in [0, 1]}
Clearly these notions do not depend on the parametrization.
Theorem 7.1. If T is rectifiable, then ((T') = H'(T').

Proof. Let 0 <t <t <1, and let Proj be the orthogonal projection from I to the line through
~t and yt'. Then Proj is Lipschitz and

vt — ] < H (Projiy[t,t]]) < H' ([t t']).
Since H! is a measure, this easily implies £(T") < H(T).
Conversely, one shows that for every 0 < ¢ < ¢(T") there exists precisely one ¢ such that
£(~[0,t]) = g. This gives another parametrization, by arclenght,  : [0, (T")] — I, and again n
is Lipschitz. Therefore /(T") = H!([0,4(T")]) < H1(T). O

All repartition curves (that is, repartition functions made continuous curves by addding
“vertical segments”) are rectifiable (since they are BV), and therefore their graphs are always
1-sets.
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8. STATIONARY MEASURES

Let (X,d) be a compact metric space, and let P(X) C Mg )(X) C Mg(X) be the
spaces of all Borel probabilities, finite measures, and signed measures on X, endowed with the
weak topology, namely the one induced by the immersion Mg (X) — RE(X). The restriction
to finite measures is essential: H’-5 and H° integrate in the same way —and very badly—
continuous functions on [0, 1]. Clearly My ,.y(X) is a positive cone. By Banach-Alaoglu
P(X) is compact, and is clearly closed under affine combinations.

A pairing of 1 € P(X1) and pe € P(X2) is aprobability o € P(X; x X2) whose marginals
are 1 and po; the pairing is deterministic if there exist a measurable map 7' : X; — X5 such that
o = (id XT")4p1. In the language of the Monge-Kantorovich theory, pairings and deterministic
pairings are called transport plans and transport maps.

Theorem 8.1 (Kantorovich). Given pu,v € P(X), we have
inf{/ d(z,y) : do(z,y) : o is a pairing of | and V}
X2

= sup{/ ud(p — v) : wis a 1-Lipshitz function from X to R}.
b's

The above number defines the (1-)Wasserstein distance d(u, v). It is a metric on P(X) inducing
the weak topology; we have diam(P (X)) < oo and d(6,0y) = d(x,y).

Remark 8.2. More generally one tries to minimize not distances, but costs, a cost being a lower
semicontinuous function ¢ : X XY — Rx¢; for example, 1y,..,y, or the quadratic cost |z — y|?

in R%. Lower semicontinuity guarantees that optimal transport plans, that is, plans realizing the
minimum, always exist; the problem for maps is more difficult.

Remark 8.3. For p = 1,2, ..., the function

1/p
dp(p,v) = inf{ </ d? do : o is a pairing of y and 1/) }
X2

is a again a distance that metrizes the weak topology.

Suppose that A = {Ao, ..., A,_1} is a set of continuous maps on X, and let P* be any
probability on the free monoid m<%. Then P! acts on (X ) by convolution:

Plop= [ (A)udP'w)= Y Plw): (A)n

Note that convolution is associative: P! % (Q! * ) = (P! * Q') * p. A fixed point for P! x —
is a P-stationary probability. The simplest P! are the ones supported on the free generators;
in this case we write P! = (po, ..., pm_1) and set P = P x ... x P! (n times).

Lemma 8.4. Every A, distributes on positive linear combinations of finite measures; therefore
P x — distributes on affine combinations of probabilities.

Theorem 8.5. Assume that A is an IFS of strict contractions with attractor K. Let r = maxr,,
and let P* = (po, ..., pm_1) be supported on the free generators. Then P' x — is r-Lipschitz on
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the compact space (P(K), d), and therefore has a unique fixed point p, that can be obtained as

T _
p= lim P *MO_JE’IO;P Pu + (Aw)s o,
wl=n

for any py € P(K). Let P be the product measure on m* with weights (po, . ..,Ppm—1); then
w = 7, P, and its support is K. The map P' — i is Lipschitz, even for graph-directed IFS (see
Rauzy fractals of random substitutions by Gohlke at al. on ArXiv, and references therein).

9. THE DIMENSION OF A MEASURE
Let u € Mg o) (RY). The Hausdor{f dimension of i is
dimg p = inf{dimg Y : Y is a Borel set of full measure}.
Given z € R%and s € R>o, the upper s-dimensional density of p at  is

3 : m(r<s)
O(p, x, s) = limsup =—.
(28] =P 2 () 6
The lower one 0(u, x, s) is defined by replacing limsup with liminf, and the usual jarcon apply.
Replacing 1 with a positive multiple, and dropping ~(s), do not change the three basic cases of
O(u, z, s) being 0, in R+, or co.
The main example is the Lebesgue density theorem.

Theorem 9.1. Let A C R? be Lebesgue measurable with \*(A) > 0. Then for \%-all x € R?
we have

O LA z,d) =0\ LA x d) =1Tyx).
In other words, for \_all z,
lim —————= = 1li A = .
550 v(d)6? 61—I>I(1))\ (Alr<s) = a(w)
A partial inversion appears in [Fed69, p. 181].

Theorem 9.2. Let p1 € Mg o) (RY) and let A be Borel.

(1) Ifc1 < 0(u,—, s) on A, then c;H?(A) < u(A).

(2) IfO(p,—, s) < coon A, then i(A) < c225H5(A).
In particular, if O(u,—, s) is bounded from below and above on A, then (A) equals 0, a finite
number, or oo iff H*(A) equals 0, a finite number, or cc.

Lemma 9.3. (1) If s < tand O(p,x,t) < oo, then O(u, x, s) = 0, and analogously for 0.
(2) We have the identities

_ _ 1
sup{s : O(u,z,s) =0} =inf{s: O(u,z,s) = co} = limsup M,
§—0 log 0
: —O) = inf{s - b — oing 08 (2 <5)
sup{s: O(u,z,s) =0} =inf{s: O(u,z,s) = oo} = hgri%lf logd

They define the upper local dimension of i at z, dim(u, x), and the lower one dim(u, ).
If they agree, the common value is written dim(pu, x).
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A finite measure p is exact dimensional if dim(u, z) exists and is constant p-everywhere.
For measures which are not exact dimensional, making global the local notions is intricate; for
example, taking the j-essential supremum/infimum of dim(y, ) and dim (i, ) results, a priori,
in four distinct notions. By [You82, Theorem 4.4], if K C R%is compact and ;. € P(K) is exact
dimensional then dim ¢ = dimy o (and many more altenative definitions of the dimension of

Lt agree).
Example 9.4. Smaller dim(yu, ) corresponds to more mass around x.
(1) If z ¢ supp(u), then dim(u, z) = oo.
(2) dim(d,,z) = 0.
(3) Let u = dg + (AL 0-) € M0,00) (R9). Then dim(u, x) equals 0 at z = 0, equals 0o
for = ¢ 0<1, and equals d otherwise.
(4) Lebesgue’s theorem says that every A% |_ A is exact dimensional.

Definition 9.5. Let (X, d) be a metric space, 1 € Mg ). If there exist 0 < ¢; < cg < 0o and
s € R such that for every x € supp p and every 0 < § < 6(z) we have

x
o < M((g?)
then we say that u is Ahlfors-regular. This is stronger than exact dimensionality (multiply (9.1)
by 6° and take logarithms). Indeed, dim(u,x) = s means that for every 0 < e and every
0 <0 <06(z,e), we have

< ¢, .1

w(z<s)
55

Theorem 9.6 ([FH09]). For every conformal IFS on R¢ and every power measure P on m®,
the pushforward measure 7, P is exact dimensional.

) < <0 c.

Theorem 9.7 (Rapaport). Let P be a probability on GL441 R supported on m matrices. Assume
that the group generated by these matrices contains a proximal element and does not preserve
any finite union of proper subspaces. Then the Furstenberg measure (that is, the only probability
on PR which is fixed by P) is exact dimensional

The relationship between the following local characteristics (when defined) is quite intricate,
most intricate for non-conformal IFS.

The local dimension of p at z = 7 (a).
The Holder exponent at x of a “repartition function” for p.
The ratio of the local entropy and the first Lyapunov exponent of A at x:

log pu(mla | t]) ~ lim —logu(rla | t])/t _ hy(z)
t—o logdiam(7[a [ t]) (= —logdiam(r[a [ #])/t  x{'(z)

- d log p(wla | t])
t=oo log A(mla [ t])

Example 9.8. Consider the devil’s staircases of Example 6.2 with parameters g, r1,p. By the
Strong Law of Large Numbers the set IV, of all a € 2% such that 1 appears in a with frequency p
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Figure 3. dim p as a function of p

has full P-measure. The set 7[IV,)] is not closed, has full ;-measure, and its Hausdorff dimension
equals dim p. Given z = m(a) € w[N,], the above characteristics should agree, obtaining that

oz ) _los((1—p) )
m —F—— = m
t=oo log A([a [ t])  t—oo log(r(()l_p)tr’l’t)

(1 —p)(—log)(1 — p) 4 p(—log)(p)
(1 = p)(=log)(ro) + p(—log)(r1)
_ hp(S)

Xi(P)’

equals dim p. It should also equal the Holder exponent of M at x, but this has to be checked.
For ro = 2/5, r1 = 3/5, the graph of dim y as a function of p is in Figure 3 left. If p = 1/8,

then dim / is small; the points of 7[ N /3] correspond to the “vertical” segments in the repartition
function in Figure 3 right.

10. THE SIMILARITY DIMENSION

In this section A and D are as in Definition 5.11.

Lemma 10.1. () HP(K) < oo, and hence dimp K < D.
(ii) If K is an s-set, then s = D iff for every a # b we have H*(K, N K;) = 0.

Definition 10.2. If the monoid homomorphism w — A, from m<%“ to Aff R4 is not injective,
then we say that A has exact overlaps. This means that there are different words u, v such that
A, = A,. Replacing u, v with uv, vu, and observing that A,, = A, implies that v and v are
incomparable, which implies uv # vu, we may assume |u| = |v].

Theorem 10.3. If A has exact overlaps, then dimg K < D.
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Proof. Letu # v, [u| = |v] =n > 1, A, = A,, and let A’ = A"™. Then A and A’ have the
same attractor, and A’ has cardinality strictly less than m™. Therefore

Z rD =1 and Z (r(B))D < 1.

|w|=n BeA’
Thus A’ has similarity dimension D’ < D, and dimyg K < D’ < D. O

Lemma 10.4. Assume that A satisfies the OSC w.r.t. O.

(i) Foreveryu, K, C 05.
(ii) If u and v are incomparable, then O, N ol = 0.

Proof. Every A, is a homeomorphism of R?, and hence commutes with the topological opera-
tors. Thus (i) reduces to K C Of. Letx = m(a) € K and y € O; then z = lim,, A, y. Since
every Aap,y belongs to O, we have x € O7. Analogously, (ii) reduces to O, N OZU, = (), for
any a # b. Since O, N Oy = () and 0! is closed, we have O, N O({ = (; as Ogyy C O, and
OI{U, - OI{ , the conclusion follows. O

Theorem 10.5. Assume that A satisfies the OSC w.r.t. O, let p, = rf , let P be the product
probability on m® with weights (po, . . ., Pm—1), and let jp = m, P.

(1) There exist constants 0 < c; < cg < o0 such that, for every x € K and every
0 < e < e(x) we have

K Nre)
v(D)eP

(2) dimyg K = D < d, and actually K is a D-set.

(3) TP = /HD(f |K); this measure, as well as HP L K, has local dimension D in every
point of K; in particular, it is exact-dimensional.

(4) If D = d, then K = Of and K has nonempty interior. Thus K is a regular closed set
and replacing O with K° the OSC is still satisfied.

c < = C2.

11. BERNOULLI CONVOLUTIONS

Let0 <r<1,A_1(z) = =147z, Ai(x) = 1 +ra, P the product probability on {—1, 1}*
with weights (1/2,1/2). The interval [—1/(1 — r),1/(1 — r)] is mapped into itself by A, so
K C [=1/(1 =), 1/(1 7))

Given w of length n, one proves by induction that

n—1
Ay(z) = (Z wkrk> + .
k=0

Therefore K is the limit in the Hausdorff metric of the sets A™(0) = {3 wyr® : |w| = n},
while p is the weak limit of

1 _ " 014061 0+ 0 d_yn—1+ 61
un—Q—nZ{(Sz.zeA(O)}— g F g KtH 5 )
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1.

Ficure 4. Convergence to A(—|[—2,2])

Classically all of this is described by considering a sequence Xy, X1, ... of independent
random variable such that X, takes values £r* with equal probability. Thus i, is the distribution
of Xg + -+ + X,_1 and, since px, (£) = cos(r*¢), we have

fin(€) = cos(€) - cos(rg) - cos(r"1¢).
e If r € (0,1/2) then the OSC is satisfied and K and p have both dimension D =
log(2)/log(r~1) < 1.
o If r = 1/2, the OCS is still satisfied, K’ = [—2,2] and u = \(—|[—2, 2]); see Figure 4
for the graphs of f13(£) and (&) = sin(2€)/(2€).
o If r € (1/2,1) then the OSC is not satisfied (for otherwise K and p would have
dimension D > 1).

Definition 11.1. A Pisot-Vijayaraghavan number is an algebraic integer o € R+ all of whose
conjugates have modulus < 1.

The set of PV numbers is closed; its smallest element is the real root 1.32471 ... of 23 — 2 —1,
and the second one 1.38027 . . . one of the two real roots of 224 — 23— 1. The smallest accumulation
point is the golden ratio.

Theorem 11.2 (Erdés, 1939). Let r € (1/2,1) be such that v is PV. Then i(£) does not
converge to 0 as |{| — oo; therefore, by the Riemann-Lebesgue lemma, (i is not absolutely
continuous. This has been strenghtened by

12. FRACTAL TRANSFORMATIONS

Lemma 12.1. Let A = {A4, ..., Aj—1} be and IFS, not necessarily strictly contractive, but
such that Theorem 1.15 holds. Then the topology of K is the final one, i.e., Y C K is open iff
7Y is open.

Proof. One direction is clear. Since 7 is surjective we have Y = 7[7~1Y]. Therefore =1V’
open implies 7~ 1Y ¢ closed compact, which implies 7[7~!Y¢] compact closed, which implies
Y open. g
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Theorem 12.2. Let B = {B,..., By,—1} be a second IFS as in Lemma 12.1. Assume that the
fibers of T 4 refine the fibers of mg (that is, w4(a) = 7 4(b) implies T(a) = w3(b)).

(1) The map ® = g o 7T;ll : K4 — Kpgis a well defined continuous surjection.

(2) If m4 and 7 have the same fibers, then ® is a homeomorphism.
Fix now P € P(m®), and let p 4, up be the pushforward measures.

(3) Pupra = pp.

4) If Kp = [0,1] and ug = X\, then ® determines the repartition function M of 4

(distinguish ® order-preserving of reversing).

Proof. Clearly ® is well defined and surjective. Let Y C Kp be open. Then 7T;‘1 [@~1Y] =
(Pomy) Y = wle is open, and Lemma 12.1 yields that ®~'Y is open. This shows (1), and
(2) follows.

(3) We have O,y = Ou(ma) P = (m8)+ P = us. O

13. INVERSIVE GEOMETRY AND THE EXTENDED MOBIUS GROUP

Let d = 1,2,3,...; the d-dimensional inversive space is the one-point compactification
¢ = R4 U {oo} [Wil81]. A (d — 1)-dimensional generalized sphere is:
e cither an ordinary sphere I' = {||- —v||? — 72 = 0} of center v € R? and radius r > 0;

e orahyperplane I' = {(—,w) + d = 0} U {oo} for some w € R\ {0}.
Theorem 13.1. The generalized spheres are the sets of the form
I = {allx|* + (w,x) +d = 0},
with |w|? — 4ad > 0.
() 0eTiffd=0.
(2) a # 0iff T is the sphere of center v.= —w /(2a) and square of radius
2 _ [Iwl? —dad.
N 4a? ’
in this case Mobius inversion in I is given by

7“2

M(x)=v+ (x —v).

[l — 2

(3) a =0 iff T is a plane; in this case w # 0 and M is given by

Theorem 13.2. The inversion M in the ordinary sphere T = {||- —v||?> — 72 = 0} has the
following properties.

(1) Fixes (globally) spheres perpendicular to T, in particular planes by v.

(2) Exchanges spheres A by v with planes A’ not by v, fixing the unique ray from v
perpendicular to both A and A\'. Conversely, given a sphere A by v and a plane A’ not
by v for which there exists a ray as above, stereographic projection through v from A
to A is the restriction of inversion in an appropriate sphere of center v.

(3) Exchanges spheres not by v with other spheres not by v.
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(4) Preserves angles and cross-ratio

lzo — wal|||lz1 — 23]

N P

The extended Mobius group is the subgroup MébflE of all homeomorphisms of TI% generated
by inversions in generalized spheres, the Mobius group Mob, being its index-2 subgroup of
orientation preserving homeomorphisms. By definition, these are the automorphism groups of
d-dimensional inversive geometry.

A more symmetric model is the unit sphere ¢ = S% in R%*!, which is bijective to II¢ via
stereographic projection through (0¢,1) € R+ or, better, inversion @ in the sphere of center
(04,1) and radius v/2. The two realizations of Mébff in TI¢ and in £¢ are conjugate by @ as
follows: let " be an extended (d — 1)-sphere in TI%. Then there exist a unique extended d-sphere
A in II%*! which intersects II¢ perpendicularly in T'. Now, Q maps A to a d-sphere A’ that
intersects perpendicularly ¢ in I” = Q[I'], and inversion of ¥¢ in T" is just the restriction to
>4 of inversion in A/,

14. THE HYPERBOLIC SPACE AND ITS ISOMETRIES

The Lorentz form on R is [x,y] = 2191 + - - + Tq¥q — Ta41Yd+1. and the d-dimensional
De Sitter space is S? = {x : [x,x] = 1}. Given ¢ € X! and 0 < 6 < T, the cap of center c
and angular radius 6 is {x € X971 : (x,c) > cos 6}.

Lemma 14.1. The space of all caps in X% is homeomorphic to S¢ via
(c,0) — (c/sinf, cot 0)

((wl, ooy wq)/+/1 4+ wgy1,arccot wd+1) —w.
The cap corresponding tow € S%is {x € £4=1 : [(x,1),w] > 0}.

Theorem 14.2. Let H® be a cap in 1% or in %, and let the absolute be its boundary. Given
x1 # 19 € HY, let x_, . be the points of perpendicular intersection of the absolute with the
unique 1-sphere through x1, x2. Then the function

d(z1,x2) = log(z—, x4 72, 71)

is a metric on H%. There is equality in the triangular inequality for x1,2', xo iff x1,2', x2 lie in
that order on a 1-sphere perpendicular to the absolute.

Every cap in I1% or in X% is a model for d-dimensional hyperbolic space. Forevery 1 < q < d
the g-planes (lines, ...) in H are the intersections of 1% with g-spheres perpendicular to the
absolute. Each such plane is uniquely determined either by ¢ + 1 points in general position, of
by a point and ¢ linearly independent vectors in the tangent space at the point.

Theorem 14.3. Given two sets x, ...,xq and xj, . ..,x!; of d + 1 points in general position
in HY, with distances ordinately equal, there is precisely one isometry that ordinately sends
the first set to the second. This isometry is the product of at most d + 1 inversions in spheres
perpendicular to the absolute. The group of isometries of (H®,d) is the subgroup of MébjE
generated by all such inversions, and equals the stabilizer of H% inside M'dbét. Since the absolute
is a (d — 1)-dimensional sphere, Isom(H%, d) ~ Mébflil.
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Ficure 5. The five standard models

15. THE STANDARD MODELS

There are five standard models for H¢, all sitting inside R4+,

the hyperboloid model L% = {x : [x,x] = —1 and 24,1 > 0};

the Klein model K¢ = {x : [x,x] < 0and x4, = 1};

the Poincaré model D* = {x : [x,x] < 1and 24,1 = 0};

the upper hemisphere model 7% = {x : (x,x) = 1 and 24,1 > 0};
the upper halfspace model H* = {x : x; = 0 and 244, > 0}.

Lemma 15.1. (1) D J% and L are related by projection through (0%, —1), which is
stereographic w.r.t. the first two. Analogously J® and H are related by stereographic
projection through (—1,0%). These four models are conformal.

(2) L and K are related by projection through the origin.

Given A € PSLy C, the homography and the antihomography determined by A are

_az+ B _az+§

They form the group PSLy C % Zs, with composition

(4,0)(B,0) = (AB,0), (4,0)(B,1) = (AB,1),
(4,1)(B,0) = (AB,1), (A4,1)(B,1) = (AB,0).
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Ficure 6. Hasse diagram

For example, inveersion in the circle of center v and radius r is

(L sPol o) T o) =GE =)

Theorem 15.2. (1) Identify H3 with C x R, with absolute P C; we then have Méb;t ~
PSLs C x Zy = {homographies and antihomographies}.
(2) Every cap in the absolute is given by an inequality

(1) (352 ") () =t i 0

induced by a 2 x 2 hermitian-symmetric matrix H of determinant < 0, unique up to
multiplication by a positive real number. If a = 0, then the cap determined by H is an
open halfplane. If a > 0, it is the interior of the circle of center —[3/(2a) and square
of radius r* = (|B|*> — 4ad) /(4a?), while if a < 0 it is the exterior. In any case, the
A-image of the cap determined by H is the cap determined by (A=1)*HA™!.

(3) Stereographic projection conjugates the action of SUs C on P C with that of SO3 R on
S2. This yields the adjoint representation of SUs C, as well as the fact that action of
PSL, C on P! C is transitive on caps.

(4) There are two natural choices; the first one is the upper-half plane H?, induced by
H = ( ; — ) and the second one the unit disk D?, induced by H = ( vy ) The Cayley
matrix

171 —i
C_ﬁ [—i 1} € PSU,C
maps H? to D>

(5) The stabilizer of D? in PSLy C is (by definition)

PSU;,; C = { [g g] af? — |8 = 1}.

(6) The stabilizer of H? in PSLy C is C~1(PSU; 1 C)C = PSLy R, and in PSLy x 75 is
PSL3 R.
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16. CLASSIFICATION OF ELEMENTS OF PSLy C

Let G € PSLy C be different from the identity; its trace ¢ is determined up to sign, and
changing that sign the roots p, p~! of its characteristic polynomial 22 — tz +1 become —p~*, —p.

Without loss of generality we have [p~1| < 1 < |p|.

e If p = £1, then G is not diagonalizable (otherwise it would be the identity). Therefore
it is conjugate to a translation; this case is characterized by ¢ = 2, and G is parabolic.

o If p € S1\ {£1}, then G is conjugate to a rotation, and it is elliptic. This case is
characterized by ¢t € (—2,2).

e Otherwise, G is conjugate to z — p?z, for some p of modulus > 1. This is characterized
by t ¢ [—2,2] and G is loxodromic. In the subcase p € R\ [—1, 1], characterized by
t € R\ [—2, 2], we say that G is hyperbolic.

Parabolic elements have exactly one fixed point in P! C, while elliptic and loxodromic elements
have two fixed points.

17. GROUP ACTIONS

Let o : G x M — M be a continuous group action, with M locally compact. If (G, m) —
(gm,m) is a proper map from G x M to M x M, then « is a proper action; this is weaker
than requiring that « is proper. Since the restriction of a proper map to a closed subset of the
domain remains proper, if a group acts properly so does any of its closed subgroups. Looking
at =1 (m, m), we see that every Stabg(m) has to be compact; looking at a[G' x {m}] we see
that every G-orbit is closed. Under our standing topological assumptions (being Hausdorff and
1st countable), properness is equivalent to any of the following:

(b) for every compact K C M, the set {g : gK N K # ()} has compact closure;
(c) if (my) converges and (g ) is such that (gxmy) converges, then a subsequence of (gy)
converges.

Properness means that every K is moved away from itself by most of GG (all of G, except for
a compact). In particular, every action of a compact group is proper, Conversely, no action of a
discrete infinite group on a compact space can be proper. We recall two topological facts:

(1) X is Hausdorff iff the diagonal is closed in X?;
(2) if ' : X — Y is continuous, surjective, and either open or closed, then forevery Z C Y
we have that Z is open (respectively, closed) iff F~1Z is open (respectively, closed).

Lemma 17.1. Let G act on M and endow G\ M with the quotient topology induced by m :
M — G\M. Then 7 is [continuous and] open. The three conditions

(1) G\M is Hausdorff;

(2) the orbit-equivalence relation ~ is closed in M?;

(3) the map (g, m) — (gm,m) has closed image;

are equivalent, and hold if the action is proper.

Proof. Let O C M be open. Then 7710 is the union of all G-translates of O, which is
open; therefore 7 is open. The equivalence of the second and third condition is clear, because
the image of the map is ~. Now, the map 72 : M? — (G'\M)? is continuous, surjective and
open, and moreover the 72-counterimage of the diagonal in (G\M)? is ~ in M?2. Thus, the
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two topological fact above yield the equivalence of the first and second condition. Finally, if the
action is proper then the third condition holds. U

Suppose & is a Lie group acting on a smooth manifold M. If the action is proper and free,
then &\ M carries a natural manifold structure, and the projection 7 : M — &\ M is smooth
and a submersion (that is, is surjective on tangent spaces). Moreover, f : &\M — N is smooth
iff f o is smooth.

For Lie groups acting on smooth manifolds properness is equivalent to compactness of
{G : GIK]n K # 0}, for every compact K (Lee, Introduction to Smooth Manifolds). A
properly dicontinuous action is a proper action of a discrete countable group, but we try to avoid
this terminology. See Kapovich, A note on properly discontinuous actions, for an attempt at
clarifying a very confusing dictionary; see also Schwartz A criterion for Hausdor{f quotients.

Note that (ayp, by, ) escapes to infinity iff at least one of a,, b,, does.

Lemma 17.2. Let K be a compact subgroup of G. Then G acts properly on G/ K.

Proof. First the case K = 1, that is, every group (locally compact by hypothesis) acts properly
on itself. Suppose that (g, hy,, hy,) converges to (¢, k). Then g,h, — tand h,;! — h~!, so that
gn — th™!. Therefore (g, h,,) converges to (th~1, h), which is in the fiber of (¢, h).

In the general case, asssume that (g,,h,/) escapes to infinity; we must show that
(gnhn K, hy, K) escapes. If h,, K escapes, we are through. Otherwise, g,, escapes and h,, K does
not. Since G — G/ K is proper, we know that h,, does not escape. As G acts properly on itself,
gnhy, escapes, and therefore so does g, h, K. ]

18. KLEINIAN AND FUCHSIAN GROUPS

Lemma 18.1. Let I" be a discrete group acting by isometries on the metric locally compact
space M ; the following conditions are equivalent.

(1) The action is proper.

(2) For every z and every compact K, the set {G € " : Gz € K} is finite.

(3) Every point has discrete orbit and finite stabilizer.

Example 18.2. Consider the action of Z on M = R?\ {0} given by g,, = diag(2,27!). By
looking at the images of the unit circle we see that it is not proper. Alternatively, let m = (0, 1),
my, = (27™,1), m’ = (1,0); then (my,) and (g,m,,) are both convergent, buth (g,) has no
convergent subsequence.

However condition (3) holds (in a stronger form, as it is a free action). Note that the quotient
space Z\ M is not Hausdorff. Indeed Gm # Gm/, but for every two neighborhoods O > m,
O' > m’ we have GO N O’ # (; therefore ~ is not closed in M?2. The sequence G'm,, has both
Gm and Gm/ as limit points.

Definition 18.3. An extended klenian group is a discrete subgroup I'* of M('jbéE that acts in a
proper way on 3. Since the action of the full group is proper, the condition is equivalent to
I'* being a discrete subgroup. T'F is said to be extended fuchsian if it fixes a cap: it is then a
discrete subgroup of Mébli. Removing * we have kleinian/fuchsian groups. The quotient space
I'/H? is a 3-dimensional hyperbolic orbifold, which is a manifold iff T is torsion-free. In the
fuchsian case I'/H? is a 2-dimensional hyperbolic orbifold, which is a hyperbolic surface iff I
is torsion-free.
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Note that the action of I'* on 9H? (respectively, OH?) is not proper.

Example 18.4. (1) The modular group PSLo Z and its principal congruence subgroups
I'(l) ={G € PSLy Z : G = I (mod [)}, which are normal subgroups of finite index.
IfT(1) > T" > I'(1), with I minimum with this property, then I is a congruence subgroup
of level l.

(2) The Bianchi modular groups PSLa O, where Q is the integer ring of an imaginary qua-
dratic field K. Relevant cases are K = Q(y/—n) forn € {1,2,3,7,11} (the only ones
for which O has an euclidean algorithm w.r.t. the norm); adding n € {19,43,67,163}
we get the only cases of a p.i.d. The case O = Z[i| gives the Picard modular group.

(3) Fix 29 € P! C, g > 2, and 2g caps Cp,CY, ..., Cy-1, C’;fl, pairwise nonintersecting
and none of them cointaining zy. For each 0 < k < g, choose a loxodromic G, (which
is not unique) that maps the cap complementary to Cj, onto C}.. The group generated
by Go, ..., Gy—1 is kleinian and is called a Schottky group (around 1877).

A virtually abelian kleinian group is said to be elementary; we will only deal with nonele-
mentary —in particular, infinite— ones.

The hyperbolic metric in D? is different from the euclidean one, but they induce the same
topology. Let I' be kleinian; given z € D3, the infinite orbit I'z must have accomulation points
in D3 U OD3. Since I'z is discrete in D3, the set A of accumulation points is a nonempty subset
of OD3; it is called the limit set of T', while Q = 9D3 \ A is the regular set, or discontinuity
domain of I.

Lemma 18.5. (1) A and Q) do not depend on the initial point z.

(2) A is closed and T'-invariant. The action of I on A is by homeomorphisms, and is
minimal (every point has a dense I'-orbit).

(3) Q is an open subset of OD3. If it is empty, then T is a kleinian group of the first kind.
Otherwise, T is of the second kind, acts on §) in a proper way, I'/$) is a 2-dimensional
surface (or orbifold?), and A is a perfect set with empty interior.

(4) IfT fixes a Jordan closed curve J C OD3, then A C J and T is quasifuchsian.
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