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In this note, we correct three problems in the paper “The Zariski topology on sets of

semistar operations without finite-type assumptions” [5], pertaining to Proposition 4.2,

Lemma 5.4 and Proposition 6.1. More precisely, the proof of Proposition 4.2 is incomplete

(and the proposition itself is likely wrong); the proofs of Lemma 5.4 and Proposition 6.1

both contain an error, and we fix them.

DOI of original article: https://doi.org/10.1016/j.jalgebra.2018.07.021.

E-mail address: spirito@mat.uniroma3.it.

https://doi.org/10.1016/j.jalgebra.2019.11.006
0021-8693/© 2018 Elsevier Inc. All rights reserved.



ARTICLE IN PRESS

U
N

C
O

R
R

E
C

T
E
D

 P
R

O
O

F

Please cite this article in press as: D. Spirito, Corrigendum to “The Zariski topology on sets of semistar
operations without finite-type assumptions” [J. Algebra 513 (2018) 27–49], J. Algebra (2020),
https://doi.org/10.1016/j.jalgebra.2019.11.006

JID:YJABR AID:17442 /ERR [m1L; v1.261; Prn:28/11/2019; 14:09] P.2 (1-5)

2 D. Spirito / Journal of Algebra ••• (••••) •••–•••

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

1. Proposition 4.2

Proposition 4.2 is likely wrong. The map Ψ sending a star operation ⋆ to ⋆f (the

finite type operation associated to ⋆) is spectral when seen as a map from SStar(D)

to SStarf (D), since Ψ−1(VI) = VI for every finitely generated D-submodule I of K;

however, when considering Ψ as a map SStar(D) −→ SStar(D), we have to consider the

open sets VJ for arbitrary J (that is, not necessarily finitely generated), and

Ψ−1(VJ ) = {⋆ ∈ SStar(D) | 1 ∈ I⋆ for some I ⊆ J finitely generated} =

=
⋃

{VI | I ⊆ J is finitely generated}.

It seems likely that this set is not always compact, and thus that Ψ is not a spectral

map.

The only place in the paper where this proposition is used is Proposition 6.1 (see

Section 3 below).

2. Lemma 5.4

The last line of the proof of Lemma 5.4 is wrong, since ♯ = vV does not imply that

I = I♯; the proof can be repaired by using the same reasoning another time.

We give here the correct proof of the lemma. The representation (1) cited is

I⋆ =
⋂

P ∈∆1(⋆)

IDP ∩
⋂

P ∈∆2(⋆)

(IDP )vDP (1)

for every I ∈ F(D), where

• ∆1(⋆) := {P ∈ Spec(D) | 1 /∈ P ⋆} = QSpec⋆(D),

• ∆2(⋆) := {P ∈ Spec(D) | 1 ∈ P ⋆, 1 /∈ Q⋆ for some P -primary ideal Q}.

This representation holds when ⋆ is a stable semistar operation and D is a Prüfer domain

such that every ideal has only finitely many minimal primes [4, Corollary 4.6]. In partic-

ular, it holds when V is a valuation domain, since in this case every semistar operation

is stable.

Lemma 5.4. Let V be a valuation domain, let Λ ⊆ SStar(V ) and let ⋆ := sup Λ. Take an

I ∈ F(V ). If 1 ∈ I⋆, then 1 ∈ I♯ for some ♯ ∈ Λ.

Proof. If V ⊆ I, then 1 ∈ I and 1 ∈ I♯ for every ♯ ∈ Λ. Suppose that V * I; since V is

a valuation domain, I is an integral ideal of V .

Let P be the minimal prime of I. Then, 1 ∈ P ⋆, so that P 6= P ⋆ and thus there is a

♯ ∈ Λ such that P 6= P ♯. By the representation (1), it follows that no prime ideal Q ) P
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belongs to ∆1(♯) ∪ ∆2(♯), and that P /∈ ∆1(♯). If also P /∈ ∆2(♯), then IDQ = DQ for

every Q ∈ ∆1(♯) ∪ ∆2(♯), and thus 1 ∈ I♯.

On the other hand, if P ∈ ∆2(♯), then again by (1) I♯ = (IVP )vP (where vP = vVP

is the v-operation on VP ), because (IVP )vP ⊆ IVQ for every Q ( P . Let J := I♯. If

1 /∈ I♯, then J is an ideal of VP that is primary to P = PVP . Since 1 ∈ I⋆ ⊆ J⋆, we

have J 6= J⋆, and thus there is a ♭ ∈ Λ such that J 6= J♭. If 1 /∈ P ♭, then P ∈ ∆1(♭)

and thus J♭ = J , a contradiction. Hence, 1 ∈ P ♭ and P /∈ ∆1(♭). If P ∈ ∆2(♭), then

J♭ = JvP = ((IVP )vP )vP = (IVP )vP = J , again a contradiction. Hence, P /∈ ∆2(♭). It

follows that IDQ = DQ for every Q ∈ ∆1(♭)∪∆2(♭), and thus that 1 ∈ I♭, as claimed. ✷

3. Proposition 6.1

There are two errors in Proposition 6.1 and its proof. The first is that the final part of

the statement (from “Furthermore” onwards) depends on Proposition 4.2, which as seen

above is likely false. The second is in the proof: the fact that Spec(D) is not a Noetherian

space does not imply the existence of a chain of prime ideals that do not stabilize, but

only the existence of a chain of radical ideals. The latter error can be repaired; we give

a correct statement and a correct proof below, with an additional lemma.

Lemma 6.0. Let X be a topological space that is not Noetherian, and let B be a basis of

X that is closed by finite unions. Then, there is a countable ascending chain {∆k}n∈N

of elements of B whose union is not compact.

Proof. Since X is not Noetherian, there is an open subset Λ of X that is not compact; by

the Alexander Subbase Theorem (see e.g. [3, d-5]), there is an open cover Ω := {Ωα}α∈A

of Λ without finite subcovers such that each Ωα belongs to B. In particular, we can

construct recursively a countable subset {Ωβk
}k∈N of Ω such that Ωβk

is not contained

in ∆k−1 :=
⋃

{Ωβi
| i < k} for every k > 1. Then, each ∆k is open and compact, it

belongs to B (since B is closed by finite unions), {∆k}k∈N is a chain, and its union is

not compact (otherwise the chain would stabilize, against the definition of the ∆k). The

claim is proved. ✷

Proposition 6.1. Let D be an integral domain. Then, the following are equivalent:

(a) SStarsp(D) = SStarf,sp(D);

(b) SStarf,sp(D) is closed in SStarsp(D)cons;

(c) Spec(D) is Noetherian.

Proof. (a) =⇒ (b) is obvious, while (a) ⇐⇒ (c) follows from [2, Corollary 4.4].

To prove (b) =⇒ (c), suppose that Spec(D) is not Noetherian and let B be the family

of open and compact subsets of Spec(D). Then, B is a basis closed by finite unions;

applying Lemma 6.0 to B, we can find an ascending chain {∆k}k∈N of elements of B
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whose union ∆ is not compact. Let ⋆k := s∆k
, and ⋆ := s∆: by [2, Corollary 4.4], each

⋆k is of finite type, while ⋆ is not.

Consider now X := SStarsp(D)cons: we claim that the family of the sets in the form

VI ∩
⋂m

i=1(X \ VJi
), where I, J1, . . . , Jm are integral ideals of D, is a basis of X. Indeed,

let I be the set of integral ideals of D, and consider the family S := {VI | I ∈ I}. By [1,

Proposition 3.2(1)], S is a subbasis of SStarsp(D); moreover, VI ∩ VJ = VI∩J (again by

the proof of [1, Proposition 3.2(1)]) and thus S is actually a basis. Let ♭ be the infimum

of VI in SStar(D): then, ♭ is stable since, for every J1, J2 ∈ I,

(J1 ∩ J2)♭ =
⋂

♯∈VI

(J1 ∩ J2)♯ =
⋂

♯∈VI

J♯
1 ∩ J♯

2 = J♭
1 ∩ J♭

2.

Moreover, by definition of infimum, I♭ contains 1, and thus ♭ is actually the min-

imum of VI ; in particular, each VI is compact. Therefore, the open and compact

subsets of SStarsp(D) are the finite unions of elements of S. By definition, the con-

structible topology is the coarsest topology such that each open and compact subset

of the starting topology is open: hence, the sets in the form VI1
∪ · · · ∪ VIn

and

X \ (VJ1
∪ · · · ∪ VJm

) = (X \ VJ1
) ∩ · · · ∩ (X \ VJm

), taken together, are a subbasis

of X; moreover, instead of the finite unions VI1
∪ · · · ∪ VIn

it is enough to consider

only the sets in the form VI . Hence, a basis of X is composed by the sets in the form

VI ∩ (X \ VJ1
) ∩ · · · ∩ (X \ VJm

), as I, J1, . . . , Jm vary in I, as claimed.

Suppose that SStarf,sp(D) is closed in X; since ⋆ = s∆ is not of finite type, there is

a basic open set Ω := VI ∩ (X \ VJ1
) ∩ · · · ∩ (X \ VJm

) containing ⋆ but disjoint from

SStarf,sp(D). By definition, 1 ∈ I⋆ but 1 /∈ J⋆
i for every i. For every k, we have ∆k ⊆ ∆:

thus, ⋆k ≥ ⋆ and I⋆ ⊆ I⋆k , so that ⋆k ∈ VI . Furthermore, for every i ∈ {1, . . . , m}, since

1 /∈ J⋆
i there is a prime ideal Pi ∈ ∆ such that Ji ⊆ Pi; hence, there is a ki such that

Pi ∈ ∆ki
, and thus 1 /∈ J⋆k

i for every k ≥ ki. Therefore, if k ≥ max{k1, . . . , km}, we

have 1 /∈ J⋆k

i for every i, that is, ⋆k ∈ (X \ VJ1
) ∩ · · · ∩ (X \ VJm

); it follows that ⋆k ∈

Ω∩SStarf,sp(D), a contradiction. Hence, SStarf,sp(D) is not closed in SStarsp(D)cons. ✷

Acknowledgments

I would like to thank Carmelo Finocchiaro for pointing me the error in the proof of

Proposition 4.2, and Mi Hee Park for pointing me the errors in the proof of Lemma 5.4

and Proposition 6.1. I also thank the referee for his/her suggestions, which helped clarify

the proofs.

References

[1] Carmelo A. Finocchiaro, Marco Fontana, Dario Spirito, Spectral spaces of semistar operations,
J. Pure Appl. Algebra 220 (8) (2016) 2897–2913.

[2] Carmelo A. Finocchiaro, Dario Spirito, Some topological considerations on semistar operations, J. Al-
gebra 409 (2014) 199–218.



ARTICLE IN PRESS

U
N

C
O

R
R

E
C

T
E
D

 P
R

O
O

F

Please cite this article in press as: D. Spirito, Corrigendum to “The Zariski topology on sets of semistar
operations without finite-type assumptions” [J. Algebra 513 (2018) 27–49], J. Algebra (2020),
https://doi.org/10.1016/j.jalgebra.2019.11.006

JID:YJABR AID:17442 /ERR [m1L; v1.261; Prn:28/11/2019; 14:09] P.5 (1-5)

D. Spirito / Journal of Algebra ••• (••••) •••–••• 5

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

[3] Klaas Pieter Hart, Jun-iti Nagata, Jerry E. Vaughan (Eds.), Encyclopedia of General Topology,
Elsevier Science Publishers, B.V., Amsterdam, 2004.

[4] Dario Spirito, Towards a classification of stable semistar operations on a Prüfer domain, Comm.
Algebra 46 (4) (2018) 1831–1842.

[5] Dario Spirito, The Zariski topology on sets of semistar operations without finite-type assumptions,
J. Algebra 513 (2018) 27–49.


