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Abstract
A central goal of language theory is to compare formalisms by understanding both their expressive
overlaps and their relative expressive power. One particularly challenging question in this direction
is the problem of determining the common fragment of two formalisms F1 and F2, that is, effectively
characterise the class F1 ∩ F2 of properties that can be expressed in both formalisms. This question
can be equally phrased as a decision problem: given a property expressed in F1 or F2, decide
whether the same property can be also expressed in F1 ∩ F2. A question closely related to this is the
membership problem, denoted F1 7→ F2, which asks whether a property expressed in F1 can be also
expressed in F2. These problems become particularly difficult when branching-time formalisms are
involved, in general due to the lack of equivalent algebraic characterizations.

In this work, we prove that LTL∩PCTL is decidable, where PCTL denotes CTL extended with
past operators. We do this by showing that both membership problems, LTL 7→ PCTL and PCTL 7→
LTL, are decidable. The direction PCTL 7→ LTL follows from suitable combinations of known
results. The converse direction, LTL 7→ PCTL, requires an automata-theoretic characterisation of
PCTL. Specifically, we introduce a new class of automata, called counter-free hesitant weak tree
automata (HWTcf ) that capture precisely the expressiveness of PCTL, and that are obtained by
combining two orthogonal restrictions on alternating parity tree automata, namely, counter-free
hesitancy and weakness. We then prove that, for every word language L defined by an LTL formula,
the associated tree language △[L] is recognisable by an HWTcf if and only if L is recognized by
a deterministic Büchi word automaton. Since the latter recognisability problem is known to be
decidable, so is the former.

This result advances the longstanding open problem of deciding LTL ∩ CTL. Indeed, that
problem can now be reduced to PCTL 7→ CTL, that is, the question of when past operators can be
eliminated.
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24:2 Deciding the Common Fragment of CTL with Past and LTL

1 Introduction

The notion of a common fragment is central to expressiveness theory: given two formalisms
F1 and F2, the aim is to effectively characterise the class F1 ∩ F2 of properties that are
definable in both. Closely related is the associated membership problem F1 7→ F2: given a
specification in F1, determine whether it can be transformed into an equivalent specification
in F2. Of course, deciding the common fragment F1 ∩ F2 reduces to solving two membership
problems, i.e. F1 7→ F2 and F2 7→ F1.

These questions have a long history in language theory, tracing back at least to Schützen-
berger’s theorem on star-free word languages and aperiodic monoids [45] and to Kamp’s
theorem connecting Prior’s tense logic [41] with first-order logic over linearly ordered struc-
tures [20]. From these seminal works, a rich line of research has emerged, yielding a remarkably
complete picture for languages of finite and infinite words, where predicate logics [8, 9, 10, 27],
temporal logics [39, 40, 49], automata [29, 30, 12, 25], and algebraic structures [36] are tied
together by deep and elegant correspondences [37].

By contrast, for regular tree languages the situation is considerably more difficult and
far more fragmented. A milestone is Rabin’s work on the monadic second-order theory
of infinite trees, which established a decisive connection between Monadic Second-Order
Logic (MSO) and tree automata [44]. This connection made it possible to study logical
questions about decidability and definability by means of automata. Within this framework,
full MSO corresponds to automata with parity conditions, whereas weaker logics correspond
to weaker acceptance mechanisms. In particular, Weak MSO (WMSO), where second-order
quantification ranges only over finite sets, admits an automaton-based characterisation in
terms of alternating weak tree automata (AWT) [35], a subclass of alternating parity tree
automata where each strongly connected component of the transition graph has a single
priority. Thanks to this characterisation, the membership problem MSO 7→ WMSO can
be viewed automata-theoretically as the problem of deciding when a parity tree automaton
can be replaced by an equivalent weak one. The same parity-versus-weakness boundary
also appears with bisimulation-invariant properies, where it governs the comparison between
the modal µ-calculus (Lµ) [21] and its alternation-free fragment (AFLµ). More precisely,
thanks to the celebrated characterisation theorem of Janin and Walukiewicz [19], Lµ captures
precisely the bisimulation-invariant fragment of MSO, and admits a standard presentation
in terms of alternating parity tree automata [48]. Its alternation-free fragment, in turn,
corresponds to weak alternating automata, as well as to the bisimulation-invariant fragment
of WMSO. Thus, the question whether a Lµ property is definable in AFLµ can again be
reduced to a membership problem between classes of automata, namely, APT 7→ AWT; in
other words, deciding when parity can be replaced by weakness. This viewpoint has become
central in verification: many logical formalisms can be analysed via their corresponding
automata models, and suitable restrictions can often be identified, both at the logic level
and at the automaton level, that support a number of effective verification procedures [22].

Within this landscape, the two formalisms most relevant to us are AFLµ and CTL∗. Over
infinite binary trees, these formalisms correspond to natural fragments of MSO. Indeed, we
have already seen that AFLµ corresponds to WMSO (note that the bisimulation relation is
trivial over binary trees). As for CTL∗, this corresponds to the path-quantification fragment
of MSO (MPL) [17, 31, 32]. Moreover, recent automata-theoretic characterisations of
CTL∗ have made this picture even sharper, by identifying counter-free hesitancy as the
structural constraint on alternating parity tree automata that achieves the same expressive
power as CTL∗ [3]. It is therefore natural to ask for a formalism L that is as expressive as
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WMSO ∩ MPL, or, equally, as AFLµ ∩ CTL∗. At the same time, this question appears to
be surprisingly open. Identifying such a logic would have immediate consequences. First,
analogous to Rabin’s results for MSO 7→ WMSO [42], this approach would yield a reduction
from the membership problem MPL 7→ WMSO ∩ MPL to the problem APT 7→ AWT.
Second, and more importantly for us, it would provide a new perspective on the closely
related and longstanding open problem of determining the common fragment LTL∩CTL [16],
where LTL here is interpreted over trees using an implicit universal path-quantification.
In other words, the problem of characterising LTL ∩ CTL amounts to understanding the
overlap between a linear-time and a branching-time formalism.

The history of the common fragment LTL ∩ CTL spans almost four decades. The first
major result is the decidability of CTL∗ 7→ LTL, due to Clarke and Draghicescu, which
also settles CTL 7→ LTL [13]. A possible route towards CTL∗ 7→ CTL, conjectured in
the same work, was later ruled out by Boker and Shaulian [7]. The inverse membership
problem, i.e., LTL 7→ CTL, proved substantially more difficult. Maidl gave a necessary
and sufficient condition for LTL 7→ ACTL [28], where ACTL is the syntactic fragment of
CTL in which the existential path quantifier E is disallowed, and Bojańczyk later proved
this problem decidable, while also showing the strict inclusion LTL ∩ ACTL ⊊ LTL ∩ CTL.
This is conceptually striking: although LTL expresses only universal properties, existential
path quantification is still needed on the CTL side to capture the full common fragment [5].
A further key development is the result of Kupferman and Vardi showing that LTL 7→ AFLµ

is decidable, with an ExpSpace upper bound and a PSpace lower bound [23].
The present paper develops this automata-theoretic perspective. We introduce a new

class of automata, called counter-free hesitant weak tree automata (HWTcf ). The definition
combines two orthogonal restrictions: counter-free hesitancy, which comes from the automata
model for CTL∗, and weakness, which underlies the automata model for AFLµ. This
combination makes HWTcf a natural candidate for capturing the common fragment CTL∗ ∩
AFLµ, and it leads to the following conjecture:

▶ Conjecture 1. HWTcf are as expressive as CTL∗ ∩ AFLµ, and, equivalently, as MPL ∩
WMSO.

This conjecture provides the conceptual starting point of the paper. Even without resolving
it in full, the automata class HWTcf already reveals substantial structural information about
the target intersection and leads to a sequence of results that we outline below.

Our first main result is a logical characterisation of HWTcf in terms of PCTL, namely,
CTL extended with past operators. This identifies PCTL as a natural temporal-logic
candidate for the common fragment under investigation. The characterisation is supported by
a normal form for PCTL and by the identification of an equivalent fragment of CTL∗ in which
path formulae are restricted to define safety and co-safety properties. The correspondence also
preserves the polarity of path quantification. More precisely, HWTcf that only use universal
non-determinism (we call them universal HWTcf for short) translate into APCTL, i.e. the
fragment of PCTL that uses only universal path quantification. Symmetrically, existential
HWTcf translate into EPCTL, i.e. the fragment of PCTL that uses only existential path
quantification.

▶ Theorem 2. HWTcf and PCTL are effectively equivalent formalisms. Moreover, universal
HWTcf (resp., existential HWTcf ) admits translations into APCTL (resp., EPCTL).

A first consequence of the above characterisation is conditional on the conjectured
equivalence between HWTcf and CTL∗ ∩ AFLµ. Indeed, under the assumption that

MFCS 2026
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CTL∗ = MPL AFLµ = WMSOLTL

PCTL ⊆ CTL∗ ∩ AFLµ

?
⊆ PCTL

LTL ∩ PCTL = LTL ∩ APCTL = LTL ∩ AFLµ

Figure 1 Main relationships between classes of tree languages; new results concern shaded regions.

HWTcf = CTL∗ ∩ AFLµ, the above characterization would make PCTL the natural
logical presentation for the common fragment CTL∗ ∩ AFLµ. Moreover, the membership
problem CTL∗ 7→ PCTL would admit a Rabin-style automata-theoretic reduction: indeed,
the problem would become equivalent to asking whether a CTL∗-definable language is
also definable in AFLµ (= CTL∗ ∩ AFLµ), which in turn is reduced to asking whether a
given parity tree automaton (capturing a specification in CTL∗) is equivalent to some weak
alternating tree automaton (capturing a specification in AFLµ). This gives the following
conditional result:

▶ Theorem 3. Assuming Conjecture 1, the membership problem CTL∗ 7→ PCTL (or,
equally, MPL 7→ PCTL) reduces to the automata-theoretic problem APT 7→ AWT.

More importantly, the characterisation of HWTcf in terms of PCTL yields uncondi-
tional consequences for the linear/branching-time interface. Specifically, it enables an exact
identification of the intersection of LTL with several branching-time formalisms: PCTL,
APCTL, and AFLµ. Indeed, all these common fragments coincide. This is particularly
noteworthy because, unlike the situation for CTL, the presence of past operators makes
existential path quantification unnecessary: in this respect, PCTL behaves more like CTL∗

than like CTL.

▶ Theorem 4. LTL ∩ APCTL = LTL ∩ PCTL = LTL ∩ AFLµ.

This equivalence can in turn be converted into decidability of membership problems
beetween LTL and PCTL. More precisely, for an LTL-definable word language L, we
prove that L is recognisable by a deterministic Büchi automaton (DBW) if and only if
the associated tree language △[L] is recognisable by an HWTcf automaton, equivalently
definable in PCTL. Combining this correspondence with the known decidability of DBW-
recognisability for LTL [23] yields decidability of LTL 7→ PCTL, with an ExpSpace upper
bound and a PSpace lower bound. The converse problem, namely PCTL 7→ LTL, is also
decidable, by means of the equivalent CTL∗ fragment identified above and the corresponding
characterisation of safety and co-safety path languages.

▶ Theorem 5. The membership problem LTL 7→ PCTL is decidable in ExpSpace and is
PSpace-hard. Moreover, PCTL 7→ LTL is decidable.

These results have a direct bearing on the longstanding open problem of deciding
LTL 7→ CTL. Indeed, once the common fragment of LTL with PCTL has been identified
and its membership problem shown decidable, the original question can be reformulated in
terms of past elimination. More precisely, deciding whether an LTL formula is equivalent to
some CTL formula reduces to deciding whether an equivalent PCTL formula exists and can
be translated into CTL. In this way, the classical problem of understanding LTL ∩ CTL
is reduced to the branching-time problem PCTL 7→ CTL, thereby opening an alternative
route towards its solution through the study of elimination of past operators.
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▶ Corollary 6. Decidability of PCTL 7→ CTL implies decidability of LTL 7→ CTL.

Finally, we investigate whether PCTL admits a matching characterisation in terms of
known monadic predicate logics. Here the answer is negative. On the one hand, WMPL,
which coincides with FO, is known to be strictly less expressive than PCTL. On the
other hand, the recently introduced tree fragment of WMSO, namely WMTL [2], turns
out to be strictly more expressive, and in fact incomparable with CTL∗. This shows that
the currently known fragments of WMSO do not capture the expressive power of PCTL,
and therefore do not provide a purely monadic characterisation of the target intersection.
Conversely, looking beyond the expressive power of WMSO is unnecessary; the inclusion
PCTL ⊆ WMSO ∩ MPL immediately implies that PCTL is already a fragment of WMSO.

▶ Theorem 7. WMTL is incomparable to both CTL∗ and MPL. Consequently, no known
fragment of WMSO is expressively equivalent to PCTL.

2 Preliminaries

Trees. We mainly work with trees, precisely with unordered, full binary trees. Formally, a
tree is a pair t = (Dom(t), E), where Dom(t) is the set of nodes and E ⊆ Dom(t) ×Dom(t)
is the directed edge relation, such that:
1. there is a unique node r, called the root of t, from which all nodes can be reached, i.e.,

(r, u) ∈ E∗ for all u ∈ Dom(t);
2. for every u ̸= r, there is a unique v, called the parent of u, such that (v, u) ∈ E;
3. the root has no parent, that is, there is no v ∈ Dom(t) with (v, r) ∈ E;
4. for every node u, there are exactly two nodes v1, v2 such that (u, v1), (u, v2) ∈ E; these

are the children of u (note that there is no particular order imposed on v1, v2).
Unless otherwise stated, all trees are infinite and without leaves. We use binary trees rather
than unranked trees, where nodes may have an arbitrary finite number of children, in order
to keep a direct correspondence between temporal and monadic logics. As a matter of fact,
on unranked trees, temporal logics correspond only to bisimulation-invariant fragments of
monadic logics, unless extended with counting operators (see, e.g., [32]). Restricting the
branching degree allows us to bypass these technicalities, though it is understood that our
results readily extend to the unranked case.

A Σ-tree is a tree t expanded with a labelling λ : Dom(t) → Σ, associating a letter from
the finite alphabet Σ with each node. An ω-tree language is a set of Σ-trees. We denote by
ϵt the root of a tree (or a Σ-tree) t. A path of t is a finite or infinite sequence π = v1v2 . . . of
nodes that are two-by-two connected by the child relation, i.e., (vi, vi+1) ∈ E for all i ≥ 1. A
maximal path is a path that cannot be extended further to the right, so it must be infinite
unless the tree has some leaves. Note that path and maximal paths may start at arbitrary
nodes of trees. A subtree of t is a finite or infinite set D ⊆ Dom(t) such that E restricted to
D defines a tree, not necessarily full or leafless.

Monadic logics. We introduce monadic second-order logic (MSO) on trees. Fix a finite set
AP of atomic propositions, and let Σ = 2AP . MSO formulae are defined by the grammar

φ ::= x = x′ ∣∣ x ≤ x′ ∣∣ x ∈ X
∣∣ p(x)

∣∣ ¬φ
∣∣ φ ∨ φ

∣∣ ∃x. φ
∣∣ ∃X. φ

where p ∈ AP and x, x′ (resp., X) are first-order (resp., monadic) variables. First-order
variables are interpreted as single nodes of a tree, while monadic variables are interpreted as
sets of nodes. The atom x ≤ x′ states that the node assigned to x′ is a descendant of the
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24:6 Deciding the Common Fragment of CTL with Past and LTL

node assigned to x; the atom x ∈ X states that the node assigned to x belongs to the set
assigned to X; and p(x) states that the node assigned to x carries the proposition p, that is,
p belongs to its label. The rest of the semantics is standard.

We consider the usual notion of MSO sentence. Since an MSO sentence has no free
variables, its truth value on a Σ-tree is independent of any variable assignment. We write
t |= φ when t is a Σ-tree that satisfies the sentence φ. An ω-tree language T is MSO-definable
if there is a sentence φ such that T = {t | t |= φ}. Due to the correspondence between MSO
and several classes of automata on Σ-trees and due to the closure properties satisfied by
these classes [43, 33, 34, 47], MSO-definable ω-tree languages are also often called regular.

Finally, we introduce the following fragments of MSO:
Weak monadic second-order logic (WMSO) is the fragment in which monadic variables
can only be assigned finite sets of nodes of a tree.
Monadic tree logic (MTL), resp., weak MTL (WMTL) are the fragments in which
monadic variables can only be assigned subtrees, resp., finite subtrees.
Monadic path logic (MPL), resp., Weak MPL (WMPL) are the fragments in which
monadic variables can only be assigned paths, resp., finite paths.
First order logic (FO) is the fragment in which monadic variables are disallowed.

Temporal Logics. We consider here full computation tree logic with past, denoted PCTL∗.
Its formulae are generated in negation normal form according to the following grammar:

φ ::= p
∣∣ ¬p

∣∣ φ ∨ φ
∣∣ φ ∧ φ

∣∣ Eψ
∣∣ Aψ

ψ ::= φ
∣∣ ψ ∨ ψ

∣∣ ψ ∧ ψ
∣∣ Xψ

∣∣ Yψ
∣∣ Ỹψ

∣∣ ψUψ
∣∣ ψRψ

∣∣ ψSψ

Formulae generated from φ are called state formulae, while those generated from ψ are called
path formulae. The operators E and A quantify existentially and universally over paths. The
operators X, U, and R are future temporal operators: X is the usual “next” operator, and
U and R are “until” and “release”. Dually, Y, Ỹ, and S are past temporal operators: Y is
“yesterday”, Ỹ is “weak yesterday”, and S is “since”. The difference between Y and Ỹ is that
Y requires the existence of the predecessor (i.e., parent) along the current path, whereas Ỹ is
also satisfied at the beginning of the path. Unless explicitly stated otherwise, by a “PCTL∗

formula” we mean a state PCTL∗ formula.
State formulae are interpreted over pointed trees, i.e., pairs (t, u) consisting of a Σ-tree

and a node u in it, where Σ = 2AP . Similarly, path formulae are interpreted over path-pointed
trees, i.e., triples (t, π, i) consisting of a Σ-tree, an infinite path π in it, and a position i ≥ 0
on that path. We give the semantics only for the most interesting cases:

(t, u) |= Eψ iff there exists an infinite path π starting at u such that (t, π, 0) |= ψ,
(t, π, i) |= ψ1Uψ2 iff ∃j ≥ i such that (t, π, j) |= ψ2 and ∀k.(i ≤ k < j), (t, π, k) |= ψ1,
(t, π, i) |= ψ1Sψ2 iff ∃j ≤ i such that (t, π, j) |= ψ2 and ∀k.(i ≥ k > j), (t, π, k) |= ψ1,

We write t |= φ to mean (t, ϵt) |= φ — in this case, we also say that t is a model of φ.
We denote by L (φ) the set of all models of φ, and declare two formulae φ,φ′ equivalent if
L (φ) = L (φ′). We will also consider the following fragments of PCTL∗: CTL∗, which is
just PCTL∗ without past operators; PCTL, i.e., the variant of PCTL∗ in which every future
temporal operator (i.e., X, U and R) must be immediately preceded by a path quantifier;
CTL, i.e., PCTL without past operators. By [17, Theorem 3.6], we have that MPL, PCTL∗

and CTL∗ are equivalent formalisms. We spell out the syntax of PCTL formulas in negation
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normal form, since this is the formalism that is mostly used throughout the paper:

φ ::= p
∣∣ ¬p

∣∣ φ ∨ φ
∣∣ φ ∧ φ

∣∣ EXψ
∣∣ EψUψ

∣∣ EψRψ
∣∣ AXψ

∣∣ AψUψ
∣∣ AψRψ

ψ ::= φ
∣∣ ψ ∨ ψ

∣∣ ψ ∧ ψ
∣∣ Yψ

∣∣ Ỹψ
∣∣ ψSψ.

We also consider linear-time formalisms. In particular, we consider the well-known linear
temporal logic with past (PLTL), here defined as the set of path formulae of PCTL∗ in which
we forbid the use of path quantifiers, and some of its fragments: LTL is PLTL without past
operators; coSafeLTL (resp., SafeLTL) is PLTL in which past operators and the future
operator R (resp., U) are disallowed; coSafePLTL (resp., SafePLTL) consists of PLTL
formulae of the form Fα (resp., Gα), where Fα = ⊤Uα (resp., Gα = ⊥Rα) and α contains
only past operators.

▶ Theorem 8 ([11, Theorems 1 and 8]). SafePLTL is as expressive as SafeLTL; similarly,
coSafePLTL is as expressive as coSafeLTL.

Theorem 8 can be strenghtened to show that safety and co-safety properties can be
equally captured by slightly more relaxed formalisms than SafePLTL and coSafePLTL.

▶ Proposition 9. The fragment of PLTL that consists of formulae in negation normal form
and forbids the use of R (resp., U) is as expressive as coSafePLTL (resp., SafePLTL).

Finally, we interpret linear-time formalisms, in particular LTL, over trees using the
standard universal-path semantics. Thus, for an LTL formula φ, we write t |= φ iff every
path of t starting at the root satisfies φ, or equivalently iff t |= Aφ.

Word automata. An ω-word over Σ is an infinite sequence σ1σ2 . . . of letters from Σ. An
ω-word language is a set of ω-words. We assume the reader to be familiar with the theory of
regular ω-word languages [9].

An ω-word automaton is a tuple A = ⟨Q,Σ, δ, qI , F ⟩, where Q is a finite set of states, Σ
is the alphabet, qI ∈ Q is an initial state, and F ⊆ Q is a set of final states. The transition
function is δ : Q × Σ → Q for a deterministic automaton, and δ : Q × Σ → 2Q for a
non-deterministic one. Here non-determinism is structural: a state and an input letter may
have several successors. This branching can be interpreted either existentially —i.e., the input
is accepted if some initial run on it is accepting— or universally —i.e., the input is accepted
if all initial runs on it are accepting. We use three-letter acronyms for classes of ω-word
automata. The first letter indicates the branching mode: deterministic (D), existential
non-deterministic (N), or universal non-deterministic (U). The second letter indicates the
acceptance condition: Büchi (B), coBüchi (C), or weak (W), where weak means that every
strongly connected component is either contained in F or disjoint from F . The third letter
is W for words, to disambiguate from tree automata. For example, UCW denotes universal
coBüchi automata. We denote by L (A) the language recognized by the automaton A.

An automaton A is counter-free if for all states q, all finite words w, and all natural
numbers n, if A admits a path on wn that starts and ends at q, then it also admits a path
on w that starts and ends at q. For a given automata class ABC, we denote by ABCcf its
counter-free restriction.

Membership problems. Given two formalisms F and F ′, we will denote by F 7→ F ′ the
membership problem from F to F ′, that is, the problem of deciding, given an expression
in F , if there is a language-equivalent expression in F ′. For example, MSO 7→ WMSO
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24:8 Deciding the Common Fragment of CTL with Past and LTL

asks whether a given MSO sentence φ can be transformed to an equivalent sentence φ′ of
WMSO. We will also denote by F ∩ F ′ the set of languages definable by both F and F ′.

We recall that APT stands for alternating parity tree automata, which are as expressive
as MSO and the modal µ-calculus (Lµ) over full binary trees. AWT is the subclass of
alternating weak tree automata, which captures WMSO and the alternation-free µ-calculus
(AFLµ). For the definitions of APT, Lµ, and AFLµ, we refer the reader to, e.g., [48], while
for AWT and other variants we will recall their definitions at the beginning of Section 3.

Below is a rephrasing of the celebrated Rabin’s reduction theorem.

▶ Theorem 10 (Rabin’s reduction theorem [42, Theorem 29]). Decidability of APT 7→ AWT
implies decidability of MSO 7→ WMSO and Lµ 7→ AFLµ.

Although direct attacks on the latter logical membership problems have seen limited
progress, the corresponding automata-theoretic problem has recently witnessed major ad-
vances [15, 14, 18]. Through Rabin’s reduction, these advances feed back into the logical
setting, yielding progress on MSO 7→ WMSO and Lµ 7→ AFLµ.

Our goal is to apply Rabin’s reduction scheme within smaller source logics. Rather than
taking the input specification from MSO or Lµ, we consider specifications given in MPL or
CTL∗. Rabin’s reduction then immediately implies that decidability of APT 7→ AWT yields
decidability of MPL 7→ MPL ∩ WMSO and CTL∗ 7→ CTL∗ ∩ AFLµ. The key question
is therefore to identify the target intersection: what is MPL ∩ WMSO, or equivalently
CTL∗ ∩ AFLµ? In the sequel we mostly use the former notation, leaving the equivalence
with the latter implicit. As argued in the introduction, this common fragment is a natural
object of study, and the present paper makes progress towards its characterisation.

3 The automaton and the conjecture

We introduce the new class of counter-free hesitant weak ω-tree automata, by imposing a
series of restrictions to alternating Büchi ω-tree automata. We then explain why this model
is a natural candidate for capturing the common fragment MPL ∩ WMSO. Finally, we
discuss the perhaps surprising fact that MPL ∩ WMSO is strictly more expressive than FO.

Alternating Büchi ω-tree automata. Given a set X, we think of its elements as atoms
and we denote by B+(X) the set of positive Boolean formulae over X. An alternating Büchi
ω-tree automaton (ABT) is a tuple A = ⟨Q,Σ, δ, qI , F ⟩, where Q,Σ, qI , F are as usual and δ
is a transition function from Q× Σ to B+({♢,□} ×Q). Let t be a Σ-tree. A run of A on t is
an unranked, unordered tree, i.e., a tree in which every node has an arbitrary but finite set
of children. It is also labelled over the infinite alphabet Q×Dom(t), thus associating with
each node a state of A and a corresponding node in t. Intuitively, a labelling (q, v) of a node
of a run represents a copy of the automaton that reads an input node v with state q. Let r
be an unranked tree labeled over Q×Dom(t). We define the satisfaction relation between a
(q, v)-labelled node u of r and a positive Boolean formula in B+({♢,□} ×Q) as follows:

u |= (♢, q′) if v has a child v′ in t and u has a child u′ labelled by (q′, v′);
u |= (□, q′) if for every child v′ of v in t, there is a child u′ of u labelled by (q′, v′).

The satisfaction relation |= is naturally extended to the Boolean constants ⊤ and ⊥ and to
every positive Boolean combination of atoms. We then say that r is a run on t if:
1. the root of r is labelled by (qI , ϵt), namely, by the initial state of A and by the root of t;
2. for every (q, v)-labelled node u of r, u |= δ(q, σ), where σ is the label of v in t.
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Concerning the above condition (2), we observe that the definition of the satisfaction relation
|= between nodes and positive Boolean formulae requires the existence of a minimal set of
children of each node u of a run. On the other hand, it also allows a node u to contain
spurious children that are not strictly needed to satisfy condition (2). In particular, the
property of being a run of t is preserved under the addition of subtrees that are themselves
runs on t, possibly starting at different nodes. This turns out to be useful in order to
avoid dealing with runs with leaves: indeed, even in the presence of a transition of the form
δ(q, σ) = ⊤, we can still assume that there is an infinite path from u, e.g., one that repeats
copies of u itself (note that every such copy of u would still satisfy condition (2) above).
Finally, a run r is accepting if every maximal path in it satisfies the Büchi condition, i.e.,
every infinite path has infinitely many nodes labeled by some state in F . We say that a
Σ-tree t is accepted by A if A admits an accepting run on t.

Weakness. An ABT A = ⟨Q,Σ, δ, qI , F ⟩ is weak (AWT) if its state space can be partitioned
into a sequence of components Q1, ..., Qk in such a way that (1) for every q ∈ Qi and every
σ ∈ Σ, δ(q, σ) can only contain atoms with states in

⋃
j≤i Qj , and (2) for every i, either

Qi ⊆ F or Qi ∩F = ∅. We call accepting (resp., rejecting) the components that are contained
in F (resp., disjoint from F ).

Hesitancy. An AWT A = ⟨Q,Σ, δ, qI , F ⟩ is hesitant (HWT) if every component Qi of the
partition witnessing weakness satisfies one of the following additional conditions, for every
q, q′ ∈ Qi and σ ∈ Σ:

transient component: q′ does not occur in any atom of δ(q, σ);
existential component: q′ can occur in the disjunctive normal form of δ(q, σ), but only in
atoms of the form (♢, q′) and only disjunctively w.r.t. to atoms with other states in Qi;
universal component: q′ can occur in the conjunctive normal form of δ(q, σ), but only in
atoms of the form (□, q′) and only conjunctively w.r.t. to atoms with other states in Qi.

Linearisation. Towards introducing the remaining restrictions, we need to describe a
linearisation operation that transforms any non-transient component of an HWT A into an
ω-word automaton that reads annotated inputs. The idea is to simulate the path of a run of
A that stays inside a given component by a suitable ω-word automaton, with either Büchi or
coBüchi acceptance conditions and non-determinism used either existentially or universally
depending on the type of component, and at the same time encode the subruns of A that
branch off the path by a suitable annotation of the input.

Let A = ⟨Q,Σ, δ, qI , F ⟩ be an HWT and let q be a state that belongs to a non-transient
component Qi, according to some partition witnessing hesitancy of A. Further let B be the
set of atoms from {♢,□} × (Q \ Qi), namely, with states outside the component Qi. The
linearisation of A from q is defined as the ω-word automaton Aq

exit obtained from A by
restricting the state set to Qi, adding a fresh state qexit, declaring q to be the new initial
state, annotating the input letters with subsets C of B, and redefining the transition function
and the acceptance condition by a case distinction, as follows.

If Qi is an existential component, then
1. for all q′ ∈ Qi ∪ {qexit}, δ′(q′, (σ,C)) contains qexit iff q′ = qexit, or δ(q′, σ) = ⊥, or the

disjunctive normal form of δ(q′, σ) contains a clause of the form
∧
C;

2. for all q′, q′′ ∈ Qi, δ′(q′, (σ,C)) contains q′′ iff the disjunctive normal form of δ(q′, σ)
contains a clause of the form (♢, q′′) ∧

∧
C.
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In addition, if Qi is accepting (resp., rejecting), then Aq
exit is used as an NBW (resp.,

NCW), with Qi as set of final states.
If Qi is a universal component, then

1. for all q′ ∈ Qi ∪ {qexit}, δ′(q′, (σ,C)) contains qexit iff q′ = qexit, or δ(q′, σ) = ⊤, or the
conjunctive normal form of δ(q′, σ) contains a clause of the form

∨
C;

2. for all q′, q′′ ∈ Qi, δ′(q′, (σ,C)) contains q′′ iff the conjunctive normal form of δ(q′, σ)
contains a clause of the form (□, q′′) ∨

∨
C.

In addition, if Qi is accepting (resp., rejecting), then Aq
exit is used as an UBW (resp.,

UCW), with Qi as set of final states.

Visibility. Let A = ⟨Q,Σ, δ, qI , F ⟩ be an HWT, and let θ ∈ {♢,□} ×Q. We write Aθ for
the automaton obtained from A by introducing a fresh initial state and by forcing the first
transition to be θ, independently of the label of the root of the input tree. We say that a
non-transient component Qi of A is visible if for every pair of distinct annotations C,C ′ ⊆ B

that appear in some transitions of the linearisation Aq
exit, for any q ∈ Qi, there are atoms

θ ∈ C and θ′ ∈ C ′ for which the ω-tree languages L (Aθ) and L (Aθ′) are complement of
each other. Accordingly, we say that A is visible if every non-transient component is visible.

Counter-freeness. Recall the definition of counter-free ω-word automaton given in the
preliminaries. The last restriction that we enforce requires the linearisation of every non-
transient component of a visible HWT to be counter-free. Accordingly, we call counter-free
hesitant weak ω-tree automata (HWTcf for short) a Büchi ω-tree automaton that is weak,
hesitant, visible, and counter-free.

We remark that counter-freeness only makes sense when the automaton is visible. Intuit-
ively, this is because visibility guarantees that the annotations used in the linearisation of a
component reflect genuine branching alternatives. In other words, distinct annotations are
distinguishable by incompatible behaviours outside the component; hence they cannot serve
as hidden markers that encode counting information while leaving the linearised ω-word
language counter-free. On the other hand, it can be shown that a counter-free HWT which
is not visible can recognize regular ω-tree languages that are not even definable in MPL, see,
e.g., [3, Example 5.1].

The conjecture. In [35, Theorem 1.1] WMSO was shown to be as expressive as AWT,
and in [3, Theorems 5.8 and 5.9] MPL was shown to be as expressive as counter-free,
visible, hesitant ω-tree automata (HTcf for short). Because HTcf employ an acceptance
condition that is stronger than Büchi but weaker than Parity, we know that HWTcf ⊆
HTcf ∩ AWT ⊆ MPL ∩ WMSO. Our Conjecture 1 claims that HWTcf are in fact as
expressive as MPL ∩ WMSO.

The findings in the subsequent sections should provide evidence for the conjecture. The
first intuition for its validity relies on the fact that MPL restricts the structure of quantified
sets, while WMSO restricts their cardinality, and the two constraints seem to be orthogonal.
More precisely, orthogonality should be witnessed at the syntactic level, when we translate
MPL and WMSO to their automata counterparts, HTcf and AWT. If our conjecture
were false, there would exist, e.g., an AWT that recognises an MPL-definable language, yet
structurally violates the constraints required by HTcf . Given the independent nature of the
syntactic constraints posed by the two classes of automata, i.e., hesitancy and counter-freeness
on one side and weakness on the other side, we belive this is unlikely to happen.
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FO is WMPL but not MPL ∩ WMSO. We conclude the section by showing that the
common fragment MPL ∩ WMSO is non-trivial. We first note that WMPL, the fragment
of MSO in which monadic quantification is restricted to finite paths, is as expressive as FO:
indeed, every finite path in a tree is uniquely determined by its endpoints. One might also
expect WMPL to coincide with MPL ∩ WMSO, since, as argued earlier, MPL and WMSO
impose orthogonal restrictions on monadic quantification. However, these restrictions interact
semantically in a subtler way, and the expectation is in fact false:

▶ Lemma 11. There is an ω-tree language T definable in MPL ∩ WMSO but not in FO.

Proof. Consider the language T of ω-trees where every infinite path from the root contains a
node carrying the monadic predicate p. The underlying alphabet is Σ = 2{p}. This language
is definable in MPL, by the formula ¬∃X∀y(y ∈ X → ¬p(y)). It is equally definable in
WMSO, by the formula ∃X(root ∈ X ∧ ∀y(y ∈ X → (p(y) ∨ ∀z(child(z, y) → z ∈ X)))),
where root ∈ X = ∃x∀y(x ≤ y ∧ x ∈ X) and child(z, y) = z > y ∧ ¬∃w(z > w > y). Finally,
it was shown in [2, Theorem 3], that this language is not definable in FO. ◀

This shows that MPL∩WMSO is a genuine common fragment, not another presentation
of FO. It also suggests that the membership problem MPL 7→ FO cannot be settled by
a Rabin-style reduction to APT 7→ AWT. Although MPL = HTcf ⊆ APT, reducing a
given HTcf to an equivalent AWT would only show that the corresponding MPL formula
is equivalent to some WMSO formula; it would not give FO-definability. Thus, even for
a logic close to FO such as MPL, FO-definability remains an elusive question, not even
reducible to the (still open) problem APT 7→ AWT.

4 PCTL is equivalent to HWTcf

Recall that the witness language of Lemma 11 is over the alphabet Σ = 2{p} and of the
form T = {t | every infinite path from the root of t carries p}. The following lemma shows
that T is recognised by an HWTcf , and also serves as a worked example of an HWTcf .
Knowing that FO is equivalent to a subclass of HWTcf , as proved in [4], this also implies
that FO is strictly less expressive than HWTcf . In particular, T cannot be used to disprove
our conjecture.

▶ Lemma 12. The language T from Lemma 11 is recognized by an HWTcf .

Proof. Let AT = ⟨{qI}, 2{p}, δ, qI , ∅⟩, where δ(qI , {p}) = ⊤ and δ(qI , ∅) = (□, qI). This is
an APT that clearly recognises T , since it accepts a tree iff it finds a {p}-labelled node along
every infinite path from the root. We claim that AT is also an HWTcf . Observe that AT is
weak, with only one component Q1 = {qI} that is rejecting and universal. The linearisation
of AT from qI is an UCW of the form AqI

exit = ⟨{qI , qexit},Σ′, δ′, qI , {qI}⟩. Note that we can
assume the annotated alphabet to be Σ′ = Σ × {∅}, since no atom outside the component
occurs in the image of δ. The transition function δ′ : {qI , qexit} × Σ′ → 2{qI ,qexit} is such that
δ′(qI , (∅, ∅)) = {qI} and δ′(q, (σ, ∅)) = {qexit} in all remaining cases, i.e., when q = qexit or
σ = {p}. It is easy to see that this UCW is visible and counter-free: indeed, there is only
one possible annotation that appears in the transitions, i.e., C = ∅, and the transition graph
consists solely of self-loops and a transition from qI to qexit. AT is therefore an HWTcf . ◀

We now turn to a logical characterisation of HWTcf in terms of PCTL. Towards
the end of the section, we will see that, conditional on Conjecture 1, this characterisation
yields a Rabin-style reduction from the membership problem CTL∗ 7→ PCTL to the
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24:12 Deciding the Common Fragment of CTL with Past and LTL

automata-theoretic problem APT 7→ AWT. To prove the characterisation, we introduce two
intermediate results: a normal form for PCTL and a syntactic fragment of CTL∗ that is
equivalent to PCTL.

▶ Lemma 13. For every PCTL formula, there is an equivalent one generated by:

φ ::= p
∣∣ ¬p

∣∣ φ ∨ φ
∣∣ φ ∧ φ

∣∣ EFψ
∣∣ EGψ

∣∣ AFψ
∣∣ AGψ

ψ ::= φ
∣∣ ψ ∨ ψ

∣∣ ψ ∧ ψ
∣∣ Yψ

∣∣ Ỹψ
∣∣ ψSψ

Proof sketch. The proof is by structural induction. The path formulae of PCTL belong to
the fragments of PLTL in negation normal form that forbid the use of either R or U. Thus
one can use Proposition 9 to turn those formulae into equivalent ones from SafePLTL and
coSafePLTL. This is consistent with the above grammar. ◀

The above normal form clearly shows that PCTL expressive power is deeply linked to
the ability to express both safety and co-safety properties along paths. Moreover, it gives us
a way to identify a syntactic fragment of CTL∗ equivalent to PCTL. This is useful for two
reasons: first, it shows how to retain PCTL expressive power while dropping past operators;
second, it will be instrumental in the proof that PCTL is expressively equivalent to HWTcf .

▶ Lemma 14. PCTL is as expressive as ObligationCTL∗, generated by the grammar

φ ::= p
∣∣ ¬p

∣∣ φ ∨ φ
∣∣ φ ∧ φ

∣∣ Eψ
∣∣ Eχ

∣∣ Aψ
∣∣ Aχ

ψ ::= φ
∣∣ ψ ∨ ψ

∣∣ ψ ∧ ψ
∣∣ Xψ

∣∣ ψUψ
χ ::= φ

∣∣ χ ∨ χ
∣∣ χ ∧ χ

∣∣ Xχ
∣∣ χRχ

Proof sketch. The proof is again by induction in both directions. For the non-trivial cases,
the idea is to exploit the fact that path formulae of the PCTL normal form and those of
ObligationCTL∗ are expressively equivalent, thanks to Theorem 8. ◀

Now, we are ready to establish the equivalence between PCTL and HWTcf . We say
that an HWTcf is universal (resp., existential) if its transition function only produces
conjunctions (resp., disjunctions) of atoms of the form (□, q) (resp., (♢, q)). Similarly, we
define APCTL (resp., EPCTL) as the fragment of PCTL in which only universal (resp.,
existential) path quantifiers are allowed.

▶ Theorem 2. HWTcf and PCTL are effectively equivalent formalisms. Moreover, universal
HWTcf (resp., existential HWTcf ) admits translations into APCTL (resp., EPCTL).

Proof sketch. The proof relies on using linearisations of non-transient components of HWTcf

in one direction, and ObligationCTL∗ in the other direction. To translate an HWTcf to
an equivalent PCTL formula, we adapt the proof of [4, Theorem 12], proceeding by induction
on the components’ order. The transient case is straightforward; the case of a universal
(resp., existential) component is addressed by linearising the component and translating it
into an equivalent SafeLTL (resp., coSafeLTL) formula. Recombining the latter formulas
yields an ObligationCTL∗ formula equivalent to the initial HWTcf . Finally, Lemma 14
provides an equivalent PCTL formula. This also proves the second statement of the theorem,
since translating a universal (resp., existential) HWTcf never requires existential (resp.,
universal) path quantification.

For the converse direction, we apply again Lemma 14 to transform the input PCTL
formula into an equivalent ObligationCTL∗ formula. To enforce visibility in the target
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automaton, we rely on an expressively complete syntactic variant of ObligationCTL∗ [3,
Section 5.1] designed to isolate path quantifiers, ensuring that every pair of consecutive path
quantifiers is explicitly separated. Then, the translation is fairly routine: the only non-trivial
case is the path quantifier, which is handled as in, e.g., [3, Theorem 5.9]. ◀

We can now state a Rabin-style reduction theorem, conditional on Conjecture 1:

▶ Theorem 3. Assuming Conjecture 1, the membership problem CTL∗ 7→ PCTL (or,
equally, MPL 7→ PCTL) reduces to the automata-theoretic problem APT 7→ AWT.

5 The common fragment of PCTL and LTL is decidable

In this section we show another major application of the logical characterization of HWTcf

given in Theorem 2: specifically, we establish the decidability of the common fragment of
LTL and PCTL. More precisely, we prove that both membership problems PCTL 7→ LTL
and LTL 7→ PCTL are decidable, and therefore, MSO 7→ LTL ∩ PCTL is decidable too.
This result is interesting for at least two reasons: first, it provides decidability results for
membership problems of tree logics, which are notoriously among the hardest problems in
language theory; second, it offers a new way to attack the almost 40-year-old open problem
of deciding the common fragment of LTL and CTL.

Given a regular ω-word language L, let △[L] be the regular ω-tree language of all trees
such that every infinite path starting at the root is in L.

▶ Lemma 15. Let A be a DBWcf . One can construct a universal HWTcf recognizing
△[L (A)].

Proof sketch. Given a DBWcf A = ⟨Q,Σ, δ, qI , F ⟩, we first construct an equivalent UWW
B by taking two disjoint copies of A. Intuitively, the first copy follows the unique run of
A forever, and it is accepting. Whenever this run enters a non-final state, the universal
automaton B spawns a branch in the second copy, which checks the local obligation that a
final state is reached later. Since the second copy is rejecting, such a branch cannot remain
there forever; it is discharged exactly when the run reaches a final state. Formally, we let
B = ⟨(Q× {1}) ∪ ((Q \ F ) × {2}),Σ, δ′, (qI , 1), (Q× {1})⟩, where δ′ is defined as follows:

if δ(q, σ) = q′ /∈ F , then δ′((q, 1), σ) = {(q′, 1), (q′, 2)} and δ′((q, 2), σ) = {(q′, 2)};
if δ(q, σ) = q′ ∈ F , then δ′((q, 1), σ) = {(q′, 1)} and δ′((q, 2), σ) = ∅.

Moreover, B is weak: the first component consists only of accepting states, the second one
only of rejecting states, and there are no transitions from the second component back to the
first. Counter-freeness is preserved as well, since every cycle in B projects to a cycle of A.

The second step turns B into a tree automaton. For each transition of B, every successor
state (q, i), for i ∈ {1, 2}, is replaced by the atom (□, (q, i)). In this way, the word automaton
is simulated uniformly along all branches of the input tree. The resulting automaton is a
universal HWTcf and recognises precisely △[L (A)]. ◀

The following theorem gives an automaton-theoretic characterization of a robust class of
LTL-definable ω-tree languages, and is crucial for the main decidability result presented in
this section (Theorem 5).

▶ Theorem 16. For an LTL-definable ω-word language L, the following are equivalent: (i)
L is recognized by a DBWcf , (ii) △[L] is recognized by a universal HWTcf , (iii) △[L] is
recognized by an HWTcf , (iv) △[L] is recognized by an AWT.
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Proof. Assume first that L is recognised by a DBWcf . By Lemma 15, △[L] is recognised
by a universal HWTcf , so (i) implies (ii). The implications from (ii) to (iii) and from (iii) to
(iv) are immediate, since universal HWTcf are HWTcf , and HWTcf are AWT. It remains
to prove the implication from (iv) to (i). Suppose that △[L] is recognised by an AWT.
By [35, Theorem 1.1], it is also recognised by a non-deterministic Büchi tree automaton.
Then, by [24, Theorem 3.1], L is recognised by a DBW. Since L is LTL-definable, it is
star-free; hence, after minimising the DBW, we obtain an equivalent DBWcf [38]. ◀

Theorem 16 also yields the following logical equivalences (see again Figure 1):

▶ Theorem 4. LTL ∩ APCTL = LTL ∩ PCTL = LTL ∩ AFLµ.

Proof. Let L be an LTL-definable ω-word language. It is enough to show that definability
of △[L] in APCTL, in PCTL, and in AFLµ are all equivalent to recognisability of L
by a DBWcf . If △[L] is definable in PCTL, then by Theorem 2 it is recognised by an
HWTcf , and Theorem 16 yields a DBWcf for L. The case of APCTL follows since
APCTL ⊆ PCTL. If △[L] is definable in AFLµ, then it is recognised by an AWT, thanks
to [23]; again Theorem 16 yields a DBWcf for L. Conversely, if L is recognised by a DBWcf ,
then Theorem 16 gives a universal HWTcf recognising △[L]. By Theorem 2, this yields an
equivalent APCTL formula. Definability in PCTL follows from APCTL ⊆ PCTL, and
definability in AFLµ follows since HWTcf are AWT, which characterise AFLµ [23]. ◀

The above result might appear surprising, since Bojańczyk proved in [6] that LTL ∩
ACTL ⊊ LTL ∩ CTL. Indeed, Theorem 4 implies that it is possible to avoid existential
path quantification and capture the common fragment of LTL and PCTL, employing past
operators instead. To exemplify this idea, we show how to define in APCTL the language
used by Bojańczyk to show the strict inclusion already mentioned.

▶ Proposition 17. The regular ω-tree language △[(ab)∗a(ab)∗cω] is definable in APCTL.

Proof. The formula that defines the {a, b, c}-tree language △[(ab)∗a(ab)∗cω] is as follows,
where Pψ is a shorthand for ⊤Sψ:

a ∧ AFc ∧ AG(¬(b ∧ Yb) ∧ ¬(a ∧ Ya ∧ YP(a ∧ Ya)) ∧ (Yc → c)∧
((c ∧ Y¬c) → Y((a ∧ ¬P(a ∧ Ya)) ∨ (b ∧ P(a ∧ Ya))) ◀

In the formula above, past operators are necessary to capture the complex alternation of
a, b, and c without employing the existential path quantifier E while respecting the syntactic
constraints of CTL. This unveils an unexpected power of past operators in the context of
tree temporal logics. We finally conclude with our main decidability results.

▶ Theorem 5. The membership problem LTL 7→ PCTL is decidable in ExpSpace and is
PSpace-hard. Moreover, PCTL 7→ LTL is decidable.

Proof. By Theorem 16, given an LTL formula φ, it suffices to decide if L (φ) is recognizable
by a DBW (the counter-free requirement is trivially fulfilled, since any LTL definable
language must be recognizable by a counter-free automaton). By [23, Theorem 4.1, Theorem
5.1], deciding LTL 7→ DBW is in EXPSPACE and PSPACE-hard.

For PCTL 7→ LTL, we can always rewrite a PCTL formula into ObligationCTL∗ by
Lemma 14, and then apply the algorithm from [13] to decide if there is an equivalent LTL
formula. ◀

The first statement of the above theorem implies the following.
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▶ Corollary 6. Decidability of PCTL 7→ CTL implies decidability of LTL 7→ CTL.

Thanks to the above corollary, the 40-year-old open problem can be attacked along a
new direction: determine which PCTL formulae are equivalent to some CTL formula. This
is a promising new approach, since some subcases are already solved (see, e.g., [26]). To
conclude, we can settle that the common fragment LTL ∩ PCTL is decidable.

▶ Corollary 18. The membership problem MSO 7→ LTL ∩ PCTL is decidable.

6 No known fragment of WMSO is equivalent to PCTL

In this section we will show that no known fragment of WMSO is equivalent to PCTL. In
other words, to understand PCTL expressive power with respect to WMSO, one needs to
define a new fragment of WMSO. Indeed, given Theorem 3, one could wonder what is the
exact fragment of WMSO equivalent to MPL ∩ WMSO. We have shown that, assuming
Conjecture 1 to be true, MPL ∩ WMSO is PCTL. Nevertheless, it is a natural question to
ask for a fragment of WMSO, rather than for a temporal logic. In this section we initiate
this work, by isolating the lower and upper bounds of PCTL expressive power with regard
to WMSO fragments, to pave the way for future work on this matter.

To the best of our knowledge, there are three defined semantic fragments of WMSO:
FO (which is equivalent to WMPL, as already argued), Weak Chain Logic (WMCL) [46]
and Weak Tree Logic (WMTL) [2]. While FO and WMTL have already been defined, we
briefly recall the definition of WMCL. In WMCL, second order quantification is restricted
to finite chains, that is, finite sets of nodes that are pairwise comparable under the transitive
closure of the tree’s edge relation.

First, while it is already established that FO is strictly less expressive than PCTL [4],
this fact also emerges as a direct consequence of Lemma 12 and Theorem 2. Furthermore,
WMCL is known to be incomparable with MPL [1]. Because MPL strictly subsumes PCTL,
this incomparability necessarily implies that PCTL cannot be equivalent to WMCL. Thus,
WMTL remains the only reasonable fragment of WMSO to investigate. Recall that in
WMTL set quantification ranges over sets of nodes that are finite subtrees. Although in
[2] the authors explored the expressive power of this logic, the precise relationship between
WMTL and MPL in terms of expressiveness remained an open problem. Here, we show
that these two logics are incomparable, implying also that PCTL is strictly less expressive
than WMTL. The following is obtained by an easy translation by structural induction on
PCTL formulae.

▶ Lemma 19. PCTL is at most as expressive as WMTL.

Since there is no defined intermediate WMSO fragment between FO and WMTL, one
could believe PCTL to be equivalent to WMTL. However, the following theorem shows
this is not the case, while also closing the open question by [2].

▶ Theorem 7. WMTL is incomparable to both CTL∗ and MPL. Consequently, no known
fragment of WMSO is expressively equivalent to PCTL.

Proof sketch. The difficult direction is WMTL ̸⊆ MPL. Consider the alphabet 2{p,q}. The
separating language will be U = “there is a finite subtree containing the root such that: its
leaves are labeled {p, q}, its internal nodes labeled {q} have at least one child and its internal
nodes not labeled {q} have exactly two children”. This language is definable in WMTL:

∃X.root ∈ X ∧ ∀z ∈ X → ∧

{
(¬p(z) → ∃y(child(z, y) ∧ y ∈ X))
(¬q(z) → ∀y(child(z, y) → y ∈ X))
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Our claim is that this language is not MPL definable. We show it exploiting two families
of trees. First, let a Σ-multicontext be a finite or infinite Σ ∪ {∗1, ..., ∗k}-tree, for k ∈ N, in
which every internal node is labeled by a symbol of Σ and every leaf (if any) is labeled by ∗i,
for some i ∈ [1, k]. Consider the following 2{p,q}-multicontext c:

{q}

{p}

∗1 ∗2

{p}

∗3 ∗4

Let l (resp., r) be the 2{p,q}-tree whose root is labeled by {q} (resp., {p, q}) and all its
other nodes are labeled by ∅. We define t1 to be c in which the leaf labeled ∗1 is substituted
by l and leaves labeled ∗2, ∗3 and ∗4 are substituted by r, while t′1 is defined as c in which
leaves labeled ∗1, ∗3 are substituted by l while nodes labeled ∗2, ∗4 are substituted by r.
Then, t1 ∈ U and t′1 /∈ U . We then define infinite such trees as follows: for every i ≥ 2, ti
is c in which the leaf labeled ∗1 is substituted by t′i−1 and leaves labeled ∗2, ∗3 and ∗4 are
substituted by ti−1, while t′i is c in which leaves labeled ∗1 and ∗3 are substituted by t′i−1
while leaves labeled ∗2 and ∗4 are substituted by ti−1. Again, for every i ≥ 2, ti ∈ U and
t′i /∈ U . We show by induction on CTL∗ formulae that, for every n ∈ N, CTL∗ formulae of
size at most n, where their size is defined as the length of the strings for representing the
formulae, cannot distinguish tn and t′n. This implies that CTL∗ cannot define U , yielding
the theorem. ◀

This theorem shows that the branching power of WMTL is in a strong sense more
expressive than just path quantification. Our result also shows that WMTL ̸= MPL ∩
WMSO, further solidifying our conjecture. Indeed, we can now see that if our conjecture is
false, there would be not one but even two “meaningful” logics strictly in between FO and
WMTL, which are already fairly close formalisms with regard to expressiveness. This seems
unlikely, since it is arguably already surprising the existence of one such a logic.

7 Conclusions

We have proved a Rabin-style theorem for the MSO fragment called MPL and the temporal
logic CTL∗ (Theorem 3), assuming a conjecture (Conjecture 1) regarding the expressive
power of the class of HWTcf . We have shown that this class of automata is equivalent
to the temporal logic PCTL (Theorem 2) and to the syntactic fragment of CTL∗ called
ObligationCTL∗ (Lemma 14). Moreover, we have shown that the membership problems
LTL 7→ PCTL and PCTL 7→ LTL are decidable (Theorem 5), as well as MSO 7→ LTL
∩ PCTL (Corollary 18), implying that the almost 40-year-old open question regarding
decidability of LTL 7→ CTL can be reduced to the arguably easier problem of showing
decidability of PCTL 7→ CTL (Corollary 6). Given the progress already made in, e.g., [26],
this seems promising. Finally, we have shown that the expressive power of PCTL is strictly
in between that of FO and WMTL ([4] and Theorem 7), implying that no known WMSO
fragment is equivalent to PCTL, leaving the definition of such a fragment as a natural open
question. The obvious final open question regards the truth of Conjecture 1.
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