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Model checking vs. equivalence/preorder checking
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Model checking vs. equivalence/preorder checking

Model checking Equivalence/preorder checking
system property system property
state- Iogical state- state-
transition formalism | transition transition
model model model
Ps ): ¥ Ps E/ > Pprop

characteristic formula x(pprop)

graphical representation
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Characterizing the bridge between the two approaches

Question:
For what kind of logical specification is it possible to reduce
model checking to preorder/equivalence checking?

Answer (attempt):
The ones expressed by consistent and prime formulae (?)
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Characterizing the bridge between the two approaches

Question:
For what kind of logical specification is it possible to reduce
model checking to preorder/equivalence checking?

Answer (attempt):
The ones expressed by consistent and prime formulae (?)

Claim
A formula is characteristic iff it is consistent and prime
(characteristic < consistent and prime)

Not true in general.
Under which conditions? For which formalisms?

b4
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Logical characterization of preorders
Combination of the two views: logical characterization

A logic L characterizes < if:

p < qiff L(p) € L(q)
=[]

When are prime formulae characteristic? D. Della Monica, Reykjavik University



Logical characterization of preorders
Combination of the two views: logical characterization

A logic L characterizes < if:
p < qiff L(p) € L(q)

Characteristic formulae

A formula x(p) is a characteristic formula
for p with respect to < iff: g = [x(p)]
g x(p)iffp<gq b

X
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Logical characterization of preorders
Combination of the two views: logical characterization

A logic L characterizes < if:
p < qiff L(p) € L(q)

Characteristic formulae

A formula x(p) is a characteristic formula
for p with respect to < iff: q = Ix(P)]

g x(p)iffp<gq

p
Consistent and prime formulae
> ¢ is consistent if p = ¢ for some p
> ¢ is prime if for all ¢1, ¢po:
[4] € [6:] U 2] — lei
implies [¢] € [¢1] or [¢] C [¢2]

b X
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Characterization by primality

Characterization by primality

A formula is characteristic iff it is consistent and prime
(characteristic < consistent and prime)
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Characterization by primality

Characterization by primality

A formula is characteristic iff it is consistent and prime
(characteristic < consistent and prime)

Existing results
For preorders based on

» modal refinement transitions systems [BL92]

[BL92] Boudol and Larsen, Graphical versus logical specifications, TCS 1992

When are prime formulae characteristic? D. Della Monica, Reykjavik University



Characterization by primality

Characterization by primality

A formula is characteristic iff it is consistent and prime
(characteristic < consistent and prime)

Existing results
For preorders based on
» modal refinement transitions systems [BL92]

» covariant-contravariant simulation [AFFIP12]

[BL92] Boudol and Larsen, Graphical versus logical specifications, TCS 1992

[AFFIP12] Aceto, Fabregas, de Frutos-Escrig, Ingdlfsdéttir, and Palomino, Graph-
ical representation of covariant-contravariant modal formulas, EXPRESS 2011
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Our quest

» Question: How general is this result?
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Our quest

» Question: How general is this result?

> We use a purely logical approach
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Isolating the logical view from the behavioural one

The logical formalisms

» L is a logic over a set of processes Proc (not necessarily LTS)

» interpretation function [] : £ — P(Proc)
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Isolating the logical view from the behavioural one

The logical formalisms

» L is a logic over a set of processes Proc (not necessarily LTS)

» interpretation function [] : £ — P(Proc)

The logically defined preorder C
» pCrqiff L(p) € L(q)
» pt={q|[pCcaq}
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Our approach

» To derive some general properties of a logical preorder T, (for
a generic logic £) directly

> If for some behavioural preorder < is characterized by L it
automatically inherits some properties of Cp

b
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Characteristic, prime and consistent formulae (logically)

> ¢ is characteristic for p with respect to T iff

qge ol iffpCrq
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Characteristic, prime and consistent formulae (logically)

> ¢ is characteristic for p with respect to C iff
geleliffpCrq

(or equivalently iff [¢] =p 1)
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Characteristic, prime and consistent formulae (logically)

> ¢ is characteristic for p with respect to T/ iff
geloliffpErq
(or equivalently iff [¢] = p 1)
» ¢ (€ L) is prime (€ L) if the following holds for all ¢1, ¢:

[4] € [@1] U [#2] implies [¢] < [#1] or [¢] € [¢2]

b X
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Characteristic, prime and consistent formulae (logically)

> ¢ is characteristic for p with respect to T/ iff
geloliffpErq

(or equivalently iff [¢] =p 1)

» ¢ (€ L) is prime (€ L) if the following holds for all ¢1, ¢:

[4] € [@1] U [#2] implies [¢] < [#1] or [¢] € [¢2]

» ¢ is consistent if [¢] # 0

b X
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Characteristic formulae are prime

Theorem
If a formula is characteristic then it is prime (and consistent)
(characteristic = consistent and prime)
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Characteristic formulae are prime

Theorem
If a formula is characteristic then it is prime (and consistent)
(characteristic = consistent and prime)

Proof.
Assume [x(p)] € [¢1] U [¢2]

p € [x(p)]

M = [x(p)]
Y =[]
p = [¢2]
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Characteristic formulae are prime

Theorem
If a formula is characteristic then it is prime (and consistent)
(characteristic = consistent and prime)

Proof.
Assume [x(p)] € [¢1] U [¢2]

p € [x(p)]
= p € [¢1] or p € [¢2]

M = [x(p)]
Y 1]
H [o2] #
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Characteristic formulae are prime

Theorem
If a formula is characteristic then it is prime (and consistent)
(characteristic = consistent and prime)

Proof.
Assume [x(p)] € [¢1] U [¢2]

p € [x(p)]
= p € [¢1] or p € [¢2]
= p1C [¢1] or p1C [¢2]

Ix(p)]
[¢1]

\ A
H [¢2] #
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Characteristic formulae are prime

Theorem
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Characteristic formulae are prime

Theorem
If a formula is characteristic then it is prime (and consistent)
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Characteristic formulae are prime

Theorem
If a formula is characteristic then it is prime (and consistent)
(characteristic = consistent and prime)

Proof.
Assume [x(p)] C [¢1] U [¢2]

p € [x(p)]

= p € [¢1] or p € [¢2]

= p1C [¢1] or p 1€ [¢2]

= [x(p)] € [¢1] or [x(p)] C [¢2]

H = [x(p)]
= [¢1]
= [¢2]

b X
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Characterization by primality: Finite case
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Characterization by primality: Finitely many processes

Proposition

Proc finite and A € L : each process has a characteristic
formula

(Note that finite set of processes might represent infinite behaviour)

o 5
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Proc finite and A € L : each process has a characteristic
formula

(Note that finite set of processes might represent infinite behaviour)

Proof.

» L must be finite up to logical equivalence
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Characterization by primality: Finitely many processes

Proposition

Proc finite and A € L : each process has a characteristic
formula

(Note that finite set of processes might represent infinite behaviour)

Proof.
» L must be finite up to logical equivalence

» Let £f" be the a finite representation of £
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Characterization by primality: Finitely many processes

Proposition

Proc finite and A € L : each process has a characteristic
formula

(Note that finite set of processes might represent infinite behaviour)

Proof.
» L must be finite up to logical equivalence

» Let £f" be the a finite representation of £

> x(p) = N{o € L] pe[o]}
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Characterization by primality: Finitely many processes

Proposition

Proc finite and A € L : each process has a characteristic
formula

(Note that finite set of processes might represent infinite behaviour)

Proof.

L must be finite up to logical equivalence

v

v

Let £ be the a finite representation of £

x(p) = Mo € L™ | p € [¢]}
Then x(p) is characteristic for p

v

v

l:‘ on
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Characterization by primality: Finitely many processes

Theorem Proc finite and A € L :
characteristic < consistent and prime

o 5
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Characterization by primality: Finitely many processes

Theorem Proc finite and A € L :
characteristic < consistent and prime

Proof. [consistent and prime = characteristic].

¢ is consistent and prime

When are prime formulae characteristic? D. Della Monica, Reykjavik University



Characterization by primality: Finitely many processes

Theorem Proc finite and A € L :
characteristic < consistent and prime

Proof. [consistent and prime = characteristic].

¢ is consistent and prime
(by consistency) po € [¢]
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Characterization by primality: Finitely many processes
Theorem Proc finite and A € L :
characteristic < consistent and prime
Proof. [consistent and prime = characteristic].

¢ is consistent and prime
(by consistency) po € [¢]

(by finiteness) [6] = Upepeg [X(P)]

u u =[¢]
Ix(p1)]
Ix(p2)]
[x(p3)]

pir P2 p3 b4
When are prime formulae characteristic? D. Della Monica, Reykjavik University



Characterization by primality: Finitely many processes
Theorem Proc finite and A € L :
characteristic < consistent and prime
Proof. [consistent and prime = characteristic].

¢ is consistent and prime
(by consistency) po € [¢]

(by finiteness) [6] = Upepeg [X(P)]
UperagX(P)] € Uy D(P)]

pr P2 p3
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Characterization by primality: Finitely many processes
Theorem Proc finite and A € L :
characteristic < consistent and prime
Proof. [consistent and prime = characteristic].

¢ is consistent and prime
(by consistency) po € [¢]

(by finiteness) [6] = Upepeg [X(P)]

UperalX(P)] € UpepgIx(p)]
= UpegepIX(P)] € [x(q)] for some g € [¢]

pr P2 p3

S
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Characterization by primality: Finitely many processes

Theorem Proc finite and A € L :
characteristic < consistent and prime

Proof. [consistent and prime = characteristic].

¢ is consistent and prime
(by consistency) po € [¢]
(by finiteness) [¢] = Upegeplx(p)l

UperalX(P)] € UpepgIx(p)]
= UpegepIX(P)] € [x(q)] for some g € [¢]
= UpepagX(P)] = [x(q)] for some q € [¢]

= [¢]
= [x(p2)]

b X
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Characterization by primality: Finitely many processes

Theorem Proc finite and A € L :
characteristic < consistent and prime

Proof. [consistent and prime = characteristic].

¢ is consistent and prime
(by consistency) po € [¢]
(by finiteness) [¢] = Upegeplx(p)l

UperalX(P)] € UpepgIx(p)]

= UpegepIX(P)] € [x(q)] for some g € [¢]
= UpepagX(P)] = [x(q)] for some q € [¢]
= [¢] = [x(q)] for some q € [¢]

= [¢]
= [x(p2)]

p2 #
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Outline

Characterization by primality: Infinite case
Decomposability
Path to decomposability
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Characterization by primality: Generalization

Partial summary

» ALWAYS:
characteristic = prime (and consistent)

» Proc is finite and A € L:
characteristic <= prime and consistent
(Characterization by primality)

o 5
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Characterization by primality: Generalization

Partial summary

» ALWAYS:
characteristic = prime (and consistent)

» Proc is finite and A € L:
characteristic <= prime and consistent
(Characterization by primality)

Can we do better than this?

Question
Does the characterization by primality hold in general?
(characteristic <= consistent and prime) 77?7
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Characterization by primality: Generalization

Partial summary

» ALWAYS:
characteristic = prime (and consistent)
» Proc is finite and A € L:

characteristic <= prime and consistent
(Characterization by primality)

Can we do better than this?

Question
Does the characterization by primality hold in general?
(characteristic 3= consistent and prime) 777

No.

There exist formulae that are consistent and prime but not )
characteristic! s &
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Characterization by primality: a counterexample

The claim characteristic < consistent and prime
does not hold in general

Counterexample
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Characterization by primality: a counterexample

The claim characteristic < consistent and prime
does not hold in general

Counterexample
> Q is the set of processes

» R is the set of formulae
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Characterization by primality: a counterexample

The claim characteristic < consistent and prime
does not hold in general

Counterexample
> Q is the set of processes
> R is the set of formulae
» Interpretation of formulae: [¢p] ={p € Q| ¢ < p}
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Characterization by primality: a counterexample

The claim characteristic < consistent and prime
does not hold in general

Counterexample
> Q is the set of processes
> R is the set of formulae
Interpretation of formulae: [¢p] ={p € Q| ¢ < p}

v

v

Clearly, all formulae are consistent
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Characterization by primality: a counterexample

The claim characteristic < consistent and prime
does not hold in general

Counterexample
> Q is the set of processes
> R is the set of formulae
Interpretation of formulae: [¢p] ={p € Q| ¢ < p}

v

v

Clearly, all formulae are consistent

Primality: [¢] U [¢] = {p € Q| min{¢p,v} < p} for all
o el

v
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Characterization by primality: a counterexample

The claim characteristic < consistent and prime
does not hold in general

Counterexample

> Q is the set of processes

> R is the set of formulae
Interpretation of formulae: [¢p] ={p € Q| ¢ < p}
Clearly, all formulae are consistent
Primality: [¢] U [¢] = {p € Q | min{¢p, ¢} < p} for all
o, el

On the other hand ¢ = v/2 ¢ Q cannot be characteristic for
any process as [v/2] does not have a least element

v

v

v

v
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Characterization by primality: Infinite case
Decomposability
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Decomposability

Definition
¢ € L is decomposable if:
[¢] = Ix(p)] U [¥] for some ¢ € L s.t. p & [¢]

U =gl
= [x(p)]
» = [¥]
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Decomposability

Definition
¢ € L is decomposable if:
[¢] = Ix(p)] U [¥] for some ¢ € L s.t. p & [¢]

U =gl
= [x(p)]
b = [¥]
Theorem

» ¢ € L decomposable and prime = characteristic

» L decomposable = (characteristic < consistent and prime)

When are prime formulae characteristic?
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Decomposability

Proof:

Assume ¢ decomposable, consistent and prime

>
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Decomposability

Proof:

Assume ¢ decomposable, consistent and prime

(by decomposability) [¢] = [x(p)] U [¢] where p ¢ [¢]
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Decomposability

Proof:

Assume ¢ decomposable, consistent and prime

(by decomposability) [¢] = [x(p)] U [] where p & [¢]
[x(P)I U [¥] € Ix(p)] U [¥]
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Decomposability

Proof:

Assume ¢ decomposable, consistent and prime

(by decomposability) [¢] = [x(p)] U [¢] where p ¢ [¢]

[x(pI U] € Ix(p)]U[¥]
= (by primality) [x(p)] U [¥] < [x(p)] or [x(p)I U [¥] € [¥]
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Decomposability

Proof:
Assume ¢ decomposable, consistent and prime

(by decomposability) [¢] = [x(p)] U [¢] where p ¢ [¢]

[x(pI U] € Ix(p)]U[¥]
= (by primality) [x(p)] U [¥] < [x(p)] or [x(p)I U [¥] € [¥]

As p &[], it must be [x(p)] U [v] < [x(p)]
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Decomposability

Proof:

Assume ¢ decomposable, consistent and prime
(by decomposability) [¢] = [x(p)] U [¢] where p ¢ [¢]

[x(pI U] € Ix(p)]U[¥]
= (by primality) [x(p)] U [¥] < [x(p)] or [x(p)I U [¥] € [¥]

As p & [¥], it must be [x(p)] U [v] < [x(p)]
Therefore, [¢] = [x(p)] U [¥] = [x(p)]-
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Outline

Characterization by primality: Infinite case

Path to decomposability
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A path to decomposability

[decom posa biIity}
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A path to decomposability

1
contra-characteristic formula x(p) w
captures somehow the complement of x(p) |
|
|
|
|

[decom posa biIity}
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A path to decomposability

contra-characteristic formula x(p) \
captures somehow the complement of x(p) |
e{gePlqgcp}Clxp)] l
e p & [x(P)] 1

[decom posa biIity}

b X
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A path to decomposability

1
contra-characteristic formula x(p) w
captures somehow the complement of x(p) |
|
|
|
|

e {qgeP|lq¥cp}Cx(p)]
e p & [x(p)]

= [x(p)]

[decom posa biIity}

b X
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A path to decomposability

’

: finite monotonic
1 characterization
|
|
|
|
|
|
|
|

\

|

contra-characteristic formula x(p) :
|

Vp, B(p) : w
|

!

!

|

|

I

1
|
captures somehow the complement of x(p) |
I\ e is a finite set of truths
| implying all truths
e respects the preorder

e {qgeP|lq¥cp}Cx(p)]
e p & [x(p)]

= [x(p)]

[decom posa biIity}
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Application to semantics in van Glabbeek’s spectrum
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Application to semantics in van Glabbeek's spectrum

» Processes are finite acyclic graphs (finite trees)

» The semantics preorders are based
on simulation, complete simula- %
tion, ready simulation, trace sim-  FNpTN \““‘
ulation, 2-nested simulation, and  fsntw—nte—" ——
L e

\

simulation.
bisimulation gy <‘\

» All the preorders are characterized Csﬁ\ P T/
by subsets of the standard finite .—-\p\»;—'l"

Hennessy-Milner logic.

» By checking the properties above we have proven that all
these sub-logics are characterized by primality.

de Frutos-Escrig, Gregorio-Rodrguez, Palomino, and Romero-Hernandez, Unifying the

Linear Time-Branching Time Spectrum of Process Semantics, LMCS 2013 -
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Conclusions and future work
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Conclusions

» ALWAYS:

characteristic = prime (and consistent)
Proc is finite and A € L:

characteristic <= prime and consistent
(Characterization by primality)

v

v

L decomposable:
characteristic <= prime and consistent
(Characterization by primality)

> a simple recipe to decomposability

v

logics that characterize the preorders in branching-time van
Glabbeek's spectrum are characterized by primality
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Conclusions

» ALWAYS:
characteristic = prime (and consistent)

Proc is finite and A € L:
characteristic <= prime and consistent
(Characterization by primality)

v

v

L decomposable:
characteristic <= prime and consistent
(Characterization by primality)

> a simple recipe to decomposability

> logics that characterize the preorders in branching-time van
Glabbeek's spectrum are characterized by primality
Moreover

» We have gained some important insight into the properties of
logically characterized preorders
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Future work

» Use the result of this study to characterize more theories

» Find other properties that follow directly from a logical
characterization of a preorder

b
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The end

Thank you!
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