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Abstract.
terval structures over (usually) linearly ordered domaivisere time
intervals are the primitive ontological entities and troffformulae
is defined relative to time intervals, rather than time insaln this
paper, we introduce and study Metric Propositional Neighbod
Logic (MPNL) over natural numbers. MPNL features two motikedi
referring, respectively, to an interval that is “met by” th@rent one
and to an interval that “meets” the current one, plus an itefiaet
of length constraints, regarded as atomic propositionspttstrain
the lengths of intervals. We argue that MPNL can be succkgsfu
used to capture important concepts and scenarios in diffareas
of artificial intelligence combining qualitative and quigative inter-
val temporal reasoning, thus providing a viable altermativ well-
established logical frameworks such as Duration CalcWesshow
that MPNL is decidable in double exponential time and thest é@x-
pressively complete with respect to a well-defined subfiegrof the
two-variable fragmenFO? [N, =, <, s] of first-order logic for lin-
ear orders with successor function, interpreted over abhtwmbers.

Interval temporal logics formalize reasoning about in-

with only two modalities, corresponding to Allen’s relatBmeets
and its inversenet by
In this paper, we consider a proper extension of PNL over-natu

ral numbers, called/etric PNL (MPNL), that features a family of
special atomic propositions representing integer comssrgequali-
ties and inequalities) on the length of the intervals oveicivithey
are evaluated. The uni-modal right-neighborhood fragroEPNL
has recently been introduced and studied in [9] — the maicupser
of this paper, which extends and strengthens it substhnfidPNL
is particularly suitable for quantitative interval reasay and thus it
emerges as a viable alternative to existing logical sysfemguan-
titative temporal reasoning. Various metric extensiorngdiot-based
temporal logics have been proposed in the literature. Thelpdle
Timed Propositional Temporal Logic (TPTL), developed byrdnd
Henzinger in [2], Montanari and de Rijke’s two-sorted metem-
poral logics [20], Hirshfeld and Rabinovich’s QuantitatiMonadic
Logic of Order [18], and Owakine and Worrell's Metric Tempbr
Logic [22]. Little work has been done in the interval logidtse.

Moreover, we show that MPNL can be extended in a natural way ttAmong the few contributions, we mention the extension oEA%
cover full FO?|N, =, <, s, but, unexpectedly, the latter (and hence Interval Algebra with a suitable notion of distance develbpby

the former), turns out to be undecidable.

1 Introduction

Interval temporal logics provide a natural framework fomporal
reasoning about interval structures over linearly (oriphy) ordered
domains. They take time intervals as the primitive ontatabéntities
and define truth of formulae relative to time intervals, eatthan
time instants. Interval logics feature modal operators¢berespond
to various relations between pairs of intervals. In patéicuhe logic

Kautz and Ladkin in [19]. The most important quantitativeeival
temporal logic is Duration Calculus (DC) [11], which is cpiéx-
pressive, but undecidable. A number of variants and fragereiDC
have been proposed in the literature to model and reasort edaiu
time processes and systems [5, 11, 12, 13]. Many of them eecov
decidability by imposing semantic restrictions, such asldcality
principle, that essentially reduce the interval systempoiat-based
one.

The main results of the present paper are: (i) decidabitith@m-
plexity of the satisfiability problem for MPNL (Section 4}ij)(ex-
pressive completeness of MPNL with respect to a well-defswds

HS, introduced by Halpern and Shoham in [17], features a et ofragment ofFO[N, =, <, 5] (Section 5); (iii) an extension of MPNL

modal operators that makes it possible to express all Alenérval
relations [1].

Interval-based formalisms have been extensively usedrioua
areas of Al, such as, for instance, planning and plan vatidatheo-
ries of action and change, natural language processingcargdraint
satisfaction problems. However, most of them make severestic
and semantic restrictions that considerably weaken thpiressive
power. Interval temporal logics relax these restrictiahgs allowing
one to cope with much more complex application domains aed sc
narios. Unfortunately, many of them, including HS and thgamity
of its fragments, turn out to be undecidable (a comprehermivwey
can be found in [7]). One of the few cases of decidable intéogic
with truly interval semantics, that is, not reducible to rgebased
semantics, is Propositional Neighborhood Logic (PNL)eipteted
over various classes of interval structures (all, dens#:déscrete lin-
ear orders, integers, natural numbers) [16]. PNL is a fragroeHS

which is expressively complete with respect to B[N, =, <, s]
and proof of their undecidability (Section 5).

2 MPNL over Natural Numbers

Given a linearly ordered domaih = (D, <), interpreted as the set
of natural number®! or any finite subset of it, anpn-stric) interval
overD is any ordered paif, j] such that < j. Aninterval structure

is a pair(D, I(D)), wherel(DD) is the set of all intervals oved. An
interval modelis a tupleM = (D,I(D), V), where (D, (D)) is

an interval structure antf : AP — 2"® is a valuation function
assigning to every atomic proposition the set of intervakr evhich

it holds. We define the standadéstancefunctiond : N x N — N as
0(i,7) = |i — 7] (notice that natural numbers appear both as points in
the interval structure and as interval lengths). As a maftéact, all



results we will provide may be suitably rephrased for anycfiom §
satisfying the standard properties of distance over afioeger.

To add a metric dimension to PNL, we introduce a set of special

propositional letters referring to the length of the cutrenerval.
They can be viewed as a metric generalization of the modaitaoh
7 of PNL that ‘identifies’ intervals of the forrf, 7] [16]. Formally,
for everyk € NandC € {<, <, =, >, >}, we define the length
constraintlenck. Theformulaeof MPNL, denoted byp, 1, ..., are
generated by the following grammar:

pu=lenck |[p| @@Vl Orp | Crp.

Given an interval model! = (D, I(D), V') and an intervali, 5] over
it, the semantics of MPNL-formulae is given by the clauses:

o M, [Z,_]] IF lency iff 5(2,])Cl€,

e M, [i,j] Ik piff pe V([i,7]) foranyp € AP;

e M, [4,j] IF —piff itis not the case thabd/, [i, j] IF +;

o M, [i,j] Ik oV riff M,[i,j] - orM,[i,j]IF T

e M, [i,j] IF O iff there existsh > j such thathM, [4, h] IF ¥;
o M, [i,j] IF < iff there existsh < ¢ such thath, [k, i] IF 4.

A MPNL-formula ¢ is satisfiableif there exist a modelM and an
interval b, e] over it such that\/, [b, e] IF . We can limit ourselves
to consider only length constraints of the foten—y, as all the re-
maining ones can be defined in terms of them.

3 MPNL at Work

Finding an appropriate balancing between expressive pamdr
computational complexity is a challenge for every knowkedgp-
resentation and reasoning formalism. Interval temporgick are
not an exception in this respect. We believe that MPNL fessta
good compromise between the two requirements. In the follgw
we show that MPNL makes it possible to encode metric versibns
basic operators of point-based linear temporal logic (LA well as
of interval modalities corresponding to Allen’s relatipisaddition,
we show that it allows one to express limited forms of fuzgme

First, MPNL is expressive enough to encode the stichetimes
in the future(resp.,sometimes in the pgstperator of LTL:

Or(lenso A Or(len—o A p)). Q)

Moreover, length constraints allow one to define a metrisioerof
theuntil (resp. sincg operator. For instance, the conditiop:is true
at a point in the future at distance from the current interval and,
until that point,q is true (pointwis€)can be expressed as follows:

Or(len=k A Cr(len—g A p)) A Or(lenck — Or(len=o A q)). (2)

MPNL can also be used to constrain interval length and toesgor
basic interval relations. First, we can easily constramléngth of
the intervals over which a given property holds to be at |¢&stp.,
at most, exactlyk. As an example, the following formula constrains
pto hold only over intervals of length greater thaand less thak’:

[G](p — Ienzk A Iengk/), (3)

where theuniversal modalityG] is defined as in [16]. By exploiting
such a capability, a metric version of all, but one (tHaring rela-
tion), Allen’s relations can be expressed. As an examplesamestate
that: ‘p holds over an interval of bounded lengdttwith k < 1 < &/,
that begins an interval (of arbitrary length) over whigtholds:

k/
pSr NG N\ (p Alensi — 10, (lensi A q)), 4
1=k

wherepg’,j/ is a shorthand for (3). As another example, Allen’s rela-

fion containscan be expressed by pairipiﬁ' with:

k'

[G] /\ (p A lenz — \/ (C1Or(len=j A Or(lensy A q)))). (5)

i=k 537,343 <i

Finally, length constraints allow one to express some fofm o
‘fuzziness'. As an example, the conditioru is true over the cur-
rent interval andg is true over some interval close tg, itvhere by
‘close’ we mean that the right endpoint of thenterval is at distance
at mostk from the left endpoint of the-interval, can be expressed
as follows:

P A (OrOi(lenck A C1Crq) V Or(lenck A Orq)). (6)

MPNL capabilities suffice to cope with various applicatioo- d
mains. As a source of exemplification, we show how to expresses
basic safety requirements of the classias-burner examplé for-
malization of such an example in DC can be found in [11]). bet t
propositional letteGas (resp.,Flame, Leak) be used to state that
gas is flowing (resp., burning, leaking), e.§/, [¢, j] I Gas means
that gas is flowing over the intervél j]. The formula

[G](Leak < Gas A —~Flame) @

states thaf.eak holds over an interval if and only if gas is flowing
and not burning over that interval. The conditioit:rfever happens
that gas is leaking for more thaltime unit$ can be expressed as:

[G](~(lensy A Leak)). ®)

Similarly, the condition: the gas burner will not leak fok time units
after the last leakagecan be formalized as:

[G](Leak — =< (lenck A OyLeak)). 9)

We conclude the section by mentioning two application doai
where MPNL features are well-suited, namely, medical diride
and ambient intelligence. In the area of medical guidelif2s],
events with duration, e.g.running a fever, possibly paired with
metric constraints, e.g.if‘a patient is running a fever for more than
k time units, then administrate him/her drudg, are quite common.
In general, many relevant phenomena are inherently intbased
as there are no general rules to deduce their occurrencepfoamt
based data. The use of temporal logic in ambient intelligespecif-
ically in the area of Smart Homes [3, 4, 15] , has been advdcate
by Combi et al. in [14]. MPNL can be successfully used to espre
safety requirements referring to situations that can bpgrtg mod-
eled only in terms of time intervals, e.gheing in the kitchen

4 Decidability of MPNL

In this section, we use a model-theoretic argument to shaivtte
satisfiability problem for MPNL has a bounded-model properith
respect to finitely presentable ultimately periodic modalwd it is
therefore decidable. For lack of space, we only sketch thefprof
the main technical results. From now on,¢ebe any MPNL-formula
and letAP be the set of propositional letters of the language.

Definition 1 The closureof ¢ is the setC'L(y) of all subformu-
lae of ¢ and their negations (we identifyi—¢) with ). The set
of temporal requestbom C'L(y) is the setT'F'(y) of all tempo-
ral formulae inC'L(yp), that is,TF(p) = {Orth, Cip, Oph, Ot |
<>T'l/}, <>l'l/}7 \:\T'l/}7 \:\ﬂ/) S CL(QD)}



Definition 2 A ¢-atomis a setA C CL(y) such that for every
P € CL(p), Y € Aiff —p ¢ A and for everyy: V 2 € CL(yp),
1 Ve € Aiff ip1 € Aoryps € A.

We denote the set of ali-atoms byA.. One can easily prove that
[CL(#)| < 2lel, ITF()| < 2(|¢l — 1), and|A,| < 2!¥I. We now
introduce a suitable labeling of interval structures basegd-atoms.

Definition 3 A (p-)labeled interval structuréLIS for short) is a
structureL = (D, I(D), £), where(D, I(D)) is the interval structure
over natural numbers (or over a finite subset of it) afd I(D) —
A, is alabeling functionsuch that for every pair of neighboring in-
tervals[i, j], [7,r] € I(D), if O, € L([4,j]), theny € L([,7]),
and if 0y € L([5,7]), theny € L([3, j]).

Notice that every interval modéll is a LIS, where the labeling func-
tion is the valuation function:

v e L([4,4]) iff M,[i, 7] IF .

Thus, LIS can be thought of apiasi-modeldor ¢, in which the
truth of formulae containing neithe®,., <; nor length constraints
is determined by the labeling (due to the definitionspeftom and
LIS). To obtain a model, we must also guarantee that the tiuthe
other formulae is in accordance with the labeling. To thid,eme
introduce the notion of fulfilling LIS.

Definition 4 ALISL = (D, (D), £) is fulfilling iff:

e for every length constrainen—, € CL(y) and every interval
[i, 5] € I(D), len—i € L([i, j]) iff 6(i,5) = k;

e for every temporal formula>,¢) € TF(yp) and every interval
[i,7] € I(D), if Orep € L([4, j]), then there exists > j such that
¥ € L([7,7]);

e for every temporal formula>;y) € TF(p) and every interval
[z, 7] € I(D), if &9 € L([4, 5]), then there exists < ¢ such that
P € L([r,4)).

Clearly, every interval model is a fulfilling LIS. Convergekv-
ery fulfilling LIS L (D,I(D), £) can be transformed into a
model M (L) by defining the valuation in accordance with the la-
beling. Then, one can prove that for everyc C'L(p) and interval
[i,7] € I(D), ¥ € L([z,5]) iff M(L),[¢, 7] = + by aroutine induc-
tion on.

Definition 5 Given a LISL = (D, I(D), £) and an intervalfs, j] €
I(D), the set ofleft temporal requestat ¢ (resp., right temporal
requestsat j), denoted byREQ™ (i) (resp., REQ(j)), is the set
of temporal formulae of the form&;¢, O, (resp.,$rp, Orp) in

T F () belonging to the labeling of any interval beginning ifresp.,
ending inj). Given a pointr € D, the setREQ(r) is defined as
REQ(r)=REQ"(r) U REQ"(r),

We denote byREQ(y) the set of all possible sets of temporal re-

|TF ()]

quests ovelC'L(yp). It is easy to show thdREQ(¢)| = 27 2 .
From now on, we will use the symbah for 222 and k for the
maximum among all natural numbers occurring in the lengti co
straints inp. For example, ifp = O (lenss A p — <Oi(lenss A q)),
thenm = 2 andk = 5. It is easy to observe that given any set of
temporal requestR EQ () (resp., REQ*(3)), all formulae in it
can be satisfied using at most different pointsr such that- > j
(resp.;r < ).

Now, consider any MPNL-formula such thaty is satisfiable on
a finite model. We have to show that we can restrict our atiart
models with a bounded dimension.

Definition 6 Given any LISL = (D,I(D), £), we say that gk-)
sequence il is a sequence o] consecutive points i®. Given a
sequence in L, its sequence of requesisEQ (o) is defined as the
sequence of temporal requests at the points.ilVe say that € L
starts ak-sequencer if the temporal requests at...,i +k — 1
form an occurrence aREQ (o). Moreover, the sequence of requests
REQ(o) is said to beabundanin L (on an interval[s, j]) iff it has
atleast2 - (m? +m) - |IREQ(¢)| + 1 disjoint occurrences i (in

the interval[z, j]).

Lemma7 LetL = (D,I(D), L) be any LIS such thaREQ(c)
is abundant in it. Then, there exists an indgsuch that for each
elementR € {REQ(d) | iq < d < iq+1}, Wherei, andig11 begin
the g-th and theg + 1-th occurrence ob, respectivelyR occurs at
leastm? 4+ m times beforg, and at leasin? + m times afterj 1.

Lemma8 LetL = (D,I(D), £) be a fulfiling LIS that satisfies
. Suppose that there exist an abundansequence of requests
REQ(o) and letg be the index whose existence is guaranteed by
Lemma 7. Then, there exists a fulfilling IS= (D, (D), £) that
satisfiesp such thatD = D\ {4, ...i4+1 — 1}.

Proof. [sketch] LetL = (D, I(D), £) be a fulfilling LIS satisfyingp
atsomdb, e], REQ(c) be an abundarit-sequence ill., andg be the
index identified by Lemma 7. Moreover, 1Bt = {iq,...9q+1— 1}
andD’ = D\ D~. We denote byi(D') the set of all intervals over
D’. We have the problem of suitably re-defining the evaluatibn o
all intervals onD’ in a way preserving the temporal requests at all
points in D’ and still satisfyingp.

First, we consider all pointé¢ < i, and for each of them, for ali
such thad < p < k— 1, we putl’([d, ig+1 + p]) = L([d,iq + D))

In such a way, we guarantee that the intervals whose lengthéen
shortened as an effect of the elimination of the point®in have a
correct labeling in terms of all length constraints of thenfelen_,
and—len_,/, with ¥’ < k. Moreover, since the requests (in both di-
rections) inL atiq+1 + p are equal to the requestsiatt- p, this op-
eration is safe with respect to universal and existentigirements.
Finally, since the lengths of intervals beginning befgrand ending
afteriq41 are greater thak both inL and inL’, there is no need to
change their labeling.

The structurel’ = (D', I(D"), £’) defined so far is obviously a
LIS, but it is not necessarily a fulfilling one. The removal tok
points in the seD™ may generatdefectsthat is, situations in which
there exists a poind < iq4 (resp.,d > iq+1) and a formula of the
type 1) (resp.,<1)) belonging toREQ(d), which was satisfied
on|[d,d’] (resp.,[d’,d]), withd" € D™, and it is not satisfied any-
more. In order to repair such defects, one can simply redéfiae
labels at intervals starting atand ending at some (eliminated)
using them? + m ‘copies’ ofd’ that, by hypothesis, are i’ (as al-
ready pointed out, at most points are needed to satisfy all requests
atd’). This construction is similar to the one used in [9] to shbatt
the single-modality metric PNL has the small-model propdftwe
repeat such a procedure sufficiently many times, we obtainit fi
sequence of LIS, the last one of which is the requited |

The lemma above guarantees that we can eliminate sequeinees o
quests that occur ‘sufficiently many’ times in a LIS, withésgpoil-
ing’ the LIS. This eventually allows us to prove the followismall
model theorem for finite satisfiability of MPNL.

Theorem 9 (Small Model Theorem) If ¢ is any finitely satisfiable
formula of MPNL, then there exists a fulfilling, finite LIS =



(D, (D), £) that satisfiesp such thai D| < |[REQ()|*-(2-(m?+
m) - |[REQ(@)| +1) -k +k — 1.

To deal with formulae that are satisfiable only over infinitedals,
we need to introduce a finite (periodic) representationtent and,
then, to show that we are able to bound the length of the prafix a
the period.

Definition 10 A LISL = (D,I(D), £} is ultimately periodi¢ with
prefix L, period P, andthresholdk if:

e for every interval [i,j] such that+
L([i+P,j+ P));

e for every interval[i, j] such that; > L and 6(j,7) > k,
L([¢,5]) = £([¢,5 + P]).

> L, L([i,4])

It is worth noticing that, in every ultimately periodic LIS,
REQ(i) = REQ(i+ P), fori > L, and that every ultimately peri-
odic LIS is finitely presentable: it suffices to define its It only
on the intervalgi, j] such thay < L+ P+maxz(k, P); thereafter, it
can be uniquely extended by periodicity. Furthermore, weidan-
tify a finite LIS with an ultimately periodic one with a perigd = 0.

Lemmall LetL = (N,I(N), £) be an infinite fulfilling LIS over
N that satisfies a formul@ on [b, ] for someb, e € N. Then, there
exists an infinite ultimately periodic fulfilling LIE = (N, I(N), £)
overN that satisfiesp on [b, e].

Proof. [sketch] Let[b, e] be an interval such that € L([b, e]). We
define the seREQ;,f(L) as the subset dREQ(y) containing all
and only the sets of requests that occur infinitely ofteh.itWe can
choose two pointd,, M, with L + k < M such that, M are the
least points irN that satisfy the following conditions: (i) > e; (ii)
for each point > L, REQ(r) € REQins(L); (iii) every set of
requestsRk € REQ;, (L) occurs at least:? 4+ m times beforeL
and it occurs at least? + m times betweetd, and M (iv) for each
pointi < L and any formula®,¢» € REQ(i), v is satisfied over
some intervalz, 5], with j < M; and (v) thek-sequences of requests
starting atL and atM are the same.

We putP = M — L. We can build an infinite ultimately periodic
structureLL over the natural numbers with prefix, period P, and
thresholdk. To this end, for all pointsl < M, we putREQ(d) =
REQ(d) and, for all pointsM + n, with 0 < n < P, we put
REQ(M +n) = REQ(L+n). The labeling can now be defined as
follows. For all intervaldi, 5] such thatj < M, we putZ([i, j]) =
L([i,7]). As for any intervalfi, j], with M < j < M + P, (a)
if i > M, we putl([i,j]) = L([i — P, — P]), (b)ifi < M
andé(i,j — P) > k, we putZ([i,j]) = L([i,5 — P]), and (c) if
i < M andé(i,j — P) < k, we putL([i,j]) = L([l,h]), where
I 'andh are such thaREQ(i) = REQ(l), REQ(j) = REQ(h),
andd(h,l) > k. Existence of, and! are guaranteed by conditions
(i)—(v). This construction labels all subintervals|ih M + P] in
such a way thal is a LIS, but not necessarily a fuffilling one. As
a matter of fact, there could exist poinfs < i < M such that a
formula<.¢p € REQ(4) is not fulfilled anymore irlL. To fix such
defects, one can proceed as in the proof of Lemma 8, exgiditia
conditions (i)-(v). Finally, L. can be extended ov&(N) in a unique,
ultimately periodic and “fulfillness-preserving” way. |

Theorem 12 (Small Periodic Model Theorem) If ¢ is any satisfi-
able formula of MPNL, then there exists a fulfilling, ultiralgt peri-
odic LIS satisfyinge such that both the length of the prefix and the

length P of the period are less or equal {REQ(¢)|* - (2 - (m? +
m) - |REQ(p)|+1)-k+k—1.

Proof. Existence of an ultimately periodic fulfilling LIS is guaran
teed by Lemma 11. The bound on the prefix and of the period can be
proved by exploiting Lemma 8.

Corollary 13 The satisfiability problem for MPNL, interpreted over
N, is decidable.

The results of the previous section immediately give a doetst
ponential time nondeterministic procedure for checking shtisfi-
ability of any MPNL-formulay. Such a procedure non determin-
istically checks models whose size, in generalDig!*'*), where
|| is the length of the formula to be checked for satisfiability.
has been shown in [9] that, in the case in whiclis represented
in binary, the one-modality fragment of MPNL is complete EX-
PSPACE. This means that the complexity for MPNL, in the gaher
case, is located between EXPSPACE and 2NEXPTIME (whereas th
exact complexity is still an open problem). It is worth noig that
whenk is a constant it does not influence the complexity class and
s0, since we have a NTIME(!) procedure for satisfiability and a
NEXPTIME-hardness result [10], we can conclude that MPNL is
NEXPTIME-complete. Similarly, whek is expressed in unary, the
value ofk increases linearly with the length of the formula and, thus,
NTIME(2"#))=NTIME(2!**); therefore, as in the previous case,
MPNL is NEXPTIME-complete.

5 Expressive Completeness and Undecidable
Extensions

Let us denote by F&=] the fragment of first-order logic with equal-
ity whose language contains only two distinct variables;cam fur-
ther assume w.l.0.g. that the arity of every relation in thesidered
vocabulary is exactly 2 (since atoms in the two-variablerinant
can involve at most two distinct variables). We denote itsnidae
by a, 3, . ... For example, the formulsz(P(z) — VyIzQ(z,y))
belongs to F®, while the formulavz(P(x) — Yy3z(Q(z,y) A
Q(z,))) does not. The logiEO? [N, =, <] is the extension of F&
interpreted over natural numbers, over a purely relatiooahbu-
lary {=, <, P,Q, ...} including equality and a distinguished binary
relation < interpreted as the standard linear ordering. Decidabil-
ity (NEXPTIME-completeness) oFO?[N, =, <] has been shown
in [21]. In [8], it has been shown th&O?[N, =, <] is expressively
complete with respect t®NL. For the comparison of these log-
ics suitable truth-preserving model transformations leetwinterval
models and relational models have been defined.

Given an interval modeM = (D, I(D), V), the corresponding
relational modeh (M) is a pair(D, V;,(ary), Where for allp € AP,
Voo (P) = {(4,5) € D x D : [i,j] € Vm(p)}. To define the
mapping from relational models to interval ones, we as$edisao
propositional letter= andp> of the interval logic with every bi-
nary relationP. Thus, Given a relational moddI = (D, V), the
corresponding interval modé(M) is a structurgD, I(D), V¢ (nr))
such that for any binary relatio® and any intervalz, j],we have
that i, j] € Ve (p%) iff (i,4) € Var(P) and[i, 5] € Ve (0%)
iff (5,7) € Vm(P). We compare the expressive power of an interval
modal logic and a first order logic by means of effective traiien
between formulae and models.

We consider the extension &O?[N, =, <] with the successor
function s, denoted byFO?[N, =, <, s]. The terms of the language



Table 1. Translation clauses froﬂﬁO%[N, =, <, s] to MPNL.

T =T ) =T G e . Fh=m
ey (s5(2) = ™()) = L (= € {m ). 1Tk £ m
Tlz,y](s*(2) < s™(2)) = L (z € {x,y}),if k >m
Tlz, y)(s*(2) < s™(2)) = T (z € {x,y}),if k <m
Tl g)(H(@) = () = L, if k< m

7lz, y)(s*(x) = s™(y)) = len—y_m, if k > m

Tlz, y](s*(x) < s™(y)) = T,ifk <m

[z, y](s*(z) < sm(y)) = lensk_m, if k >m

Tz, yl(s"(y) < s (ac)) =1,ifk<m

Tz, y](s™(y) < s*(x)) = lenci_m, if k> m
T[$7y](_‘0é) =TT, y](a)

[z, yl(aV B) = 7[z,yl() V 7[z,y](B)
7[z,y](Bzp) = Or(7ly, z|(8)) v Oru(7[z, y](8))
7lz,y]ByB) = Cu(rly, z](B)) V B (7z, y](B))

T, y)(P(s
T, y)(P(s
7z, yl(P(s
7z, yl(P(s
7z, yl(P(s
T, y)(P(s" (y), s™ (1))

T, y)(P(x,y)) = p=
[z, yl(P(y

Mz),s™(x))) =

O1Or(len=k A Or (len=m—« /\pg)), ifk<m
z),s™(x))) =

O1Or(len=x A O (len=o A pS /\pz)), ifk=m
F(x), s (x)))
1O (len=m A Or(len—k—m /\pz)), ifk>m
"(y),s™ () =

Or(len—i A Op(len—m_k A pS)), if k <m

(), s™ () =

Or(len=k A O (len—g A pS /\pz)), if k=m

Or(lenem A Or(lenmi_m A p2)), if k> m

,x)) =p~

FO?|N, =, <, 5] are of the types®(z), wherez € {z, y} ands"(z)
denotes whenk = 0 ands(s(...s(z)...)) whenk > 0. Moreover,
k

consider the fragme®O?[N, =, <, s] of FO?|N, =, <, s] on which
the following restriction is imposed: if both variablesndy occur in
the scope of an occurrence of a binary relation, other thamd <,
then the successor functiammay not occur in the scope of that oc-
currence. Thus, e.g., each of the formutdér) = s™(y), s (z) <
s™(y), P(s*(z),s™(z)), P(z,y) belongs toFO?|N, =, <, s, but
none of P(x, s(y)) andP(s(x), y) belongs there. By using 2-pebble
games and a standard model-theoretic argument, one cartlshbw

FO2[N7 =<] < FO?[I\L =,<,8] < FO2[N7 =, <, 8.

Here we will extend the result presented in [8] to the langualy
MPNL. In particular, we show (i) that MPNEFOZ2[N, =, <, s], (ii)
that there is a natural extension of MPNL, denoted here by MPN
which is functionally complete foFO?[N, =, <, s], and (iii) that,
perhaps unexpectedlfO?[N, =, <, s] (and, therefore, MPNL)
are already undecidable, which means that the decidalégylt
from [21] cannot be extended by adding one successor functio

First of all consider the following standard translatisf,, of
MPNL-formulae intoFO?[N, =, <, 5], as follows:

STey(p) =z <y A ST, ,(p),

wherex, y are the two first-order variables FOZ|N, =, <, s, and:
STy (p) = P(z,y)
ST’ y(lenmy) = sF(x) =y
ST; 1/(90 ) = ST;’,y((p) \ ST;,y(q\/))
ST’ y(m9) = ST ()
y(Q1p) = Fyly <x A ST, ()
STé,y( rp) = Ja(y <a A STy . ().

The fact that a formule of MPNL is satisfied on an interval model
M atanintervali, j] if and only if ST , () is satisfied by substitut-
ing z with ¢ andy with j on the modef) (M) can be proved by struc-
tural induction onp. The inverse translationfrom FO?[N, =, <, s]
to MPNL is given in Table 1, and we have the following lemma.

Lemma 14 For every FOZN, =, <, s]-formula a(z,y), every
FOZ|N, =, <, s]-modelM = (N, Vi) and every pairi,j € N,
withi < j: (i) M E a(4, 4) if and only if¢(M), [¢, 5] IF T[z, y](c),
and (i) M E a(j, ) if and only if¢(M), [z, 5] IF 7]y, 2] ().

As a consequence, for eveBOZ[N, =, <, s]-formula o(z, y) and
everyFOZ[N, =, <, s]-model M = (N, V), M = VaVya(z,y)

if and only if {(M) IF 7[z,y](a) A [y, z](), which implies the
following theorem.

Theorem 15 FO?|N, =, <, s]= MPNL.

A natural way to extend MPNL to cover the entif®?[N, =, <
, s] would be to add diamond modalities that shift respectiviedytte-
ginning, or the end, of the current interval to the right by@sgribed
distance, viz:

o M, [i,j] IF OFFpiff M, [i,7 + k] I o;
o M, [i,j] I Of*yiff (i + k < jand M, [i + k,j] I- ) or
(t+k>jandM,[j, i+ k] IF ),

We denote the resulting language as MPNLLt is not difficult
to see that the standard translatis#, , of MPNL-formulae into
FO?[N, =, <, s] can be extended to MPNL, as well as the inverse
result, by adding suitable translation clauses to the oh&alie 1.

Theorem 16 FO?|N, =, <, s]= MPNL™.
Finally, we sketch the proof of the following theorem.

Theorem 17 The satisfiability problem foffO*[N, =, <, s], and
consequently for MPNL, is undecidable.

Proof. [sketch] We use a reduction from thi&ng problem for the
second octant of the integer plarbat is, the problem of establish-
ing whether a given finite set of tile typds = {¢1,...,tx} can tile

O ={(i,7) : 4,5 e NAO < ¢ < j}: using Kdnig's lemma, one can
prove that a tiling system til&® if and only if it tiles arbitrarily large
squares if and only if it tile®N x N if and only if it tilesZ x Z. The
undecidability of the first one immediately follows from ttaf the
last one [6]. The reduction consists of three main stepthéipncod-
ing of an infinite chain that will be used to represent thesti(@) the
encoding of the above-neighbor relation by means of a oelate-
noted byCorr, and (iii) the encoding of the right-neighbor relation,
which will make use of the successor function. Pairs of sssive
points are used as cells to arrange the tiling: each pair ioft [
the typei, i + 1 is used either to represent a part of the plane or to
separate two consecutive rows of the octant, each one esjieesby

a relation denotedd. In the former case, the pair is labeled with the



relationT'ile, in the latter case, it is labeled with the relatianThe
encoding is given by the following formulae:

Y,y Apeap(P(z,y) < Py, z)) (10)

Va,y(y = s(z) < *(z,y) V Tile(z,y)) (11)
Va,y(x(z,y) — —Tile(z,y)) (12)

y = s(zx) Ax(z,y) AVaTy(y = s(z)) (13)

Jz(z = s(y) A Tile(y,x) A *(s(y), s(x))) (14)

Fy(y = 5* () A ld(z,y)) (15)

Va,y(ld(z,y) — *(y,s(y))) (16)

Va,y(Id(z,y) — =(z,s(x))) 7

Va, y(+(z,y) — Jy(s(x) <y Ald(z,y))) (18)
Va,y(Id(z,y) — Ide(s(z),y)) (19)
Va,y(Ide(a,y) A s(x) < y — Ide(s(x),y)) (20)
Va,y(ld(z,s(y)) — Idy(x,y)) (21)
Va,y(Idy(z,s(y) A <y — Tdy(z,y)) (22)

Ve, y((Ide(z, 5(y)) V Ida(z, 5(y))) Ax < y — Ida(z,y)) (23)
Ve, y((Ids(z,y) V Ide(z,y) V Ida(z,y)) — ~Id(z,y)) (24)
V2, Y Ay e prdie) waen (Tdo(@,y) — —Tdy(z,y))  (25)
Va,y(ld(z,y) — Corr(s(x),s(y))) (26)
Vz,y(Corr(z,y) — Tile(x, s(x)) A Tile(y, s(y))) (27)
Ve, y(Corr(a,y) A (s(a),5*(2) — o8

(1) A #(5%(2), 5 (2)))
*(2)) — Corr(s(x), s()))

Tile(y, s(y)) A Tile(s(y), s
vz, y(Corr(z,y) A= x (s(x),s

(29)
Va,y(Id(z,y) — —Corr(z,y)) (30)
Va,y(Tile(z,y) — (31)
VTGT T(z,y) A /\T,T/ET,T;éT/ ~(T(z,y) NT'(x,y)))
Va,y(T(z,y) A Tile(s(x), s(y)) — (32)
VT/ET,right(T):left(T’) T'(s(x),5(y)))
Va,y(Corr(z,y) N T(x,s(x)) — (33)

VT/GT,up(T):down(T/) T'(y,5(y)))-

Given any set of tile§/, the conjunction of the above formulae is

satisfiable if and only ifl” can tile®. The undecidability of the sat-
isfiability problem forFO?[N, =, <, s] immediately follows. |

6 Concluding remarks

The main results of the paper are the decidability of MPN& eit-
pressive equivalence to the fragm&®?2[N, =, <, s] of FO?[N, =
, <, 5], and the undecidability dFO?[N, =, <, s]. These results to-
gether position MPNL very close to the decidability/undidiility
border and it would be interesting to know whether it can bthir
extended, syntactically or semantically, in a natural vy pre-
serving decidability. In particular, the decidability afth MPNL in-
terpreted over the integers and the extension of MPNL wiilomal
constraints for interval lengths, interpreted over thratl numbers,
is natural to expect. Efficient model-checking for MPNL orural
numbers is another technical challenge ahead.
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