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Introduction.

In this course we will be studying the subgroup structure of the finite alternating and
symmetric groups. What does the phrase “study the subgroups of symmetric groups”
mean? In this introduction I'll suggest an answer to that question, and attempt to
convince you that answer has some merit. In the process you’ll get some idea of the
material we will be covering, and I'll attempt to motivate that material.

First, given a finite group G and a set (2, define a permutation representation of G
on € to be a homomorphism 7 : G — S = Sym(Q2) of G into the symmetric group
on (). From one point of view, the study of the subgroup structure of S amounts to
the study of such representations, since the subgroups of S are precisely the images of
these representations. At first glance it is not clear that this restatement of the problem
represents any progress, as it would appear to be equally vague. However in awhile we
will see that the reformulation does have some advantages.

The theory of permutation representations can be embedded in a much more general
representation theory of groups, and the first few sections of the notes discuss that theory.
In particular in any representation theory, we will wish to take advantage of two types
of reductions: First, reduce the study of the general representation of G to the study
of the indecomposable and irreducible representations of G. Second, reduce the study
of representations of the general finite group to the study of representations of almost
simple groups, where G is almost simple if its generalized Fitting subgroup is a nonabelian
simple group. (ie. G has a unique minimal normal subgroup, and that subgroup is a

nonabelian simple group.)
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In the case of permutation representations, the indecomposables are the transitive
representations, and the irreducibles are the primitive representations. Each transitive
representation of GG is equivalent to a representation of G' by right multiplication on the
space G/ H of cosets of some subgroup H of G; indeed H is determined up to conjugation
as the stabilizer G, in G of some point w of 2. Thus it would appear that to “study the
subgroup structure of S”, one needs to study transitive permutation representations of
all finite groups, or at least transitive representations of all finite almost simple groups.
Moreover the study of the transitive representations of a group G' amounts to a study of
the subgroups of G, so it would seem that to study the subgroup structure of S, we must
also study the subgroup structure of all almost simple groups. In short, the problem is
beginning to look more difficult, rather than easier.

Our representation 7 is faithful if ker(m) = 1. Fortunately it turns out that the struc-
ture of a finite group GG admitting a faithful primitive representation is highly restricted.
One of the important results in this course will give a precise description of those finite
groups GG admitting such a representation, together with a description of the embedding
of a point stabilizer in G. This result is often called the O’Nan-Scott Theorem, although
a second weaker result also goes by the same name. We will also come to the the weaker
result shortly.

The O’Nan-Scott Theorem is the basic tool for reducing questions about general per-
mutation representations of general finite groups to the case where the group is almost

simple and the representation primitive. In broad terms the reduction goes as follows:

1. Given a question @) about general permutation representations 7w : G — Sym()
of general finite groups G, reduce to the case where 7 is faithful and primitive.

2. Now appeal to the O’Nan-Scott Theorem to conclude that G has one of several
highly restricted structures. In the most difficult case, G will be almost simple. Answer
(@ in all other cases, hence reducing to the case G almost simple.

3. Use the classification of the finite simple groups to conclude that G is on a list of
known almost simple groups. Observe that as 7 is primitive, a point stabilizer M = G,
is a maximal subgroup of G.

4. Develop a theory describing (in some suitable sense) the maximal subgroups of the
almost simple groups. Use this theory to generate information about the representation

of G on G/M, sufficient to answer question Q.

So at last we seem to be making progress. In order to effectively study the subgroup

structure of S, it would appear we need to do two things:
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(A) Give a precise description of the structure of finite primitive permutation groups,
and

(B) using the classification of the finite simple groups, give a useful description of the
maximal subgroups of each almost simple group.

Problem (B) is still a bit vague, but we will deal with that in a moment.

As the alternating and symmetric groups are probably the most accessible of the
almost simple groups, the study of their maximal subgroups is clearly of importance,
but also provides a good setting for exploring and illustrating how to approach the
question for other classes of almost simple groups. Moreover this supplies us with a
fairly specific problem on which to focus in this course: Describe the maximal subgroups
of the alternating and symmetric groups.

Given an almost simple group G, how can we study its subgroups, and in particular its
maximal subgroups? Once again we can hope to use representation theory. Namely we
seek an object X in some category C such that G is essentially the group of automorphisms
of X in C, and the representation of G on X can be used to study the subgroups of G.
Most particularly, we hope to show that most maximal subgroups of G are the stabilizers
of certain structures on X which are natural in the category C. Indeed we try to show
that any subgroup which does not stabilize one of these structures is almost simple and
irreducible on X.

Let S = Sym(f) be the symmetric group on €. In this case we take C to be the
category of sets and ) to be our object, so indeed S is Aut(£2). A second major result
in this course describes certain structures on €2, and shows that if H is a subgroup of S
stabilizing none of these structures, then H is almost simple and primitive on 2. This
result is fairly easy to derive from the O’Nan-Scott Theorem, and this weaker corollary is
also often called the O’Nan-Scott Theorem. Some of the structures that arise are: proper
nonempty subsets of ) (substructures, coproduct structures); nontrivial partitions of
(regular coproduct structures); and regular product structures on 2. We will spend some
time studying these structures and relationships among them, since those relationships
translate into relationships among the subgroups of S.

We will also briefly discuss the important theorem of Liebeck, Praeger, and Saxl
which tells us when the stabilizer in S of a natural structure is actually maximal in S,
and gives a list of those almost simple primitive subgroups of S which are not maximal.
Together with the O’Nan-Scott Theorem, the Liebeck-Praeger-Saxl Theorem gives a
weak classification of the maximal subgroups of S, and then also a classification of the

maximal subgroups of the alternating group on 2.
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Here is a particular question about subgroup structure of finite groups that we will

consider:

Palfy-Pudlak Question. Is every nonempty finite lattice isomorphic to the lattice
O¢g(H) of overgroups in some finite group G of some subgroup H of G?

Here an overgroup of a subgroup H of a group G is a subgroup of GG containing H.

The answer to the Palfy-Pudlak Question is almost certainly negative. We will consider
a class DA of lattices, which we conjecture supply a negative answer to the Question.
To illustrate the reduction process outlined above, I will state a result which reduces the
proof of this conjecture to the case where G is almost simple. (Actually the reduction
also requires that one treat another class of sublattices of the lattice of subgroups of G.)

In addition to illustrating the reduction process, the Palfy-Pudlak Question points the
way toward larger issues involving subgroup structure. Namely, since the classification
of the finite simple groups, the majority of work on permutation groups has focused
on primitive groups, and most particularly on the maximal subgroups of almost simple
groups. Perhaps however it is now time to look deeper into the lattice A of subgroups of
a finite group G, beyond the maximal subgroups of GG. This is all well and good, but the
question remains, what results about A are on the one hand useful, and on the other,
possible to prove?

The Palfy-Pudlak Question suggests that results about the set Og(H) of overgroups
of suitable subgroups H of G are important. But which subgroups H should we consider
in this context?

There are classical results about the overgroups of permutations in S moving small
numbers of points of €2, such as transpositions. There are also more modern results
about the overgroups of root subgroups and maximal tori in groups of Lie type. More
generally, work on the Palfy-Pudlak Question suggests it is worthwhile to study Og (D),
for G almost simple and D a small normal subgroup of some maximal subgroup of G.
I will describe a few results of this type. I will also briefly discuss the overgroups of
primitive subgroups of S.

Finally, here are two specialized but interesting questions which arise in a natural way
when trying to prove the conjecture. If time permits, we will consider these questions
near the end of the course.

Define the depth of a subgroup H of a group G to be the maximal length of a chain
in the poset Og(H). Thus the maximal subgroups of G are the subgroups of depth 1.
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Our first question asks: what are the subgroups of depth 2 in the almost simple groups,
and in particular in the symmetric group S7 Note that in considering this question we
are led to the following situation: M; and Ms are maximal subgroups of G such that
H = M; N My is maximal in both M; and Ms. In the proof of the conjecture, one can
also assume that M; and M; are the only maximal overgroups of H in G.

Write A(m) for the lattice of all subsets of an m-set, and define a pair (G, H) of finite
groups to be a A(m)-pair if H < G and Og(H) = A(m). Our second question asks:
what are the A(m)-pairs for m > 2?7 Probably this is too ambitious a problem, but

perhaps it is feasible when G is almost simple.
Section 1 Representations

In this section C is a category. Given objects A, B in C, write Mor(A, B) for the set of
morphisms from A to B. I'll often write @ : A — B to indicate a € Mor(A, B). Also I'll
compose my morphisms from left to right, so if 5 € Mor(B,C) then a8 € Mor(A,C)
denotes the composition of a and (.

Recall an isomorphism from A to B is a morphism « : A — B which possesses an
inverse 3 € Mor(A, B) such that a8 = 14 is the identity morphism on A, and fa = 1p
is the identity morphism on B. Moreover the inverse 3 is unique and denoted by a~*!.
Finally an automorphism of A is an isomorphism « : A — A. Write Aut(A) for the set
of automorphisms of A, and recall Aut(A) forms a group, where the group operation is

the composition in the category.

Example 1.1. The category of sets and functions. The objects are the sets, Mor(A, B)
consists of all functions from A into B, and composition is ordinary composition of func-
tions. The isomorphisms of sets are the bijections, and given a set A, the automorphisms
of A are the permutations of A. Thus the group Aut(A) of automorphisms of A is the
symmetric group Sym(A) on A: the group of all permutations on A under composition of
functions. 1 will apply my permutations on the right, and hence compose permutations
from left to right. Thus for a € A and «a, § € Sym(A), aa denotes the image of A under
a, and a(af) = (aa)p.

(1.2) Let a: A — B be an isomorphism in a category C and define

a* : Mor(A,A) — Mor(B, B)
B a Ba
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Then
(1) o* is a bijection preserving composition.
(2) o* restricts to a group isomorphism of Aut(A) with Aut(B).
(3) If A= B, then also Aut(A) = Aut(B).

Proof. a* “preserves composition” in the sense that (8v)a* = (Ba™) - (ya™).

Example 1.3. Suppose X and Y are sets of the same cardinality. Then X =2 Y so by
Lemma 1.2, Sym(X) = Sym(Y'). Thus we write S,, for the symmetric group on a set of

order n.

Definition 1.4. Let G be a group. A representation of G in the category C is a group

homomorphism 7 : G — Aut(A) for some object A in C.

Example 1.5 A permutation representation of GG is a representation in the category of
sets. That is a permutation representation is a group homomorphism 7 : G — Sym(A),

since Sym(A) = Aut(A) in the category of sets.

Example 1.6 Let F' be a field. A linear representation or FG-representation is a rep-
resentation of G in the category of vector spaces over F. Thus 7 : G — GL(A), where
GL(A) is the general linear group on A; that is GL(A) is the group of all invertible linear

maps on the vector space A.

Definition 1.7. A representation 7 : G — Aut(A) is faithful if 7 is an injection.
Two representations m : G — Aut(A) and o : G — Aut(B) are equivalent if there

“*_notation” introduced

exists an isomorphism « : A — B such that ¢ = ma*, using the
in Lemma 1.2. Moreover such an isomorphism « is said to be an equivalence of the
representations.

Observe that an isomorphism « is an equivalence iff for all g € G, (g7)a = a(go).

Moreover equivalence is an equivalence relation.

AT A

al la

B 9%

Similarly if 7; : G; — Aut(A4;), i = 1,2, are representations of groups G; on objects

A; in C, then 7 is said to be quasiequivalent to mo if there exists a group isomorphism



THE SUBGROUP STRUCTURE OF FINITE ALTERNATING AND SYMMETRIC GROUPS 7

B : Gy — G5 and an isomorphism « : A; — A, in the category C such that m = S~ 17 a*.
Quasiequivalence is also an equivalence relation.

gmi
Al E— A1

al la
A 2 4,

The pair of isomorphisms «, 3 is said to be a quasiequivalence.

Notation 1.8. Let us examine these notions in the category of sets. So let X be a set,
G be a group, and 7 : G — Sym(X) a permutation representation of G on X.
Usually we will suppress the representation m and write zg for x(gm), when z € X

and g € G. One feature of this notation is that:
z(gh) = (zg)h, z€ X, g,heq.

The relation ~ on X defined by = ~ y if and only if there exists g € G with z¢g = y is an

equivalence relation on X. The equivalence class of x under this relation is
G ={zg:g9 € G}

and is called the orbit of x under G. As the equivalence classes of an equivalence relation
partition a set, X is partitioned by the orbits of G on X.

Let Y be a subset of X. We say that G actson Y if Y is a union of orbits of G. Notice
G acts on Y precisely when yg € Y for each y € Y, and each g € GG. Further if G acts
on Y then for each g € G, the restriction gy of g to Y is a permutation of ¥, and the

restriction map
G — Sym(Y)
g—9gy
is a permutation representation of G with kernel
Gy ={ge€G:yg=yforallyeY}.

In particular Gy is a subgroup of G called the pointwise stabilizer of Y in G. For x € X,
write G for Gy,y. Thus G, is a subgroup of G called the stabilizer of x in G.

Set No(Y) = {9 € G : Yg = Y}, and call Ng(Y) the global stabilizer of Y in
G. Write GY for the image of Ng(Y) in Sym(Y) under the restriction map, so that
GY 2 Ng(Y)/Gy.

Our representation m is transitive if G has just one orbit on X; equivalently for each

x,y € X there exists g € G with xg = y. We will also say that G is transitive on X.
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Example 1.9. Let H < G and consider the coset space G/H = {Hxz : x € G} of H
in G. Then o : G — Sym(G/H) is a transitive permutation representation of G on the
coset space G/H, where

ga: Hx — Hxg

for g € G. We call a the representation of G on the cosets of H by right multiplication.

Notice H is the stabilizer of the coset H in this representation.

Theorem 1.10. Let G be transitive on X, x € X, and H = G,. Then

(1) The map xg — Hg is an equivalence of the permutation representation of G on
X with the representation of G by right multiplication on G/H.

(2) X has cardinality |G : G| for each x € X.

(3) Gug = (Gg)? for each g € G.

(4) If B : G — Sym(Y) is a transitive permutation representation andy € Y, then
is equivalent to B if and only if G is conjugate to Gy in G.

Proof. See 5.8 and 5.9 in [FGT].

(1.11) Letm; : G — Sym(X;), i = 1,2, be transitive permutation representations of a
group G and pick z; € X;. Then m and mo are quasiequivalent iff there exists f € Aut(QG)
with Gz, B = Gy,

Proof. This is Exercise 1.1.
Now we return to the general setup where C is an arbitrary category and G is a group.

Remark 1.12. Let A be an object in C. Given a representation m of G, write [7]
for the equivalence class of the representation w. Observe that we have a permutation
representation of Aut(G) on the set of representations of G on A defined by g : 7 —
73 =B 1x for B € Aut(G), where 3~ '7 is the composition of 3~! with 7. Moreover
this representation induces a permutation representation of Aut(G) on the equivalence
class of representations of G via 8 : [7] — [r] -8 = [7 - (], with the orbits of G the

quasiequivalence classes.

(1.13) Letm;: G — Aut(A), i = 1,2, be a pair of faithful representations. Then
(1) 1 is quasiequivalent to mo iff Gmy is conjugate to Gmy in Aut(A).
(2) AutAut(A) (Gﬂ'l) = Aut(G)[ﬂl]
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Proof. Here if X < Y are groups then Auty(X) = Ny (X)/Cy(X) is the group of
automorphisms induced on X in Y via conjugation. Also Aut(G)(s,] is the stabilizer
in Aut(G) of the equivalence class of the representation m; with respect to the action
defined in Remark 1.12. The proof is Exercise 1.2.

Exercises for Section 1.
1. Prove Lemma 1.11.
2. Prove Lemma 1.13.
Section 2. (Co)product structures and indecomposable and irreducible representations

In this section C is a category. We will use representations of groups GG on objects A in C
to study G and A. Further we wish to define notions of “indecomposable representation”
and “irreducible representation” in the category C. To do so, we will need information
about certain structures on A, the action of Aut(A) on these structures, and the stabilizer
in Aut(A) of each structure. Some of these structures can be defined simultaneously for
all categories in terms of coproducts and products.

Let F = (A; :i € I) be a family of objects in A. A coproduct for F in A is an object
C =11, A; together with morphisms ¢; : A; — C such that whenever B is an object and
a; : A; — B, i € I, are morphisms, then there exists a unique morphism « : C' — B such
that ¢, = «; for all 7 € 1.

Recall that a coproduct may or may not exist for F, but if it does exist, then it is

unique up to isomorphism.

Example 2.1. Let C be the category of sets. Then C is the disjoint union of the sets
A; with ¢; : A; — C the inclusion map. The map « is defined by aa = aa; for a € A;.

Similarly the notion of a product is dual to that of the coproduct; that is the definition
of the product is the same as that of the coproduct, except the direction of the arrows
is reversed. Hence a product for F is an object P together with morphisms 7; : P — A;
(called the projection of P on A;) such that whenever B is an object and 3; : B — A,
i € I are morphisms, then there is a unique morphism ( : B — P such that gm; = ; for
each 7 € I. Again a product for F may or may not exist, but if it exists it is unique up

to isomorphism.
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Example 2.2. Let C be the category of sets. Then P is the set product of the sets A;.

For example assume I = {1,... ,n} is finite. Then
P=A; x--- ><An={(a1,... ,an):ai EAi},

the ith projection 7; is defined by (ai,...,a,)m = a;, and the map f is defined by
b3 = (bB1,... ,b0n).

Definition 2.3. A category C is a category of sets with structure if

(SS1) the objects of C are sets A together with some “structure” on A, and

(SS2) given objects A, B, the set Mor(A, B) of morphisms from A to B is the set of
all functions from the set A to the set B “preserving structure”, and

(SS3) composition in the category is composition of functions.

Of course in any given example, we must define precisely what we mean by “structure”
and “preserving structure”, and these definitions must imply that

(SS4) the composition of structure preserving functions preserves structure, and the
identity function 14 : A — A preserves structure.

A subobject of A is a subset of A which inherits the structure on A, to become an
object in C. A factor object of A is the set A = {@ : a € A} of equivalence classes of a
suitable equivalence relation ~ on A, with the structure on A “inherited” from A. We
will call such equivalence relations admissible.

Obvious examples of categories of sets with structure include the category of sets
(where there is no extra structure), and the category of groups, where the structure on a
group G is provided by the group operation, and a map « from G to a group H preserves

structure if (zy)a = za - za for all z,y € G.

In the remainder of the section, we assume that our category C is a category of sets

with structure.

Definition 2.4. Define a coproduct structure on an object A in our category of sets with

structure, to be an equivalence class of families
t=;: Ay > A:iel)

of maps making A into a coproduct. Here two families ¢ and 7 are equivalent if A;i; = A;t;

for all ¢ € I. Write [¢] for the equivalence class of «.
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Remark 2.5. Observe that H = Aut(A) permutes the coproduct structures via [¢|h =
[(¢ih - i € I)], with the stabilizer Hy,) in H of [¢] the subgroup acting on A;¢; for all i € I.

(2.6) Lettv= (1 : Ay — A:iel) be acoproduct in A and G =[], Aut(A;). Then

(1) For each g = (g1,...,9n) € G, there exists a unique p(g) € Aut(A) such that
giti = L;p(g) for each i € I.

(2) The map ¢ : G — Aut(A) is a group homomorphism whose image lies in Aut(A)y,.

(3) Assume for each i that A;i; is a subobject of A, v; : A; — Aju; is an isomorphism,
and whenever a € Aut(A) acts on A;i;, then « : Aju; — Aju; is an isomorphism. Then

¢ : G — Aut(A)(, is an isomorphism.

Proof. Exercise 2.1.

Example 2.7. Let C be the category of sets and A the coproduct of Ay,..., A,.. Then A
is the disjoint union of the sets A; and the stabilizer G in Sym(A) of the corresponding
coproduct structure is the stabilizer of this partition; that is G is the subgroup of Sym/(A)
acting on each A;. Thus by Lemma 2.6,

G = [ [ Aut(4;) = ] Sn,

More concretely, let G; = Sym(A)a—_a, be the set of permutations Sym(A) fixing each
point in A — A;. Then G; = Sym(A;) and G is the direct product of the subgroups
Gi,...,G,. That is G; < G and each g € G can be written uniquely as a product
g=g1---gr with g; € G;.

Definition 2.8. Define the coproduct structure to be nontrivial if |I| > 1. Define a
representation 7 : G — Aut(A) to be decomposable if Gm < Aut(A)[, for some coproduct

structure [¢], and call 7 indecomposable otherwise.

Example 2.9. We just saw that in the category of sets, a coproduct structure is just a
partition of A (or equivalently an equivalence relation) and the stabilizer of the structure
is just the subgroup of Sym(A) acting on each block. Thus a permutation representation

is indecomposable if and only if it is transitive.

Example 2.10. In the category of vector spaces over a field F', a coproduct structure
is a nontrivial direct sum decomposition of a vector space A, and the stabilizer of the

structure is the subgroup of GL(A) acting on each summand. Thus we have the usual
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notion of indecomposability for linear representations: a linear representation of G on
a vector space A is indecomposable iff V' is not the direct sum of proper G-invariant

subspaces.

Our philosophy is that if A is the coproduct of objects (4; : i € I) in a category of
sets with structure, then (essentially) complete information about A can be recovered
from the corresponding information about the A;. Similarly if 7 is decomposable then 7
is determined by the restrictions m; : G — Aut(A;) obtained from Gm < N gy4(a)(Aiti).
Thus there is usually little loss in assuming a representation is indecomposable.

We can also dualize the notion of coproduct structure to that of a product structure.

Definition 2.10. A product structure on A is an equivalence class of families 7 = (m; :
A — A;) of maps making A into a product, with 7 equivalent to 7 if 7 and 7 have the
same set of fibres; that is for all 2 € I

{7r-_1(a,-) ta; € A} = {ﬁ;l(ai) ca; € A}

2

Remark 2.12. H = Aut(A) permutes product structures via g : [7] — [r]g = [¢g~ 7],
and Hi,) is the subgroup of H permuting the set {m; *(a;) : a; € A;} of fibres of m;, for
each 7 € I.

(2.13) Letm = (m: A— A;:iel) be a product in C and G = [[, Aut(A;). Then

(1) For each g = (g1,...,9n) € G, there exists a unique p(g) € Aut(A) such that
m9; = p(g)m; for each i € I.

(2) The map ¢ : G — Aut(A) is a group homomorphism whose image lies in Aut(A)[.

(8) Assume for each i € I, the fibres of m; define an equivalence relation ~; on A
making A* = A/ ~; into a factor object, such that the map 7; : A® — A; defined by
T; 1 a +— am; is an isomorphism, and for each o € Aut(A)jy, & : AY — A is an

isomorphism. Then ¢ : G — Aut(A)n is an isomorphism.

Proof. Exercise 2.2.

Example 2.14. In the category of sets, a product structure is an equivalence class of
identifications of A with some set product [ [, A;. This definition is a little different than
the categorical point of view we used to define product structures in general categories,
but it is easy to see the two definitions are equivalent. It takes advantage of the fact that

we have a canonical description of the product in the category of sets.
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The subgroup fixing this structure is the set of permutations g which can be repre-

sented on each A; so that g “factors through” our identification via

g:(ay,...,an) — (a191,-.. ,angn),

for a (unique) g; € Sym(A;).

We can also view [[, A; as the set of all functions

f:I— U A;
il
such that f(i) € A; for each ¢ € I. The group action is defined by (f - ¢)(i) = f(i)g;.
From this point of view, the projection map 7; is defined by m;(f) = f(i). The two points

of view are the same via the correspondence f — (f(1),...,f(n)).

Example 2.15. In the category of finite dimensional F-spaces the product and coprod-
uct structures are the same, since products and coproducts are the same. However one

also encounters tensor product structures in this category.

Definition 2.16. If all members A; of our family are isomorphic we say our family is
regular, and we have a weaker notion of “equivalence of structures” leading to larger
stabilizers. Namely two regular coproduct structures ¢ and ¢ are similar if there exists a
permutation o of I such that

Aty = Aiolio,

and the stabilizer of a similarity class (1) is the subgroup permuting the subobjects

(A;i; 2 i € I). There is an analogous notion for product structures.

If our category is well behaved, then the stabilizer of a similarity class is the wreath
product Aut(A;) wr S, when I = {1,...,r} is of order r. Recall:

Definition 2.17. The wreath product W = L wr K of a group L by a group K,
represented as a group of permutations on {1,...,r}, is the semidirect product of a
normal subgroup D, which is the direct product of r copies of L, with K, where the
representation of K on D is defined by

k:(z1, .. ,x0) = (Tqp=1ye e, Tpp—1).
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Notice that if we define
Li={(x1,... ,2,) € D:x; =1for j #i}

then L 2 L; and D = Ly X --- X L, is the direct product of the subgroups L;, in the
sense that each L; is a normal subgroup of D and each x € D can be written uniquely
as a product x = Iy ---[, with [; € L;. Further £ € K permutes the subgroups L; in
the same way it permutes I: LY = L;; and (recalling that K; is the stabilizer in K of 4)
K; = Ck(L;).

Examples 2.18. In the category of sets, a regular coproduct structure is a partition of a
set A of order rm into r blocks of the same size m. The stabilizer of this structure is the
subgroup permuting the blocks and is the wreath product S,, wr S, of S,, by S,.. The
subgroup L; is the group of all permutations which fix all points not in the ¢th block.

Example 2.19. A regular product structure on A of type (m,r) in the category of sets
is a similarity class of identifications o : A — Bf, I = {1,...,r}, of A with the set
product B! of r copies of some set B of order m, and Sym(A) permutes such structures
via (a)g = (g7 'a). The stabilizer of this structure is the subgroup of all g € Sym(A)

such that (a)g = (a); equivalently for each f € B,

(f - (g-a)) (@) = f(i)gi

for each i € I, some g; € Sym(B), and o(g) € Sym(I). Put another way, g - a =
o ((T1;9:)0(g)), where o(g) and g; act on B! via

(f9i)(j) = f(j) for j # i and f(i)g; for j =i

and
(fo(9)(i) = f(i79)

The stabilizer of this structure is isomorphic to the wreath product S,, wr S,..

Example 2.20. In the category of finite dimensional F-spaces, a regular coproduct
structure is a direct sum decomposition of A into r summands of equal dimension m,

with the stabilizer the subgroup permuting these summands. The stabilizer is isomorphic
to GL,,,(F) wr S,.
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We have defined the notion of an indecomposable representation which coincides with
the usual notion of indecomposability for linear representations. We next define the
notion of an irreducible representation; this notion will coincide with the usual notion
of irreducibility for linear representations. Our philosophy is that while a decomposable
representation can be retrieved from its restrictions, only partial information about a
reducible representation can be obtained from its restrictions. In essence a representation
is irreducible if G preserves no proper nontrivial subobject or factor object. We now

formalize this notion.

Definition 2.21. Assume A is a category with suitable notions of subobjects and factor
objects, and that m : G — Aut(A) is a representation of G on some object A in A. A
subobject B of A is G-invariant if Gm < Ngy(a)(B). Similarly an equivalence relation
~ on A is said to be G-invariant if a ~ b implies ag ~ bg for all a,b € A and g € G.
Finally 7 is irreducible if there are no nontrivial G-invariant subobjects or admissible

relations.

Example 2.22. In the category of sets every subset is a subobject and every equivalence
relation is admissible, so 7 is irreducible if and only if G is transitive and preserves no

nontrivial equivalence relations. This is the definition of a primitive permutation group.

Example 2.23. In the category of F-spaces the admissible relations are those of the
form a ~ b iff a € b+ B for some subspace B of A, so we have the usual notion of

irreducibility.
Exercises for Section 2.
1. Prove Lemma 2.6.
2. Prove Lemma 2.13.
Section 3. The generalized Fitting subgroup.
In this section G is a finite group.

Definition 3.1. Let Ly,..., L, be groups. A central product of the groups L1,..., L,
is a group D which is the product of subgroups Dy, ... , D, such that for each i, D; = L;,
and for each i # j, [D;, D;] = 1. Here for subgroups X,Y of a group D, [X,Y] = ([z,y] :
r € X,y €Y) is the commutator of X and Y, and [z,y] = 271y~ Loy is the commutator
of elements x,y € D. Observe [X,Y]=1iff forallz € X and y € Y, xy = yx.
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(3.2) Let Ly,...,Ly, be groups and L = Ly X - -+ X Ly, the direct product of Ly, ... , Ly.
Then

(1) Z(L) = Z(L1) % -+ x Z(Ly).

(2) Each central product of L1, ... , L, is isomorphic to L/Z for some some Z < Z(L)
with Z N L; =1 for each 1.

Proof. We identify L; with the subgroup of elements (x1,...,z,) € L with z; = 1 for all
J # 1, as in Section 4. Subject to this convention, (2) makes sense. The proof is Exercise
3.1.

Definition 3.3. Define a group X to be perfect if X = [X, X|; that is X is its own
commutator subgroup. The group X is quasisimple if X is perfect and X/Z(X) is
simple. Further a subgroup X of a group G is subnormal in G if there exists a subnormal
series X = Xg < --- < X, = G. That is subnormality is the transitive extension
of the normality relation. Finally the components of G are its subnormal quasisimple
subgroups. Write E(G) for the subgroup of G generated by the components of G.

Given a nonabelian simple group L, there is a universal covering group L of L which
is the largest quasisimple group G such that G/Z(G) = L. That is if G is such a group
then G = L/Z for some Z < Z(L). The center Z(L) of the universal covering group is
called the Schur multiplier of L. See section 33 in [FGT] for further discussion of such
things.

Example 3.4. The identity group is a trivial quasisimple group. Nonabelian simple
groups are quasisimple. There are also quasisimple groups which are not simple. For

example the groups SLs(q), ¢ odd, are quasisimple with a center of order 2.

(3.5) For H <G let C(H) be the set of components of H. Then

(1) E(G) is a characteristic subgroup of G.

(2) Distinct components of G commute, so E(G) is a central product of the components
of G.

(3) Set G* = G/Z(E(G)). Then Z(E(G)) = (Z(L) : L € C(Q)), G* is the direct
product of the groups L*, L € C(G), and for each L € C(G), L* is a nonabelian simple
group.

(4) If L € C(G) and H is a subnormal subgroup of G, then C(H) = {K € C(G) : K <
H}, and either L < H or [L,H] = 1.
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Proof. By definition of C(G), Aut(G) permutes C(G), so (1) holds. Part (4) is 31.3 and
31.4 in [FGT]. Then (4) implies distinct components of G commute, so that E(G) is a
central product of the components of G, establishing (2). Part (3) follows from (2) and
3.2.

Definition 3.6. The Fitting subgroup of G is the largest normal nilpotent subgroup of
G. Write F(G) for the Fitting subgroup. Given a prime p, write O,(G) for the largest
normal p-subgroup of G. The latter subgroup exists as the product of normal p-subgroups
is a normal p-subgroup. As a finite group is nilpotent iff it is the direct product of its

Sylow groups, F'(G) exists and:
(3.7) F(G) is the direct product of the groups Op(G), p prime.

We seek a canonically defined characteristic subgroup of the general finite group G
whose structure is relatively uncomplicated, and which controls the structure of G. That
subgroup is the so-called generalized Fitting subgroup of G. Its definition is due to

Helmut Bender, building on earlier work of Wielandt and Gorenstein and Walter.

Definition 3.8. Set F*(G) = F(G)E(G) and call F*(G) the generalized Fitting subgroup
of G.

(3.9) F*(G) is the central product of F(G) and E(G).

Proof. By 3.5.4, each component of G commutes with each solvable normal subgroup of

G.

Theorem 3.10. Cq(F*(G)) = Z(F(GQ)).

Proof. See 31.13 in [FGT].

Definition 3.11 A finite group G is almost simple if F*(G) is a nonabelian finite simple
group.

Given H < G, let ¢ : G — Aut(H) be the conjugation map; that is for g € G,
gc: hw— h9 = g-lhg for g € G and h € H. When G = H, we write Inn(G) for
the image Gc of G in Aut(G), and call Inn(G) the group of inner automorphisms of
G. Note that Inn(G) < Aut(G), and the group of outer automorphisms of G is
Out(G) = Aut(G)/Inn(G).
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(3.12) The following are equivalent:
(1) G is almost simple.
(2) There exists a nonabelian finite simple group L such that Inn(L) <4 G < Aut(L).

Proof. Suppose G is almost simple and set L = F*(G). Then L is a nonabelian simple
group, and the conjugation map ¢ : G — Aut(L) is faithful by 3.10, with Lc¢ = Inn(L) <
Ge = G. Thus (1) implies (2). Similarly if (2) holds, then as Aut(L) acts faithfully
on L, and as ¢ : L — Inn(L) is an Aut(L)-equivariant isomorphism, it follows that
Cautry(Inn(L)) = 1, and hence also Cg(Inn(L)) = 1. Thus Inn(L) = F*(G) by 3.5.2
and 3.9, so (2) implies (1).

Exercises for Section 3.
1. Prove Lemma 3.2.

2. Assume p is a prime and X is a nontrivial finite p-group acting on a finite group L

with Cp(X) = 1. Prove L is a p’-group.

3. Let S be a nontrivial 2-group. Prove

(1) The exponent of a Sylow 2-subgroup of Aut(.S) is less than |S].

(2) Let o € Aut(S) be of order 2%, and for 1 < i < a, let 0; € (o) be of order
2¢. Then o; centralizes each o-invariant subgroup of S of order 2t'~? so in particular
|Cs(0;)| > 2014,

4. Let G be a finite group. Define the generalized Fitting series for G recursively
by Fy(G) = 1, and give F(G), Fr41(G) is the preimage in G of F*(G/Fy(G)). The
generalized Fitting length of G is the smallest integer [(G) such that G = F;(G). If G is
solvable then F*(G) = F(G) and our series is the Fitting series and [(G) is the Fitting
length of G.

Let X be a subnormal subgroup of GG. Prove

(1) F*(X) is subnormal in F*(G).

(2) Fi(X) is subnormal in F(G) for each k.

(3) Fi(X) = X N Fi(G).

(4) I(X) < UG).

(5) If Fk( ) H < G and all Sylow subgroups of H are abelian, then Fy(H) = Fj(G)
and I(H) = k + [(H/ Fy(H)).
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Section 4. Diagonal subgroups.

In this section L is a group, I is a set of finite order r, and D = L' is the direct
product of r copies of L.

Recall there are various ways to describe D. First
D ={(a1,...,a,) :a; € L}

is the set of ordered r-tuples with entries in L, with the group product defined compo-

nentwise, and for ¢ € I, the ¢th projection map 7; : D — L is defined by
mic(ar,...,a.) — a;

Second,
D=L'={f:f:1—-1L})

is the set L of functions from I to L with multiplication defined by

(f - 9)(@) = f(i)g(P)

and with m;(f) = f(¢). If I = {1,...,r} then the correspondence between theses two
points of view is given by the bijection f — (f(1),..., f(r)).
Third, for i € I, let

Li={feL': f(j)=1forall i # j}

Then 7; : L; — L is an isomorphism. Let ¢; : L — L; be the inverse of this isomorphism.
Now D =[], L; is the direct product of the subgroups L; in the sense that [L;, L;] =1
for © # j and each d € D can be written uniquely in the form d = d; ...d, with d; € L;,
and m; can be regarded as the map d — d;.

Write Autr(D) for the subgroup of Aut(D) permuting the set

A={L;:icl}

and let S = Sym(I) = S,. Recall from 1.2 that the isomorphism ¢; : L — L; induces an

isomorphism

f s Aut(L) — Aut(L;)
B Li_lﬂbi
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Let D* = Aut(L)" be the direct product of r copies of Aut(L). Write D =[], L; as
above. Similarly D* = [], L with L} = Aut(L). We have a representation of S on D
defined by s : f — f*, where

(1) (f*)(i) = f(i*), so that L§ = Ly,

and a similar representation of S on D*. The corresponding semidirect products DS
and D*S are, from Definition 2.17, the wreath products L wr S, and Aut(L) wr S,,

respectively. We record (!) as:
(4.1) In DS, L3 = L;., while in D*S, L = L.

Remark 4.2. From Definition 3.11, the conjugation map ¢ : L — Aut(L) is a homomor-
phism from L into Aut(L), whose image Inn(L) is the group of inner automorphisms
of L, and Inn(L) < Aut(L), with Out(L) = Aut(L)/Inn(L) the group of outer auto-
morphisms of L. If Z(L) = 1 then c is injective, so L = Inn(L) and, identifying L with
Inn(L) via this isomorphism, we can view L as a normal subgroup of Aut(L), L; as a

normal subgroup of L}, D as a normal subgroup of D*, and DS as a subgroup of D*S.

Example 4.3. Assume L is a nonabelian simple group. Then (cf. 3.3) the groups L;,
i € I, are the components of D, and hence are permuted by Aut(D), so that in this case
Autj(D) = Aut(D). Further Z(L) =1, so by Remark 4.2, L; < L.

(4.4) Aut;(D) = D*S = Aut(L) wr S,, where D*S is embedded in Aut(D) via the
]

representation (f&%)(i) = f(i° ),o—1, for f €D, = (&1,... ,6n) €D*, and s € S.
Proof. Set A = Aut;(D). By definition of A, A permutes A, so (cf. Notation 1.8)
AJAA = AD < Sym(A).

Set
Ci = CAA(Li) and A, = ﬂ C]'
i
Define ¢ : D*S — Aut(D) by
(f99)(i) = f(i* )&, for f € D and g = &s with € = (£,... ,&,) € D* and s € S.

Then ¢ is a faithful representation of D*S on D such that L7y < A; and, using 4.1, S
acts faithfully on A via L}” = L;s. The latter fact says that S is a complement to Aa in
A. As A; is faithfully represented on L;, the former fact says that LYy = A;, and hence
Aa = D*p. Thus ¢ : D*S — A is an isomorphism.
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Definition 4.5. Given a family
a=(a;:i€1)
of isomorphisms «; : L — L;, define the diagonal of a to be
diag(a) = {H aca ta € L} < D.
il
Remark 4.6. Given a family a as in Definition 4.5, the map o : a — [], aq; is an
isomorphism of L with diag(a) called a diagonal embedding of L in D. Further for i € I,

am; = aj, S0 T; = oo~ ' is the composition of isomorphisms and hence 7; : diag(a) — L;

is an isomorphism for all ¢ € I.

(4.7) Lettv = (v; -1 € 1), and fori € I, let of : Aut(L) — L} be the inverse of the
restriction to L} of the ith projection ©} : D* — Aut(L). Set* = (v : i € I) and
A = Aut;(D). Then

Na(diag(e)) = diag(e™) x S = Aut(L) x S,,
with S = C(diag(e)).
Proof. Let B = diag(¢t) and B* = diag(¢*). By Remark 4.6, ¢ : L — B is an isomorphism,

where

aL:HCLLi: (a,...,a),
i

and by definition of the action of S on D, (at)® = ac for all @ € L and s € S, so
S < C(B). Similarly we have the isomorphism ¢* : Aut(L) — B* and for £ € Aut(L),

(ab)w = H(@bi)&i = H(aé)bi = (ag)b,

7 %

so B* < N4(B). Thus (S, B*) < Na(B). Also for f € D and i € I,
PO = @) = fi*)E = Fi)*,

so [S, B*] =1 and hence (S, B*) = S x B*.

Next S& = Sym(A) = Na(B)?, so Na(B) = SNa,(B), and it remains to show
Na,(B) = B*. We saw (at)$*" = (a)i, so B* acts faithfully as Aut(L) = Aut(B) on B,
and hence Ny, (B) = B*Ca, (B), and we must show C4, (B) = 1.

Finally for x € C4, (B), x centralizes the projection atmy = at; € L;,soasm; : B — L;
is an isomorphism by Remark 4.6, = centralizes L;. Therefore z € (), Ca(L;) = 1, as

desired.
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Definition 4.8. A diagonal subgroup of D is a subgroup X of D such that for each
1 € I, the projection 7; : X — L; is an injection. A full diagonal subgroup is a diagonal

subgroup for which each projection is an isomorphism.

(4.9) Letig € I, D the set of full diagonal subgroups of D, and A the set of families
a=(a;:1€ 1) with a;, = ti,. Then

(1) The map p : a — diag(a) is a bijection of A with D.

(2) For & € D*, write § = ][, &, where & is the projection of & on Lf. Then
Cp(Liy) = [lier—qigy L7 acts on A wvia § : (o 2@ € I) = & lay i € D), pis
Cp~(Li,)-equivariant, and Cp+«(L;,) is regular on D.

(3) If L is finite then |D| = |Aut(L)|" 1.

Proof. For X € D, define af = Liowi_olm : L — L; and o = (X :i € I), where m;, is
the isomorphism from X to L;,. Then X € A with X = diag(a™). Conversely if 8 € A
then a?2eB) = B 5o (1) holds.

The first two remarks in (2) are straightforward, and visibly Cp+(L;,) is regular on

A, so the first two remarks imply the third. Then as |Cp«(Ls,)| = |Aut(L)|""1, (1) and
(2) imply (3).

(4.10) Assume L is a nonabelian finite simple group. Then

(1) Aut(D) = D*S = Aut(L) wr S, and D = F*(Aut(D)), subject to the identification
of D with {f € D* : f(i) € Inn(L) for all i € I}.

(2) D* is transitive on the full diagonal subgroups of D.

(3) If B is a full diagonal subgroup of D then Ny (py(B) = K xS, where K = Aut(L)
is the kernel of the action of Nayuyp)y(B) on the set L = {L; : i € I} of components of
D, and S acts faithfully as Sym(L) on L with Ng(J) = Cg(J) for J € L. Further
B = Np(B).

Proof. Part (1) follows from Example 4.3 and and Lemma 4.4. Part (2) is 4.8.2. Then
(2) and 4.7 imply (3).

(4.11) Assume L is a nonabelian finite simple group and H < D such that m; : H — L;
is a surjection for alli € I. Then there exists a partition P of I such that H =[] ;.p Hrs
1s the direct product of the full diagonal subgroups Hmy of Dy, where wy : H — Dy 1is

the projection with respect to the direct sum decomposition D = [];.p Dy and D; =
HjeJ Lj.
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Proof. Let J C I be minimal subject to K = HN B # 1, where B = D ;. By minimality
of J, m; : K — L; is nontrivial foreach 7 € J. As B < D, K=HNB < H, so
1# Kn; < Hm; = L;. Therefore as L; is simple, m; : K — L; is a surjection. Next

ker(m;) < H L;
i£jed
so by minimality of J, ker(m;) = 1. Thus 7; is an isomorphism and hence K is a full
diagonal subgroup of B.

Let E=Dj;_j;,sothat D = B x E. Let m: H — B be the projection with respect to
this direct sum decomposition; again K = Km < Hwm. But by 4.10.3, K = Np(K), so
Hr =K. Thus H = K x Cg(K) with Cy(K) = ker(r) = HNE. Finally for i € I — J,
L; = Hm; = (H N E)m;, so the lemma holds by induction on r.

Exercises for Section 4

1. Let D be the direct product of » > 1 isomorphic nonabelian finite simple groups,
let B be a full diagonal subgroup of D, and assume G is a finite group such that D < G,
G = DNg(B), and G acts primitively on the set of components of D. Prove Ng(B) is a

maximal subgroup of G.
Section 5 Posets and lattices

Definition 5.1. A poset is a partially ordered set; thus a poset is a set X together with
a partial order < on X. The category of posets is a category of sets with structure, where
the structure is provided by the order relation. A function o : X — Y from X to a poset
Y is a map of posets (ie. preserves structure) if a < b in X implies aa < b in Y.

Each subset Z of X is a poset under the restriction of the partial order on X to Z.
Thus each subset is a subposet.

A lattice is a poset A with the property that for all x,y € A, there exists a least upper
bound z V y and a greatest lower bound z A y for z and y in the poset A. Observe the
elements z V y and = A y are unique, and we can regard V and A as operations on A.

A sublattice of A is a subposet of A closed under the operations V and A. Given x <y
in A, define the interval in A determined by x and y to be

[T,y ={z€A:x<z<y}

Observe that the interval [z, y] is a sublattice of A.
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Example 5.2. Let G be a group and A the set of subgroups of GG, partially ordered by
inclusion. Thus A is a poset. Indeed A is a lattice, where for H, K < G, HVK = (H, K)
and HAK=HNK.
Given H < G, define
O¢(H)={K <G:H<K}.

Call Og(H) the set of overgroups of H in G. Observe Og(H) is the interval [H, G| in A,

and hence is a sublattice of A.

(5.3) Let A be a lattice and X = {x1,... ,x,} a finite subset of A. Then
(1) X has a least upper bound x1 V ---V x,, and a greatest lower bound x1 N -+ N\ Ty,.
(2) (x1Vaa)Vaes =x1VaeaVaes=x1V(r2Vas) and (x1 ANxa) Axg =21 ANTo ATy =
1 A (T2 A\ 23).
(3) V and N are associative operations.

(4) If A is finite then A has a greatest element oo and a least element 0.

Proof. Exercise 5.1.

Theorem 5.4. (Palfy-Pudlak) The following are equivalent:
(1) Each nonempty finite lattice is isomorphic to an interval in the lattice of subgroups
of some finite group.

(2) Every finite lattice is isomorphic to a congruence lattice of a finite algebra.

Proof. The proof appears in [PP]. See the expository article [G] for more discussion of

lattices and in particular representations of lattices as congruences lattices of algebras.
The Palfy-Pudlak Theorem suggest the following question:

Palfy-Pudlak Question 5.5. Is each nonempty finite lattice isomorphic to a an over-

group lattice Og(H) for some finite group G and subgroup H of G?

The answer to the Palfy-Pudlak Question is almost certainly negative. However the
question has remained open for almost 30 years since the paper of Palfy and Pudlak was
published. There are however several approaches to proving the question has a negative
answer. In each approach one defines a class C of finite lattices, and attempts to show
no lattice in C is isomorphic to an overgroup lattice Og(H) for any finite group G and
subgroup H. To do so, one “reduces” the problem to the case where G is almost simple.

More precisely, one shows that no lattice in C is an overgroup lattice, if some suitable set
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of properties of almost simple groups can be verified. Of course one of those properties
is that no lattice in C is of the form Og(H) with G almost simple and H a subgroup of
G.

We now consider two classes of lattices which are candidates for such an approach.

Definition 5.6. Let A be a finite lattice and set A’ = A — {0,00}. Regard A as a
graph, where the adjacency relation is the comparability relation on A. Define A to be

disconnected if the graph A’ is disconnected.

Example 5.7 Given a positive integer n, define M,, to be the lattice A such that the
graph A’ has n elements but no edges. An M-lattice is a lattice of the form M,, for some

positive integer n. Notice that (with the exception of My) M-lattices are disconnected.

Example 5.8 Given a positive integer m, write A(m) for the lattice of all subsets of a
set of order m. Define a DA-lattice to be a lattice such that A’ has » > 1 connected
components A, 1 <4 <r, and for each i, A, = A(m;)" for some integer m; > 2. Again

DA-lattices are disconnected.

There are an infinite number of M-lattices which are intervals in subgroup lattices.
For example if p is a prime and G = E2, then Og(1) = M, ;. However it seems to
be the consensus that the set of integers n such that M,, is an interval lattice is fairly
sparse. Moreover there is a reduction by Baddeley and Luccini in [BL] which shows that
for a given n, M,, is not an interval lattice if four or five questions about almost simple

groups have positive answers.

Conjecture 5.9. (Aschbacher-Shareshian) No DA-lattice is isomorphic to a lattice
Oc¢(H) for G a finite group and H a subgroup of G.

Moreover there is a reduction theorem for this conjecture. To describe that reduction,

we need to define the notion of a lower signalizer lattice.

Definition 5.10. Let L be a nonabelian finite simple group. Define 7 (L) to be the set
of triples 7 = (G, H, I) such that:

(T1) G is a finite group and I < H < G, and

(T2) F*(H/I) = L.

Assume 7 € 7 (L) and define W to consist of those H-invariant subgroups W of G such
that WNH =1 and W < IF*(G). Call W the set of signalizers for H in G. Partially
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order W by inclusion, and write Z(7) for the poset obtained by adjoining a greatest
element co to W. Observe Z(7) is a lattice. Call such lattices Z(7) lower signalizer

lattices.

Theorem 5.11. Assume A is a DA-lattice which is isomorphic to an overgroup lattice
i some finite group. Then there exists an almost simple group G such that either:

(1) A= O¢g(H) for some H < G, or

(2) There exists a nonabelian finite simple group L and 7 = (G,H,I) € T(L) such
that A = Z(1) and G = (W, H).

Proof. The proof appears in [Al] and [A2]. This result is the reduction theorem for

Conjecture 5.9.
The class of M-lattices is of interest beyond the context of the Palfy-Pudlak Question.

Definition 5.12. Let G be a finite group. Define a subgroup H of G to be of depth d in
G if d is the maximal length of a chain in the poset Og(H). Observe that the maximal
subgroups of G are the subgroups of depth 1, while H is of depth 2 iff Og(H) is an
M-lattice.

Question 5.13. What are the subgroups H of depth 2 in the almost simple groups,
and what are the possible M-lattices Og(H) that can occur when G is almost simple?
In particular describe the subgroups of depth 2 and the corresponding M-lattices in the

alternating and symmetric groups.
Exercises for Section 5
1. Prove Lemma 5.3.
Section 6. Primitive permutation groups.
In this section 2 is a finite set of order n and S = Sym(2) is the symmetric group on
X.

We use the cycle notation for describing elements of S. In particular recall a transpo-

sition is a permutation with one cycle of length 2 and n — 1 cycles of length 1.
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Notation 6.1. For g € S we write Fiz(g) for the set of fixed points of g on Q, and
Mov(g) for the set of points moved by g. Here g fixes w € Q if wg = w and g moves w
if wg # w. More generally if g acts on A C Q, let Fiza(g) and Mova(g) be the set of
fixed points of g on A and the set of points of A moved by g, respectively. Observe that
if h,g € S with Mov(g) N Mov(h) = &, then gh = hg.

Recall S is is generated by its transpositions. Further a permutation is an even permu-
tation if it is the product of an even number of transpositions, and an odd permutation if
it is the product of an odd number of transpositions. Recall also that a permutation can’t
be both even an odd (cf. 15.5 in [FGT]), so that the set Alt(£2) of all even permutations
is a subgroup of S of index 2. This subgroup is the alternating group of degree n, and is
normal as subgroups of index 2 are always normal. In this section we write A for Alt((2).

Moreover it turns out:
(6.2) A permutation is even iff it has an even number of cycles of even length.

The cycle structure of g is the function C'yc, : N — N counting the number of cycles

of G of length m for each natural number m. It is an easy exercise to show
(6.3) Two permutations are conjugate in S iff they have the same cycle structure.
Let m: G — S be a permutation representation of G on 2. We recall:

(6.4) If 1 : G — Sym(Q) is a transitive representation then ker(mw) = kery (G) is the

largest normal subgroup of G contained in H.

Proof. See 5.7 in [FGT].

Definition 6.5. The representation m is semireqular if Fix(g) = @ for each g € G.
Equivalently the restriction of G' to each of its orbits is equivalent to the regqular repre-
sentation of G: the representation of G by right multiplication on itself. We say G is
regular if it is transitive and semiregular. A regular normal subgroup of G is a normal

subgroup of G which is regular on X.

(6.6) (1) If K < G and H is a complement to K in G then K is a regular normal
subgroup in the representation of G on G/H.



28 MICHAEL ASCHBACHER

(2) If K is a reqular normal subgroup of G in its action on ) then for w € Q, G, is a
complement to K in G and the map o : K — Q) defined by o : k — wk is an equivalence

of the representation of G, on K wvia conjugation with its representation on ).

Proof. Assume the hypotheses of (2). As K is regular on (2, the map « is a bijection.
For he G, and k € K,

(EMa = (wk") = wh™'kh = wkh = (wa)h
so the map « is a permutation equivalence.

Recall the partitions of ) are in 1-1 correspondence with the equivalence relations on
), with an equivalence relation corresponding to the partition defined by the equivalence
classes of the relation. The equivalence relation (or partition) is trivial if either all

elements of () are equivalent or all equivalence classes are of order 1.

Definition 6.7. Our group G is said to be primitive on ) if G is transitive and it
preserves no nontrivial equivalence relation. That is there is no nontrivial partition of G

such that G permutes the blocks of the partition.

Remark 6.8. Recall from Example 2.2 in Section 2 that the primitive representations
are the irreducible permutation representations. Namely the subobjects in the category
of sets are the subsets, so G is transitive iff it preserves no proper nontrivial subobjects,
and all equivalence relations on X are admissible in the category of sets so G is irreducible

iff G is primitive.

(6.9) Let G be transitive on Q withn > 1 and w € Q. Then

(1) G is primitive iff G, is a mazimal subgroup of G.

(2) If G preserves a nontrivial partition P of Q, then n = |P|-|B|, where B € P is a
block in P.

(3) If n is prime then G is primitive.

Proof. Under the hypotheses of (2), as G is transitive on 2 and permutes the blocks in
P, G is transitive on P, so all blocks of P are of order |B|. Thus (2) holds and of course
(2) implies (3). Further w is contained in some B € P, and for g € G,, w = wg € BN By,
so as G permutes P, B = Bg and hence G, < Ng(B). Further the same argument shows
N¢g(B) is transitive on B, so as B # Q, G, # Ng(B). Also

1< |P|=|G: Ng(B)]
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so G # Ng(B) and hence G, is not maximal in G.

Conversely if GG, is not maximal in G then G, < H < G. Let B = wH and P =
{Bg : g € G}. To complete the proof we show P is a nontrivial G-invariant partition
of 2. First as G is transitive on X, () is transitive on P and Q = {J,¢
B € BN Bg; to show P is a partition we must show B = Bg. But as H is transitive on
B, Bh = w for some h € H, so

Bg. Suppose

w = fh € BhnN Bgh = BN Bgh

so replacing g by gh and (# by w, we may assume w = 8 € Bg. Thus w = wkg for some
k€ H. But then kg € G, < H,so g € k"'H = H and hence Bg = B, as desired. This
also shows N¢(B) = H. Finally

Bl = |H : G| > 1

and
|P|=|G: Ng(H)|=|G:H|l>1

so P is nontrivial.

(6.10) Let H < G. Then

(1) If M is a mazimal subgroup of G and H £ M then G = HM.

(2) If G is faithful and primitive on X and H # 1 then H £ G,, and H is transitive
on X.

Proof. (1) As H 4 G, HM < G. Thenas H £ M, M < HM, so HM = G by
maximality of M.
(2) Let M = G,; as G is primitive, M is a maximal subgroup of G of 6.9.1. As G is

faithful and transitive, M contains no nontrivial normal subgroup of G. Thus as H # 1,
H £ M and G = MH by (1). But then H is transitive; ie. Q@ =wG =wMH = wH.

Definition 6.11. Recall G is 2-transitive on 2 if GG is transitive on ordered pairs of dis-

tinct points of 2. Recall also (cf. 15.14 in [FGT]) that 2-transitive groups are primitive.

Theorem 6.12. (Jordon) Assume G is primitive on £ and A is a subset of Q such that
0 < |A] <n—1 and Ga is transitive on Q@ — A. Then

(1) G is 2-transitive on Q.

(2) If G is primitive on Q — A then for w € Q, G, is primitive on Q — {w}.

Proof. See 15.17 in [FGT].
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(6.13) Assume G is primitive on Q). Then
(1) If G contains a transposition then G = S.
(2) If G contains a 3-cycle then G = A or S.

Proof. These are consequences of Jordon’s Theorem 6.12. For example if t = (a, ) is a
transposition in G, then apply 6.12 with A = Q — {a,8}. By 6.12.1, G is 2-transitive
on €2, so as G contains one transposition, it contains all transpositions. Then as § is
generated by its transpositions, (1) holds. Part (2) is Exercise 5.6.2 in [FGT].

Exercises for Section 6

1. Let GG be a transitive permutation group on a finite set 2 and w € ). Prove:
(1) Ng(G,,) is transitive on Fiz(G,).
(2) Assume G is k-transitive on  and let A be a k-subset of Q. Then Ng(Ga) is

k-transitive on Fiz(Ga).

2. Let € be a finite set and D a regular abelian subgroup of S = Sym(2). Prove
D = Cg(D).

3. Let €2 be a finite set of order n > 5, and H a subgroup of S = Sym(2) such that
H has two orbits § and I' = 2 — 0 on 2, and |f| = 2. Assume G € Og(H) is transitive
on (2. Then one of the following holds:

(1) {fg : g € G} is a G-invariant partition of .

(2) G is 3-transitive on €.

(3) Hy has two orbits I'y and I'y on I, interchanged by H, and either:

(i) G is 2-transitive on Q and Gy acts on I'y and T's, or

(ii) setting 6 = {a1, a2} and Q; = {a;} UT;, P = {Q4,Q} is a G-invariant partition
of Q such that Ng(€2;) is 2-transitive on €; for i = 1,2.

(Hint: You may use the theory of rank 3 permutation groups in section 16 of [FGT].)

Section 7. Partitions, equivalence relations, and chamber systems

In this section we assume that 2 is a finite set and let S = Sym/(2) be the symmetric
group on ) and A = Alt(£2) the alternating group on 2.

We begin our study of the subgroup structure of S and A by investigating the sub-
groups of G stabilizing suitable relations or families of relations on §2. In particular such
subgroups are candidates for maximal subgroups of S and/or A. This leads us to the

following definition:
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Definition 7.1. Let R be an m-ary relation on €; that is R is a subset of the set product
of m copies of 2. Observe that S permutes the m-ary relations on €2 via s : R — Rs for
s € S. The stabilizer Ng(R) of R in S is the subgroup of all g € S such that Rg = R.

Definition 7.2. Write P = P(Q) for the set of partitions of 2. Each P € P determines
an equivalence relation ~p on €2, whose equivalence classes are the blocks of P. Of course
in the other direction, P is also determined by ~p as the set of equivalence classes of the
relation.

The stabilizer Ng(P) of P in S is the stabilizer in S of the relation ~p. For B € P,
set kg = Aq_p and kK(P) = (kg : B € P). Observe rp acts faithfully as Alt(B) on B,
and k(P) = [[zcp £ is a direct product.

A partition P is a regular (m,k)-partition if P has k blocks, each of size m. An
equivalence relation is reqular if its partition is regular.

Define a partial order on P by P < @ if @ is a refinement of P. Equivalently, if
o, € and o ~¢g B then also a ~p (.

Write 0 for the member of P with a unique block €2, and set

oo ={{w}:we}eP.

Thus 0 is the least element and oo the greatest element of the poset P. Set P/ = P’'(Q2) =
P —{0,00}. Thus P’ is the set of nontrivial partitions of €.

For G < S, set P(G) = {P € P’ : G < Ng(P)}. Thus P(G) is the set of nontrivial
G-invariant partitions of €.

If Q< Pand Be@Q,set Pg={C € P:C C B} and observe that Pg € P(B), and
Q/P={Pp:BecQ}ecP(P).

(7.3) P is a lattice.

Proof. For P,Q € P,
PvQQ={ANnB:AeP, BeQ, and ANB # &},

while P A Q is the partition such that ~p,q is the equivalence relation generated by ~p

and ~q.

Definition 7.4. Let I be a finite set. A chamber system X on ) over I is a collection

X = {~;:i € I} of equivalence relations on 2. The members of {2 are called the chambers
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of X. A morphism o : X — X' of chamber systems over [ is a function o : Q — ¢
preserving all the relations; that is for each i € I, if w, A € Q with w ~; A then wa ~; Aa.

The stabilizer of X is the subgroup

Ns(X) = | Ns(~i).
il
The rank of the chamber system X is the order of I. The definitions are due to Tits; cf.
section 2.1 in [T]).

In the terminology of [T], X is connected if ~1 A--- A ~,.= 0, where [ = {1,... ,r};
ie. the equivalence relation generated by the relations ~;, ¢ € I, is the trivial relation
0. Define X to be injective if ~1 V-V ~,.= oo; that is for each w € Q, if [w]; is the
equivalence class of ~; containing w, then [w]; N--- N [w], = {w}.

Define X to be regular if all the partitions ~;, ¢ € I, are regular.

Define a CIR-chamber system to be a connected, injective, regular rank 2 chamber
system on ().

For J C I, write ~; for the equivalance relation Ajcs ~; generated by {~;: j € J}.
For w € Q, write [w]; for the equivalence class of w under ~ ;. Write J' = I — J for the

complement to J in I. Define X to be nondegenerate if for each w € €2 and each j € I,

fw = Miwle and [wl; = (ol
i€l i€y’

Example 7.5. Let V be an r + 1-dimensional vector space and I = {1,... ,r}. Form the
projective geometry PG (V) of V. Thus PG(V) is the simplicial complex whose vertices
are the proper nonzero subspaces of V', with simplices the chains in the poset of such
subspaces ordered by inclusion. The maximal simplices are the chains (V; < --- < V)
with dim(V;) = i. Form the chamber system X = X(PG(V)) over I whose chambers are
the maximal simplices, and with (V; < --- < V;) ~; (U1 < --- < U,) ift U; = V; for all
1 # j. Then X is connected and nondegenerate.

Observe that, as defined in Exercise 7.4, PG(V) is a geometric chamber system with
type function 7(U) = dim(U), and X is indeed the image of PG(V') under the functor
X defined in Exercise 7.4. Moreover by the same exercise, C(X) is naturally isomorphic

to PG(V) as a geometric complex.

(7.6) Let P,Q € P and assume H < Ng(P) N Ng(Q) is transitive on Q0. Then
(1) P, Q, PV Q, and P A Q are regular partitions.
(2) H acts on PV Q and P A Q.
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(3) For B € Q, Ny (B) is transitive on B, and if Q@ < P then Ny(B) < Ng(Pg), so
Py is a reqular partition of B.

(4) If PV Q = oo then for B € PAQ, pg = (Pp,®@p) is a CIR-chamber system on
B, and Ng(B) < Ng(pB).

(5) If PVQ =00 and PANQ =0, then p = (P, Q) is a CIR-chamber system on € and
H < Ns(p).

Proof. As S is a group of automorphisms of the lattice P, and as H acts on P and Q,
(2) holds.

As H < Ng(Q), H permutes the blocks of ). Then as H is transitive on Q, H is
transitive on the blocks of ), and for B € ), Ny (B) is transitive on B. As H is transitive
on @, @ is regular. Similarly P is regular, as are PV @ and P A @ by (2). Thus (1)
holds.

Suppose Q < P and let B € Q. Recall P € P(B). As P and B are Ny(B)-invariant,
so is Pp, so Pp is regular by (1). Thus (3) holds.

Suppose PVQ = oo and let B € PAQ. By (3), P and Qp are regular. As B € PAQ),
we have Pg A Qp = 0, and then as PV @) = oo, also Pg V Qp = co. Thus (4) follows,
and then (4) implies (5).

We now begin to investigate the question of when the stabilizer in T € {S, A} of a
nontrivial partition P € P is maximal in T'. Trivially a necessary condition is that either
|P| =2, or P is regular. It will turn out that these conditions are usually also sufficient.
When P is regular, k(P), Sp, and Ap are normal subgroups of Ng(P), and we also go
a long way toward determining the maximal overgroups of these subgroups in S and A.
Recall from the introduction that results of that sort are very useful in investigating the

lattice of subgroups of S and A.

(7.7) Let A CQ and assume either
(i) |A| > 2 and set K = Sq_n, or
(i) |A| > 2 and set K = Ag_n.
Let G € Og(K). Then
(1) If G is primitive on § then A < G.
(2) If Q € P(G) then K < Gg and A is contained in some block B of Q.
(3) If A C B CQ and Ng(B) is primitive on B then kg < G.

Proof. Observe that in (i), |A| > 2 and K acts faithfully as Alt(A) on A, so K is
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generated by 3-cycles t. Similarly in (i), K is generated by transpositions t. Now ¢ €
K < @G, so (1) follows from 6.13.

Assume @ € P(G). Let B € Q. Then either ¢ acts on @ or the orbit of (t) on
Q@ containing B is of order |t|. In the latter case, |t| = |Mov(t)| > [t||B] > |t|, a
contradiction. Therefore ¢ acts on B, and then as (t) is transitive on Mov(t), B is
contained in Fiz(t) or Mov(t) C B. Now K is generated by 3-cycles or transpositions,
which all act on each B in @, so K < Ng(B). Indeed there exists B € @ such that
t moves a point of B, so Mov(t) C B. Then as K acts on B and is transitive on A,
A = Mov(t)K C B. This establishes (2).

Finally assume the hypothesis of (3). Applying (1) to Ng(B)® in the role of G, we
conclude that Ng(B)? contains Alt(B). Thus kg < (tNe(B)) < G, so (3) holds.

(7.8) Let P € P’ be reqular. Assume either

(i) |P| < n/2 and set K = k(P), or

(ii) K is the kernel Sp of the action of Ng(P) on P.
Let G € Og(K). Then

(1) If G is primitive on §2 then A < G.

(2) P is the greatest member of P(K), and K < Gg for each Q € P(K).

(3) If G is transitive on Q and A £ G, then P(G) has a greatest member Q). Moreover
P =Q if |Q| = n/2 while K(Q) < G if |Q| < n/2.

(4) Suppose G is transitive on P, let T'(G) be the set of G-invariant partitions of P,
and for v € I'(G) define P(v) to be the partition of  with blocks B,, o € 7y, where

B, = |J A
Aco
Then the map v — P(7) is a bijection of I'(G) with P(G) and {Nac(Q) : Q € P(G)} is

the set of maximal overgroups of G in AG.

Proof. We apply 7.7 to a block A of P. Then (1) is immediate from 7.7.1, while if
Q@ € P(K) then by 7.7.2, each block A of P is contained in some block of ). Thus
@ < P, establishing (2). Similarly under the hypothesis of (3), P(G) # @ by (1), and
for each Q € P(G) and B € @), B contains some block A of P, so by 7.7.3, kg < G.
Thus x(Q) < G. Further @ < P by (2), so if |Q| = n/2, then P = @ and hence P is
the greatest member of P(G). On the other hand if |Q| < n/2 then as k(Q) < G, we
conclude from (2) that @ is the greatest member of P(G). This completes the proof of

(3)-
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Finally assume the hypothesis and notation of (4). By (2), the map v — P(7) is a
bijection of I'(G) with P(G), while by (1), {Nag(Q) : Q@ € P(G)} is the set of maximal
overgroups of G in AG.

(7.9) Assume n > 2 and let P € P be regular with blocks of size 2. Then
(1) P is the greatest member of P(Ap).
(2) If M € Og(Ap) acts primitively on P then P(M) = {P}.

Proof. Let K = Ap and @ € P(K). We first prove (1), so we must show @ < P. This
holds if K < Ag as P is the set of orbits of K on 2. Thus we may assume K ﬁ Ag. Let
T ={te K :|Mov(t)| =4}. Then K = (T), so thereis t € T — Mg. We conclude from
the proof of 7.7 that |Q| = n/2 and t¥ = (a, ) is a transposition with Mov(t) = a U 3.
As n > 4 there is s € 7 with v = Mov(t) N Fiz(s) of order 2. Then v C a U 3, so we
may take a N~y # &, so s acts on « and then a = . But now as [s,t] = 1, ¢ acts on
Fix prov()(s) = o, a contradiction. This establishes (1).

Now assume the hypothesis of (2), and let @ € P(M). By (1), @ < P. Then from
72, Q/P ={Pp : B € Q} is an M-invariant partition of P, so as M is primitive on P,
Q/P is trivial, and hence P = Q.

Theorem 7.10. Let P € P’ be reqular and let T be S or A. Then either

(1) Np(P) is mazimal in T, or

(2)n =28, |P|=4,T = A, Ng(P) is a minimal parabolic subgroup of A = L4(2), and
OA(Na(P)) ={Na(P), My, My, A}, where My and Ms are mazimal parabolic subgroups

of A and stabilizers of affine structures on €.

Proof. First observe that Ng(P) contains a transposition ¢ with Mov(t) C B € P, so

(a) Ns(P) £ A.

Next as P is nontrivial, n > 4, and when n = 4 we have |P| = 2 and (1) holds trivially.
Thus we may assume:

(b) n > 4.

Let M = Np(P). If |P| <n/2 or T = S, then as M is primitive on P, applying 7.8.4
to M in the role of “G”, we conclude that M is maximal in AM. But T = AM by (a),
so that (1) holds. Therefore we may assume:

(¢) T=Aand |P| =n/2.

Suppose n = 8. Then A = L4(2) is of Lie type over Fy, and we appeal to the theory of
such groups; cf. [GLS3] or [FGT] sections 43 and 47. As |M|s = 64 = |Al2, M contains
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a Sylow 2-subgroup U of A. As A = L4(2) is of Lie type over Fy, U is a Borel subgroup
of A, so if follows from the theory of groups of Lie type (cf. 43.7.2 in [FGT]) that M is a
parabolic subgroup of A. Indeed as |M : U| = 3, M is a minimal parabolic, so as A is of
Lie rank 3 there are exactly two maximal parabolics M; and My over M (cf. 4.3.7.2 in
[FGT)). Indeed one can check that each M; is a split extension of O(M;) = Eg by L3(2),
and that O2(M;) is regular on , so from 8.4, M; is the stabilizer of an affine structure
on . We have shown that conclusion (2) of Theorem 7.9 holds in this case, so we may
assume:

(d) n # 8.

It remains to show that M is maximal in A, so we may assume G is a maximal
overgroup of M in A and M < G. As M < G, P ¢ P(G), so as M is primitive on P we
conclude from 7.9.2 that:

(e) G is primitive on €.

If T =S5, then M £ A by (a), so in any event as G is proper in T, we conclude that

(f) A £ G.

We may assume Q = {1,... ,n} and P = {{1,2},{3,4},...}. Then (using (b) and
(c)), t =(1,2)(3,4) and s = (1,2)(5,6) are in K = Ap, and r = (1,3)(2,4) € M. Thus
E, > R = (t,r) < M with Mov(R) =6 = {1,2,3,4}. Applying Jordon’s Theorem 6.12
to A = Q — 0, we conclude that G is 2-transitive on €. Indeed M 5 is transitive on
I'=0-{1,2}, so

(g) G is 3-transitive on ().

(h) G12 = My 5.

For t! is a transposition, so by 6.13.1, either GT' = Sym(T") or G* is imprimitive. But
MY is the stabilizer of the partition P’ = P — {1,2} of T, so as we’ve proved 7.10 in the
case where T' = S, it follows that GI' = M when G' is imprimitive, so that (h) holds in
that case. However if GI' = Sym(T), then Gy 5 acts faithfully as Alt(T') on T, so by (b),
G contains a 3-cycle, contrary to (e), (f), and 6.13.2. This completes the proof of (h).

It follows from (h) that Fiz(Gy23) = 0, so by (g) and Exercise 6.1, GY is 3-transitive.
Then as s” is a transposition, GY = Sym(6). In particular there is g € Ng(6) such that
u=s9 = (1,3)(a, ) for some o, € A. Then v = su = (1,2,3) - w, where w = (5,6),
(5,6)(a, 8), or (5,6,0), when (o, ) = (5,6), a, 0 > 6, or « =5 and 3 > 6, respectively.
In the first two cases, G contains a 3-cycle, contrary to (e), (f), and 6.13.2. In the third
case, we may take 3 = 7, so v® = (5,6,7) ¢ M?. But then as M* is maximal in
Sym(A) (as we've proved 7.10 when T = S), we have G® = Sym(A). Further n > 10

by (d), so Ng(0)>* < Gy contains a 3-cycle, for our usual contradiction.
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Theorem 7.11. Let I' be a proper nonempty subset of 2, let 1 # T be S or A, and let
M = Np(T'). Then either

(1) M is mazximal in T, or

(2) |T'| = n/2, and Np(P) is the unique mazximal overgroup of M in T, where P =
{I,Q-T}eP.

Proof. The proof is similar to that of 7.10, only much easier, and is left as Exercise 7.1.

(7.12) Let P = {Aq,... A} be a regular (m,r)-partition and set M = Ng(P), K =
Sp, and for 1 <i <r, set K; = Sq_na,. Then

(1) K; acts faithfully on A; as Sym(A;).

(2) K=Ky x--xK,.

(3) There is a complement T to K in M, and a faithful representation of T on I =
{1,...,r}, sothat T acts on P and { K1, ... ,K,} via K! = K;; and Al = A;;. Moreover

T; centralizes K; and A;.

Proof. Exercise 7.2.
Exercises for Section 7
1. Prove Theorem 7.11.
2. Prove Lemma 7.12.

3. Let G be a group, H a subgroup of G, I = {1,... ,m} a finite set, and P = (P; :
i € I) a family of overgroups of H in G. For J C I, set Py = (P; : j € J), with Py = H.
Define a relation ~; on G/H by Hu ~; Hv iff vu=! € P;. Define X = X(G, H,P) to
be the set G/H together with the relations ~;, i € I, regarded (after part (1) of this
problem) as a chamber system on G/H over I. Prove:

(1) For each J C I, ~ is an equivalence relation on G/H, so X is a chamber system
on G/H over I.

(2) Under the representation m of G on G/H by right multiplication, G preserves ~ ;
for each J C I, so G < Aut(X).

(3) For J C I and a € G/H, write [a]; for the equivalence class of ~; containing c.
Then [H]|; is the orbit of H under Py, and Pj is the stabilizer in G of [H]; €~ .

(4) For each @ # J C I, ~ is the equivalence relation generated by {~;: j € J}.
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(5) X is injective iff (,.; Pi = H, and X is nondegenerate iff for each j € I,

(P ={H}and (| Pr=P;
icl icj’

(6) X is connected iff G = (P).

(7) Assume Y = {~;: i € I} is a chamber system on € over I, and G is a group
of automorphisms of Y transitive on . Pick w € , set H = G,,, and for i € I, set
P, = Ng([w)i). Set P = {P; :i € I} and X = X(G,P). Define ¢ : Q — G/H by
¢ :wgrs Hgfor g € G. Then ¢ : Y — X is a G-equivariant isomorphism of chamber

systems.

4. Let I = {1,...,m} be a finite set. A geometric complex over I is a simplicial
complex C = (V, X)), together with a surjective function 7 : V' — I on the vertex set V of
C, such that for each o in the set ¥ of simplices of C, we have 7 : 0 — [ is an injection,
and each simplex is contained in a simplex of order m. Define 7(o) to be the type of o.
The chambers of C are the simplices of type I; write Q(C) for the set of chambers of C. A
morphism « : C — C' of complexes over I is a simplicial map « : V' — V' which preserves
type.

Define X(C) to be the set (C) together with the relations (~;: i € I) on (C)
defined by w ~; A iff the subsimplices of w and A of type i’ are the same. Define
X(a) : X(C) = X(C) by wX(a) = wa.

Let X = (~4: i € I) be a chamber system over I on a set ). Define C(X) =
(V(X),2(X) to be the geometric complex over I with

V(X) = HQiH

where €2 is the set of equivalence classes of ~;/, and o C V(X)) is a simplex iff (., v #
. Define 7(X)(v) = i, where v € Q;. Given a morphism § : X — X’ of chamber
systems over I, define C(3) : C(X) — C(X') by C(B) : [w]ir — [wS]i-

Prove:

(1) X is a functor from the category € of geometric complexes over I to the category
X of chamber systems over I.

(2) C is a functor from X to €.

(3) For J C I and o € X(C) of type J', define op = {w € Q(C) : ¢ C w}. Then
op e~y={~jijeJ}and ~j={op:0 € X(C) and 7(0) = J'}.
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(4) The map ¢ : V. — V(X(C)) defined in (3) is an isimorphism ¢ : C — C(X(C)) of
geometric complexes over I.

(5) For w € Q set wp = {[w]y : @ € I}. Then ¢ : X — X(C(X)) is a surjective
morphism of chamber systems over I, and v is an isomorphism iff X is nondegenerate.

(6) X(C) is nondegenerate, so that X(C) = X(C(X(C))).

(7) Let T'= X oC regarded as a functor from the category X to X. Then ¢ : 1 — T is
a natural transformation, where 1 is the identity functor on X; that is for X,Y € X and
8 € Mor(X,Y), Bt = $T(B).

(8) Let T" = C o X regarded as a functor from € to €. Then ¢ : 1 — T is a natural
equivalence.

(9) Let Q) be the category of nondegenerate chamber systems over I. Then X : € — )

and C : ) — € define equivalences of categories.
Section 8. Affine structures

In this section p is a prime, e is a positive integer, and €2 is a finite set of order p°.
Set S = Sym(€). We discuss affine structures on ). Recall the discussion of relations

and their stabilizers in Definition 7.1.

Definition 8.1. An affine structure on € is a 4-ary relation A = A(Q, +) on Q of the
form

A={(a,b,c,b+c—a):a,b,ceQ},

defined by some e-dimensional vector space structure (£2,4) on Q over the field F,, of
order p. The stabilizer in S of the affine space structure A is the subgroup Ng(A) of S
defined in 7.1.

(8.2) Let V = (2,4) be an e-dimensional vector space structure over F,, A = A(V)
the corresponding affine structure on ), and M = Ng(A) the stabilizer of A. Then

(1) For each a € Q, the translation 7, : b— a + b is in M.

(2) D = D(A) = {14 : a € Q} is a subgroup of M isomorphic to E,e, and D is reqular
on €.

Proof. We first prove (1). Let d € Q and 7 = 74. Then

(a,b,c,b+c—a)r=(a+d,b+d,c+d,b+c—a-+d)
=(a+d,b+d,c+d,(b+d)+ (c+d)—(a+d)) € A,
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so 7 € M, establishing (1).

Visibly 7,7 = Ta+p, S0 D = {14 : d € Q} is a subgroup of M, and the map a — 7, is
an isomorphim of D with the group V. Therefore D = Ej.. For a,b € Q, at,—, = b, so
D is transitive on 2, and visibly Dy = 1, so D is regular on €2, establishing (2).

Definition 8.3. Given an F-space structure (£2,+) on £, define the group D(A(Q2, +))
of 8.2.2 to be the group of translations of A(§,+). Given E,e = D < § with D regular
on S, and given a base point w € {2, define a relation + = +p ,, on 2 by wa + wb = wab
for a,b € D. This is well defined as D is regular on ), so for each a € (), there is a

unique d € D with a = wd.

(8.4) Let Epe =2 D < S be regular on Q and pick w € Q. Then

(1) (2, +p.w) is an Fy-space with zero vector w.

(2) A(D) = A(Q,+p.w) is an affine structure on Q independent of w.

(3) D = D(A) is the group of translations of A.

(4) Ns(A(D)) = Ns(D).

(5) Ns(D)y is a complement to D in Ng(D), and Ng(D), acts faithfully on D as
GL(D).

Proof. Write D additively, and set + = +p . By construction the map ¢ : d — wd is
an isomorphism of the group D with (£24) in the category of sets with binary operation,
so (1) holds. Thus A = A(D) is an affine structure on 2. If ¢ is a second base point,
then § = wd for some d € D and for a,b,c € D,

(6a,db,6c,0(b+c—a)) = (w(la+d),wb+d),w(lc+d),w(b+d)+ (c+d)—(a+D))) € A,

so A is independent of the choice of w, establishing (2).

Part (3) is immediate from the definitions.

Set G = Ng(D) and J = G,. As D is abelian and regular on Q, D = Cg(D) by
Exercise 6.2. Then by 1.13.2, G/D = GL(D). As D is regular on €, J is a complement
to D in G, so J 2 GL(D), and as D = Cg(D), J acts faithfully on D. This completes
the proof of (5).

Let T'= Ng(.A); it remains to show that G = T Identifying {2 with D via the bijection
p, we may assume {2 = D and w = 0 is the identity of D. Subject to this identification,
J acts on § via conjugation by 6.6.2. As D is regular on Q, T' = Ty, D, where Ty is the
stabilizer in T" of 0. Thus it remains to show Ty = J. First for j € J,

(a7bac7b+0_a)j = (aj7bjacj7(b+c_a>j) = (ajabj7cj7bj +CJ _aj)
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as j preserves addition on D. Thus J < Tjy. Second, for t € Tp,
(0,at,bt,(a+b)t) = (0,a,b,a+b)t € A

for all a,b € D, as T preserves A, so (a+ b)t = at + bt, and hence t € J. This completes
the proof of (4).

(8.5) Let V= (Q,+) be an e-dimensional vector space structure over F,, A = A(V)
the corresponding affine structure on 2, M = Ng(A) the stabilizer of A, 0 € Q the zero
vector in V', and D the group of translations of A. Then

(1) F*(M) = D = E,e, and D is regular on Q.

(2) The stabilizer My of 0 in M is a complement to D in M, My = GL(V), and the
map a — T, 1S an equivalence of the representation of My on €0 with the representation
of My on D wvia conjugation.

(3) A= A(D).

(4) The map D — A(D) is an S-equivariant bijection between the set of elementary
abelian regular subgroups of S and the set of affine structures on Q.

(5) S is transitive on its affine space structures.

Proof. By 8.2.2, D = Ej. is regular on (2, so by 8.4, B = A(D) is an affine structure on
Q2. Consider the F, space U = (Q,H), where B = +p o, and 0 € Q is the zero vector of
V. Observe for a,b € €2,

a+b=01,+ 07 =0(147) = 07, B0, = a B b,

so U =V, and hence B = A, establishing (3). Then by (3) and 8.4.3, the map ¢ : D —
A(D) of (4) has inverse A — D(A), so v is a bijection. Visibly 1 is S-equivariant, so
(4) holds.

By (4), M = Ng(D). By 8.4.3, M/D = GL(D), so in particular O,(M/D) = 1. Thus
D = O,(M). We saw during the proof of 8.4 that D = Cg(D). Therefore D = F*(M)
by 3.7 and 3.9, completing the proof of (1).

As M = Ng(D), (2) follows from 8.4.5.

The representation of D on 2 is the regular representation, which is determined up

to quasiequivalence, so S is transitive on such subgroups D by 1.13.1. Then (4) implies

(5).

Section 9. Diagonal structures
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In this section we assume the following hypothesis:

Hypothesis 9.1. L is a nonabelian finite simple group, » > 1 is an integer, and € is a
finite set of order |L|"~t. Set S = Sym().

Definition 9.2. Define Diag(L, §2) to be the set of transitive subgroups D of S such that
D is the direct product of r copies of L, and for w € €2, D,, is a full diagonal subgroup of
D. (See Definition 4.8 for the definition of a full diagonal subgroup of the direct product

of isomorphic groups.)

(9.3) S acts transitively via conjugation on Diag(L, ).

Proof. Let D € Diag(L,2). By 4.10.2, Aut(D) is transitive on the set of full diagonal
subgroups of D. Thus by 1.11, for each D" € Diag(L,2), the inclusion maps ¢ : D — S

and ¢/ : D' — S are quasiequivalent. Then the lemma follows from 1.13.1.

(9.4) Let D € Diag(L,), we Q, F =D, and M = Ng(D). Let L ={Lq,...,L.} be
the set of components of D. Then

(1) D=Ly x -+ X L, with L; 2 L for each i.

(2) There exists a family a = (o, ... ,ay) of isomorphisms o; : L1 — L; with oy =1

the identity map on Ly, such that
F = diag(a) = {H acg ta € Ly},

(3) M = M,D with My, = Nayp)y(F) and D = F*(M).

(4) M, = Ny (F) =T x K, where T acts faithfully on £ as Sym(L) with Np(Ly) =
Cr(Ly1), K is the kernel of the action of M, on L, and K acts faithfully on Ly via
conjugation as Aut(Ly) with F = F*(K).

Proof. By 9.2, (1) holds and F' is a full diagonal subgroup of D. Then (2) follows from
4.9.1. By 9.2, D is transitive on €2, so M = M, D.

Let X = Ly---L,._1. As F is a full diagonal subgroup of D, F' is a complement to
X in D, so X is regular on 2. Thus X is a regular normal subgroup of D, so by 6.6.2,
the map = — wx is an equivalence of the representation of F' on X via conjugation with
the representation of F' on 2. In particular as Cx(F) = 1, Fiz(F) = {w}. Thus Cs(D)
fixes w, so as D is transitive on 2 we conclude that Cs(D) = 1. Then by 1.13.2 and 1.11,
My = Ngyypy(F). As D < M and Cs(D) =1, D = F*(M) by 3.5.2 and 3.9. This
completes the proof of (3).
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Next F =D, < M, as D < M. But by 4.10.3, F = Np(F'), so as M = M, D, it
follows that M,, = Ny/(F). Now 4.10.3 completes the proof of (4).

Remark 9.5. We wish to define a notion of a “diagonal structure” on 2 determined by
L in such a way that there exists an S-equivariant bijection D — d(D) of Diag(L,?)
with the set diag(L,(2) of diagonal structures on 2. The easiest way to accomplish this
goal is to define diag(L, 2) to be Diag(L,2). The reader is free to adopt this definition
and ignore the remainder of this section. On the other hand, the classes of “structures”
we have considered so far are all defined to be families of relations on €2, so it would be
nice to give a definition of diag(L, {2) in that language. In the remainder of the section,
we work toward such a definition. It should be noted however that it is not clear the
point of view we introduce below is all that useful, although it is used in our proof of a
theorem of Burnside in 11.6, and in the proof of 14.6.4.

Definition 9.6. Let A be a finite set. An orbital structure on A is a partition O =
{O; :i eI} of Ax A. Thus O is a collection of relations O; on A. Alternatively on can
regard O as a coloring of the complete directed graph on A with the set I of colors. The
stabilizer Ngym(a)(O) of O in Sym(A) is the subgroup

Ngym(a)(O) = ﬂ Ngym(a)(O0s)
il

of Sym(A) preserving each of the relations in O.

Example 9.7. Let A be a finite set and G a transitive subgroup of T' = Sym(A). Define
the orbital structure O(G) of G to be the set of orbits of G on A x A. Visibly O(G) is
an orbital structure on A, and G < Np(O(G)).

Observe that if G is 2-transitive on A, then O(G) = {01,032}, where O; = {(6,0) :
d € A} is the diagonal orbital, and Oy = A x A —0O;. Hence in this case, T = N7 (O(Q)).
But if G is not 2-transitive, then N7(O(G)) is a proper subgroup of 7. In particular if
G is maximal in T, then G = Np(O(G)).

Indeed the various graphs G on 2 preserved by G can be retrieved from O(G) by
defining G = (Q, E'), where the set E of edges of G is the union of some suitable subset
of the relations in O(G). By construction, G < Aut(G), and if G is maximal in S then
G = Aut(G) for each such graph G.
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Definition 9.8. Define diag(L,2) to be the set of orbital structures on ) isomor-
phic to O(Ng(D)) for some D € Diag(L,2). In particular by Example 9.7, Ng(D) <
Ng(O(Ng(D)), and if Ng(D) is maximal in S (which it is) then Ng(D) = Ng(O(Ns(D))).}
Hence the map D — O(Ng(D)) is a S-equivariant bijection of Diag(L, 2) with diag(L, §2).

Example 9.9. Here is a nice description of the members of diag(L,{2) when r = 2.
There is a similar, but less attractive, description for larger r. See Exercise 9.1 for this
description.

Assume r = 2. Then Q| = |L|, so we take Q = L. Let

D ={(a,b) :a,be L}
be the direct product of two copies of L, and let
F ={(a,a):a € L}

be the standard full diagonal subgroup of D. Define t € Aut(D) by (a,b)’ = (b,a), and
for o € Aut(L), define k, € Aut(D) by (a,b)*> = (a®,b*). Then the map k : a > kq is
an embedding of Aut(L) in Aut(D); write K for the image of this embedding. Observe
t centralizes F, and, identifying D with Inn(D) via d — cq where ¢4 € Aut(D) is
conjugation by d € D, we have Inn(L)k = F. Thus KN D = F. By 4.10, B = K(t) =
Naw(p)(F). Set G = DB < Aut(D).

Represent D on Q = L via c¢- (a,b) = a~lcb for a,b,c € L. Represent B on L

via ¢ -k, = co and ¢ -t = ¢ L.

These representations embed G in S as a transitive
subgroup with the stabilizer G; of 1 € L in G equal to B. Therefore D € Diag(L,?)
and G = Ng(D) by 4.10.

We next define an orbital structure Oy, on 2. Let C be the set of orbits of B on L,
and for C' € C, define

Oc = {(a,b) € L x L:ba"* € C}.

Finally set O, = {O¢ : C € C}. The next lemma says that O = O(G), so that
Oy, € diag(L, Q).

(9.10) Assume r = 2 and take Q = L and define D, G, and O, as in Example 9.9.
Then

(1) O = O(G).

(2) Op, € diag(L, ).

Proof. Exercise 9.1.
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Exercises for Section 9

1. Assume Hypothesis 9.1, let D € Diag(L,(?), and adopt the notation of 9.4. Set
I={1,...,r}, X = Ly---L, and regard D as L and F = {u(a) : a € L}, where
t(a)(i) = a for all i € I. Prove:

(1) X is regular on €2, so we can take X = ) via the identification x — wx for x € X.

(2) For a € L, define £(a) € X by {(a)(i) =aforeach 1 <ie€l. Letnx:D — X
be the projection map of D = L1 x X onto X. Then, subject to the identification of €2
with X in (1), D acts on Q via y-d = £(d(1)) " ty(drx), for d € D and y € X.

(3) The kernel K of the action of M, on L can be regarded as Aut(L). Further K
acts on D by conjugation via (d¥)(i) = d(i)* for k € K and d € D, and, subject to the
identification of 2 with X in (1), K acts on 2 via conjugation on X.

(4) We can choose T = Sym(I) to act on D by conjugation via d'(i) = d(i*" ) for
deDandteT.

(5) For 1 <i € Ianda € L, define (;(a) € X by (;(a)(j) =1 for j # i and (;(a)(i) = a.
Define o; € Sym(X) by 2 = &(z(7)) " 'x¢;(z(i))~!. Then T} acts on © via restriction
to X from D, while (1,4) € T acts as o;.

(6) Let C be the set of orbits of K x T on X, and for C' € C, set O¢ = {(z,y) €
X x X :yz~! € C}. Then the map C — O¢ is a bijection of C with O(M).

(7) For = € X, the orbit of x under K x T is {z*!, 2% : k€ K, t € Ty, 1 <i € I}.

(8) For each a € L, Cy = {£(b),Gi(b)" 1 <ic I, beaX} eC.

(9) Let m = |{|a| : a € L}|. Then |C| > m > 3, so |O(M)| > m > 3.

Section 10. Regular product structures

In this section {2 is a finite set of order n and S = Sym(£2). We record results about

regular product structures on 2. We begin by recalling some definitions from Section 2.

Definition 10.1. Let m,k be integers with m > 5 and £ > 1. We recall the notion
of a regular (m,k)-product structure on €. From Example 2.19, such a structure is a
(similarity class of) bijection(s) f : @ — T'f, where I = {1,... ,k} and T is an m-set.
The function f may be thought of as a family of functions (f; : @ — I' : i € I) via
flw)=(filw),..., fe(w)) for w € Q.

k

Observe that if Q admits a regular (m, k)-product structure, then n = m”.
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While the definition given in 10.1 is often useful, there is a second equivalent definition
in terms of chamber systems which is usually more useful. When we wish to distinguish
between the two types of objects, we refer to the functions f in Definition 10.1 as informal
reqular product structures, and call the chamber systems defined in the next definition as

formal regular product structures.

Definition 10.2. Again let m, k be integers with m > 5 and k£ > 1. Formally a product
structure is a family F = (€; : i € I) of partitions €; of € into m blocks of size m*~!,

such that F is injective: For each w € ),

Nl = {w},

i€l

where [w]; is the block in €2; containing w.
Observe that if ~;=~¢q, is the equivalence relation on 2 whose set of equivalence
classes is €2;, then (cf. Definition 7.4) we can regard F as an injective chamber system

on Q over I.

Remark 10.3. The class of chamber systems defined in Definition 10.2 are also con-
sidered in [BPS1], where such objects are called Cartesian decompositions of . Various

properties of Cartesian decompositions are derived in [BPS1] and [BPS2].

Let us now see how to pass between our two definitions, and in particular convince

ourselves that they are indeed equivalent.

Definition 10.4. Let f : Q — TI'! be an informal (m, k)-product structure. We define
a family F = F(f) of partitions of Q. The ith partition of the family is Q; = {f; *(v) :
v € T}, the set of fibers of f;. By construction, Q; has m blocks of size m*~1. As the

function f is an injection, the chamber system F(f) is injective.

Definition 10.5. Next assume F = (§2; : i € I) is a formal (m, k)-product structure. An
indexing of F is an indexing Q; = {€2; 5 : v € I'} of the blocks of the various partitions
2; by our m-set I'. The function f in Definition 10.4 defines the indexing €2; , = 1)
of F(f). In the other direction, an indexing Z of F defines a function f = fr 7 : Q — T
via w € €; 5, (). As F is injective, the function f defined by the indexing is injective, so
as |Q| = |T|, f: © — I'! is a bijection, and hence defines a informal product structure
on ().
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In short, the formal definition is a “coordinate free” definition of product structure,
in that the various indexings of F define various (similar) informal product structure
functions, corresponding to a choice of “coordinate system” for the description of 2 as a
set product.

Write F = F(2) for the set of all formal regular product structures on 2. Observe
that S is represented on F via s : F — Fs = {Q;s : i € I} for s € S. Recall from
Definition 7.4 that the stabilizer Ng(F) in S of F is the subgroup consisting of those
s € S such that Fs = F; that is Ng(F) is the stabilizer of F in the representation of S
on F.

(10.6) (1) The map ¢ : (f) — F(f) is a bijection between the set of similarity classes
of informal regular (m,k)-product structure on 0, and the set F(2) of formal regular
(m, k)-product structures on Q.

(2) The inverse of ¢ is 1 : F — (fr 1), for any indexing I of F.

(3) Represent S on the set P of similarity classes of informal product structures via
s:(f)— (s7Lf). Then ¢ is S-equivariant.

(4) S is transitive on F ().

Proof. Let P be the set of informal regular product structures on €, and set P = {(f) :
f € P}. Let f,g € P and m; : I'Y — T the ith projection. Then f; = fr; and g; = gm;,
i € I, are the corresponding projection maps from € to I'. From Definition 2.10, (f) = (g)
iff

Of ={f7'(v):vel}={g;"(7) 1y €T} = .

Thus (f) = (g) iff F(f) = F(g), so the map ¢ : P — F is a well defined injection.
Similarly if 7, J are indexings of 7 € F, and f = fr 7 and g = f 7, then from the
definition of f, g in 10.4, for each i € I,

(7)) v el =2 ={g;' () : v €T},

so (f) = (g) by the previous paragraph. Hence 1) : F — P is well defined. Moreover
this says that F(f) = {Q; : i € I}, so F(f) = F, and hence ¢ = 1 is the identity map.
Therefore ¢ is a surjection, while from the previous paragraph, ¢ is an injection, so ¢ is
a bijection. Then as ¥ = 1, 1) = ¢!, completing the proof of (1) and (2).

Let h € P. Then fh~! = a € S with f = ah, so fori € I, f; = fm; = ahm; = ah;,
and hence

Qf = {f7'() v e} ={h; ' ()a"t sy €T} = Qla",
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so that Q{a — QF. Therefore F(f)a = F(h), so the representation of S on P in (3) is
well defined, and ¢ is S-equivariant. That is (3) holds. Further as f = ah, (f)a=! = (h),
proving (4).

We next establish a criterion for a group D to preserve a regular product structure.

(10.7) Assume |2 = mF and let w € Q and I = {1,... ,k}. Assume D is a transitive
subgroup of S which is the direct product of a set D = {D; :i € 1} of subgroups such that

Dy =[] Diw
icl
with |D; : D; | = m for each i € I. Define F = F(D) = (; : i € I) to be the chamber
system on 0 such that Q; is the set of orbits of Dy = (D; : j € I —{i}) on Q. Then

(1) F € F(Q).

(2) D is contained in the kernel of the action of Ng(F) on F.

(3) Dy is the kernel of the action of D on Q;, and D; acts faithfully and transitively
on ;.

(4) If G is a subgroup of S permutating D via conjugation then G < Ng(F).

Proof. By hypothesis, D, = [[;c; Diw. Hence as |D; : D;,| = m for each j € I,
|Dyr = Dyr ;| = m*~1, so the orbit wD; is of order m*~1.

As D;; < D and D is transitive on €2, the set €2; of orbits of D; on €2 is a partition of
Q into m blocks of size m”~!. Thus F is indeed a chamber system on 2, and to complete
the proof of (1) it remains to show F is injective. Suppose a € wD;s for each i € I.
Then for each ¢ € I, there is g; € Dy with wg; = a. Now g; =d;1---d;,» with d;; € D;.
Further for j # i, gigj_1 € D, soas D, =[], Diw, xi,lx]'_’ll € Dy, for each [. However
x5 =1,s0 x;; € Dj, for each j € I, and hence ¢g; € D, so that « = wg; = w. This
completes the proof of (1).

Part (2) follows by construction of F, as does the fact that D; is contained in the
kernel K of the action of D on §2;. Thus K = Dy X, where X = D; N K. But X < Dy
for each j # 4, so X fixes all blocks in each partition €2;. But then as F is injective, for
each a € Q, X acts on the intersection {a} of the blocks containing «, so X < Sq = 1.
Thus D, is faithful on €2;, and as D = D, D; is transitive on €2;, so is D;. This completes
the proof of (3).

Let G = Ng(D). Then D < @G, and G permutes D via conjugation, so G permutes
{D;s i € I} and hence the set F of orbits of those groups. This establishes (4).
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(10.8) Assume the setup of 10.7, and assume for each i € I that E; < D; with D; =
D, E;. Set E={E;:i€1}. Then F(D) = F(&).

Proof. As D; = D, ,E; for each i € I, wD; = wEj and €); is the set of orbits of E;/.

Set Up 10.9. Assume Q = I'! for some set I' of order m and I = {1,... ,k}. Thus
the members of ) are functions from I into I'. Let m; : 2 — I' be the ith projection
mi(u) = u(i).

Let id : Q© —  be the identity map and F = F(id) € F(Q). Hence F = {Q; : i € I},
where Q; = {7 '(y) : v € T'}. Let T = Sym(I) and represent T on Q via (u-t)(i) =
w(@ ) for u € Q, i € I, and t € T. Identifying T with its image in S under this
representation, we may regard 7' as a subgroup of S.

For o € Sym(I') and ¢ € I, define k;(c) € S by (u - ki(0))(j) = u(j) for j # i, and
(u-ki(0))(i) =u(i)o. Set K; = {k;(0) : 0 € Sym(I')}, so that the map ¢ : 0 — k;(0) is
an isomorphism of K; with Sym(T'). Set K = (K;:i1 € I) < S.

Let A =1TJ,c;
defining ¢ : vy — ;" (%), the pair 1, ¢ defines a quasiequivalence of the representation of
Sym(I") on I', with the representation of K; on ;. That is K; acts faithfully as Sym(£;)
on €);.

It follows that K = Ky x --- x K} is the direct product of k copies of S,,. Further
(K, T) < Sym(A) preserves the regular partition F on A. By 7.11, the stabilizer M in
Sym(A) of this partition is isomorphic to the wreath product of S,,, by Sk, with Mz = K
the direct product of k copies of S,,, and M7 = Sym(F). As K < K it follows that
K = K, and then as T = T7 = Sym(F), it follows that M = KT with T a complement
to K in M. Observe by construction, Nrp(K;) = Cr(K1).

Finally let M = Ng(F). Then M also permutes A and by an argument in the proof
of 10.7.3, M is faithful on A. Thus M < M, so M = M.

€2;. Observe each Kj; acts on each 2, for j # 4, K is trivial on §2;, and

(10.10) Let F = (4 :i € I) € F, pickw € Q, and set M = Ng(F). Let K be the
kernel of the action of M on F. Then

(1) K = K1 x---x Ky, where K; is the subgroup of K trivial on Q; for each j € I—{i}.
Moreover K; acts faithfully as Sym(€2;) on ;.

(2) K has a complement T in M, such that T acts faithfully on F as Sym(F) and
Nrp(Ky) = Cp(Ky).

(3) M is isomorphic to the wreath product of S,, by Sk.



50 MICHAEL ASCHBACHER

(4) F*(M) =D = Dy x --- X Dy, where fori € I, D; = F*(K;) acts faithfully on $;
as the alternating group, and D; = H#i acts transitively on each block in §2;.
(5) F = F(D), where D ={D; :i € I}.

Proof. Pick a set I' of order n and an isomorphism f : Q — I'! with F(f) = F. Identi-
fying 0 with I'! via f, we may assume Q =I'? and f is the identity map id on . Thus
we are in Set Up 10.9. Then (1)-(3) follows from the discussion in Set Up 10.9. Next
(1)-(3) imply (4), while (4) implies (5).

Exercises for Section 10

1. Let m,k > 1 be integers, I = {1,... ,k}, I' an m-set, f : Q@ — I'l an informal
product structure on Q, and F = F(f) = (; : i € I) € F. For i € I, let ~; be the
equivalence relation on 2 with set of equivalence classes €2;, and regard F = (~;: i € I)
as a chamber system on €2 over I. If k£ > 2 then F is not nondegenerate. In this exercise
we form the dual chamber system F* of F, and show that F* is nondegenerate. Then,
using Exercise 7.4, we can naturally associate to F the simplicial complex C(F*), which

we investigate in later exercise. For J C I, set
~Jg= Vieg ~i,

let 77 : ' — T' be the projection map 7s(u) = u)y for u € I'" and j € J, and set
fr=ms0f:Q— T’ Define the dual of F to be the chamber system F* = (~;: i € I)
on €2 over I. Prove:

(1) For each i € I, ~j=~vy= {f; }(u) : u € T"}.

(2) For each J C I, ~; has equivalence classes {f},'(u) : u € T/}

(3) For each J C I,

is the equivalence relation generated by {~;: j € J}.

(4) For each J C I and w € ,

Vies ~y=ry and [\l = Wl
JjeJ

where [w]; is the equivalence class of ~; containing w. Moreover [w|; = {w}.

(5) F* is a nondegenerate chamber system.
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2. Let G be a group, I = {1,...,m} a finite set, and F = (G; : ¢ € I) a family
of subgroups of G. Define a simplicial complex C(G,F) = (V(G,F),%(G,F)) by V =
V(G,F) =1l;e;G/Gi and ¥ = X(G,F) = {04, : @ # J C I, x € G}, where 0, =
{Gjx:j e J}. Define 7:V — I by 7(Giz) = 1.

Let C = (V,X) be a geometric complex over I. (cf. Exercise 7.4) For o € ¥ of type
J C I, the residue or link of o is the geometric complex lk(o) over J’ with simplices A — o
for 0 C A\ € ¥. We say C is residually connected if for all J C I with |J'| > 1, and for all
o € % of type J, Ik(o) is connected.

Prove:

(1) C = C(G,F) is a geometric complex over I, and the representation of G on V' by
right multiplication maps G to a flag transitive group of automorphisms of C; that is for
each J C I, (G is transitive on simplices of type J.

(2) For each J C I, set G =(;c; G, with Gz = G. Then G is the stabilizer in G
ofoy=o0y1.

(3) Assume G is a flag transitive group of automorphisms of C, and pick a chamber
o={v; :i €I} of C with v; € V of type i. Set G; = G, and F = (G; : i € I). Define
€:V = V(G,F) by € :v;g — Gig. Then ¢ is a G-equivariant isomorphism of C with
(G, F).

(4) For i € I set P, = Gy and P = (P; : i € I). Set H = G and form the chamber
system X = X (G, H, P) of Exercise 7.3, and the chamber system X = X(C) of Exercise
7.4. Define ( : G/H - Q={0r,:2€ G} by(: Hr+— o7,. Then (: X — X is a
G-equivariant isomorphism of chamber systems.

(5) C 2 C(X), where C(X) is defined in Exercise 7.4.

(6) C is connected iff G = (F).

(7) For J C I, set Fy = (Gyugy i € J'). Show G is flag transitive on lk(oy), and
k(o) =2 C(Gy, Fy).

(8) C is residually connected iff for all J C I, G; = Py.

3. Let C, = (V,.,%,, 7) be geometric complexes over I, for r = 1,2. Set V = V; [] V&,
I = I, [[ I, and define 7 : V. — I by 7y, = 7. Let X consist of the nonempty sets
o1 ][ o2 such that o, € ¥, U{@} for r =1,2. Set C; & C2 = (V, X, 7). Prove:

(1) C1 & Cy is a geometric complex over 1.

(2) For each 0 = 01 [[ o2 € X of type Ji [] Ja2, Ik(o) = lk(01) @ lk(03).

(3) Given positive integers nq,... ,ng, let I'(n;) be the 0-dimensional complex with n;
vertices, and set C(ny,... ,cx) = I'(n1) @ --- @ T(ng). Set C(n¥) = C(ny) @ --- @ C(ny)
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where n; = n for all i. Let C = (V, %) be a geometric complex over I = {1,... ,k}, write
V; for the set of vertices of C of type i, and set n; = |V;|. Prove C = C(ny, ... ,ng) iff for
each v; € V;, 1 <i < k, we have {v1,... v} € .

(4) Let C = C(n1,...,ns). Show for each @ # J C I and simplex o of type J,
k(o) =C(n; 1€ J).

(5) Assume F € F is a regular (m, k)-product structure on a set €2, regard F as a
chamber system, and let F* be the dual of F defined in Exercise 10.1. Let C(F*) be the
geometric complex constructed in Example 7.4. Prove C(F*) = C(m*).

(6) Prove C = C(ny,...,ny) iff C is residually connected, and for all J C I with

|J'| = 2, and for all simplices o of type J, Ik(o) = C(n,, m) for some n,, m,.
Section 11. The structure of primitive permutation groups.

In this section we investigate the structure of a finite primitive permutation group.
We will see that the structure of such a group is highly restricted. This is one reason why
one should usually seek to reduce questions about permutation groups to the primitive
case.

Throughout this section €2 is a finite set of order n, S = Sym(£2), and G a primitive
group of permutations on (2; that is G < S and G is primitive on €.

In this section we state the Structure Theorem for Primitive Permutation Groups and
explore what it is saying. Then in the next section we prove the theorem.

In the literature the Structure Theorem is often called the O’Nan-Scott Theorem.
Actually (as I understand it) O’Nan neither stated nor proved the theorem. Rather he
and (independently) Len Scott were (I believe) the first to prove and state Theorem
13.1, which describes the subgroup structure of finite symmetric groups, and can be
derived from the Structure Theorem. In [S], Scott states a version of the Structure
Theorem, and gives a sketch of a proof; this seems to be the first appearance of the
Structure Theorem. However, probably because he didn’t write out all the details of a
proof, Scott’s statement is not quite correct. The first correct statement and proof of

the Structure Theorem appears in [AS].

Theorem 11.1. (Structure Theorem for Primitive Permutation Groups)

Let G be a primitive permutation group on a finite set ) of order n, w € Q, H = G,
and D = F*(G). Then G = HD and one of the following holds:

(A) D = E,c for some prime p and integer e, and D is regular on §2, so n = p® and

H is a complement to D in G, acting irreducible on D regarded as an F,H-module.
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(B) G has exactly two minimal normal subgroups Dy, and Dy, and D = Dy, x Dy is
the direct product of the r conjugates of L x K where L and K are isomorphic nonabelian
simple groups with L < Dy, and K < Dg. Further H = Ng(H N D) and H N D is the
direct product of the H conjugates of the full diagonal subgroup H N LK of L x K. In
particular n = |L|".

(C) D is the direct product of the set L of r components of G, H is transitive on L
via conjugation, each L € L is a nonabelian simple subgroup, and one of the following
holds:

(1) D is regular on Q, H is a complement to D in G, and Inn(L) < Auty(L) so
r>6, andn = |L|".

(2) There ezists a mazimal (in the partial order of Definition 7.2) H-invariant parti-
tion X(G) of L of order t < r such that H = Ng(H N D) with H N D the direct product
of the full diagonal subgroups F, = H N D, of D, = (o), for 0 € ¥(G). In particular
n=|L|"".

(3) H= N¢g(H N D) with HN D the direct product of the H conjugates of HN L, and
Auty (L) is mazimal in Autg(L). In particular n = |L: LN H|".

The proof of Theorem 11.1 appears in the next section. Let us examine the theorem
to get a better idea of what it is telling us. Our point of view will be that each case
corresponds to a class of structures on €2 preserved by groups in the class. In case A
the group G preserves an affine space structure on 2, while in the remaining cases either
G preserves a diagonal structure or a regular product structure, or GG is almost simple.
From the discussion in previous sections, the structures are determined up to conjugacy
under S, and we have seen what the stabilizer of each structure looks like.

First consider Case A. Here as D = E,., we may view D as an e-dimensional vector
space over the field F,, of integers modulo p, and Aut(D) = GL(D) is the general linear
group on this vector space. It is convenient to write the group additively, so that the
addition on the vector space is the addition in D, and the scalar multiple of a vector
d € D by a congruence class (p) +m in F, is just the mth power md of d in D. From
8.4, D defines an affine space structure A = A(D) on €2, D is the group of translation for
this affine space structure, and Ng(D) = Ng(.A) is the stabilizer in S of A. In particular
G stabilizes A.

We call the groups in Case A the affine primitive groups.

Next consider Case B. We call the groups in this case doubled primitive groups as such
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groups have a pair Dy, Dg of isomorphic minimal normal subgroups, while in each of
the other cases, G’ has a unique minimal normal subgroup.

In Case B set D = (LK), and observe that D is an orbit of length 7 under the action
of G via conjugation, with D the direct product of the members of D. Further for each
X =LxKeD, X, =HNLK is a full diagonal subgroup of X, so |X : X,| = |L|.
Finally D,, = H N D is the direct product of the groups X,,, X € D. Therefore if r > 1,
then by 10.7, Ng(D) preserves a regular (|L|, r)-product structure F = F(D) on . In
particular G < Ng(F).

On the other hand suppose 7 = 1. Then (cf. Definition 9.1) D € Diag(L,(2) and by
Remark 9.5, Ng(D) preserves the diagonal structure on € determined by D. In particular

G preserves this diagonal structure.

This leaves Case C. Recall in Case C that L is the set of components of G, |L] = r,
and D is the direct product of the set £ of components.

We first consider Case C1. We call the groups in this case complemented primitive
groups as H = G, is a complement to the regular normal subgroup D of G. As D is
regular on §2, 1 = D,, is the product of the subgroups L, = 1, L € L. Thus once again by
10.7, Ng(D) preserves the regular (|L|,r)-product structure F = F(L), so in particular

G preserves this structure.

Next we consider Case C2. Recall t = |X| is the order of the G-invariant partition
Y =3%(G) of L, and for o € 3, D, = (o) is the direct product of the components in o,
and H N D, = F, is a full diagonal subgroup of D,. We call the groups in Case C2,
diagonal primitive groups as D, is the direct product of the full diagonal subgroups F,
of the subgroups D, .

Suppose first that ¢ > 1. In this case set D = {D, : 0 € X}. Then D is the
direct product of the groups D,, which are permuted by G as ¥ is G-invariant. Further
|Dy : Dyo| = |Dy : E,| = |L|"=9/t. Therefore by 10.7, Ng(D) preserves the regular
(|L|"=1/t, t)-product structure F = F(D), so in particular G preserves this structures.

Now assume t = 1. We call the groups in this subcase strongly diagonal, since as we will
soon see, they preserve a diagonal structure on Q. Indeed X = {L},so F=HND = D,
is a full diagonal subgroup of D, and hence (again see 9.2) D € Diag(L,2). Then by
Remark 9.6, Ng(D) is the stabilizer of the diagonal structure determined by D, and in

particular G preserves this structure.
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Finally we consider Case C3. Observe G is almost simple iff » = 1. In that event we
of course call G an almost simple primitive group.

So assume that » > 1. Now in this case D, is the direct product of the groups L.,
L € L, so as usual by 10.7, Ng(D) preserves the regular (|L : L/, r)-product structure
F = F(L). In particular G preserves F. Observe that, as L is simple, L is faithful on
L/L,, so Sym(L/L,) is not solvable, and hence |L : L, | > 5.

We call the groups in Case C3 semisimple primitive groups, since, at least when r > 1,
such groups preserve the quite natural product structure F defined by D, much as a
semisimple linear group D defines a product structure in the category of vector spaces:
the direct sum decomposition of the space as irreducibles for D. It is convenient to regard

almost simple groups as semisimple as they are also in Case C3.

In summary we have shown that:

Definition 11.2. There are six types of primitive subgroups G of S:

(1) The affine primitive groups from Case A, which each preserve the affine structure
A(D) defined by D = F*(G).

(2) The doubled primitive groups from Case B, which preserve a regular (m, r)-product
structure with m > 60 if » > 1, and a diagonal structure if r = 1.

(3) The complemented primitive groups from Case C1, which preserve a regular (m, r)-
product structure on 2 with m > 60.

(4) The diagonal primitive groups from Case C2, which preserve a regular (m,t)-
product structure with m > 60 if ¢ = |X(G)| > 1, and preserve a diagonal structure if
t=1.

(5) The semisimple groups from Case C3 with r > 1 components, which preserve a
regular (m, r)-product structure with m > 5.

(6) The almost simple groups in Case C3 with r = 1.

Remark 11.3. The Australian school of permutation group theory uses somewhat
different terminolgy. See for example Cheryl Praeger’s paper [P], where affine groups are
said to be of type HA, doubled groups of type HC, complemented groups are of type TW,
diagonal groups are of type CD, strongly diagonal groups are of type SD, and semisimple
but not almost simple groups are of type PA.
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(11.4) Let G be a primitive subgroup of S. Then one of the following holds.
(1) G preserves a regular (m, k)-product structure on Q with m > 5.
(2) G preserves an affine space structure on €.
(8) G preserves a diagonal structure on Q.

(4) G is almost simple.

Proof. This is immediate from 11.2.

Remark 11.5. In many problems, primitive groups preserving a regular product struc-
ture or a diagonal structure are not too difficult to deal with. Thus already we begin
to see from Lemma 11.4 that the primitive groups which are of most interest are the
affine groups and the almost simple groups. Lemma 11.6 supplies another illustration
of this point. Thus it is important to describe as completely as possible the irreducible
subgroups of the general linear group, and the primitive permutation representations of
the almost simple groups. By Theorem 1.10 and 6.9.1, the latter problem is equivalent

to a description of the maximal subgroups of the almost simple groups.

(11.6) (Burnside) Assume G is doubly transitive on 2. Then either
(1) n = p® is a power of some prime p, G is the semidirect product of a regular normal
subgroup D = Epe by H = G, < GL(D), and H s transitive on D# by conjugation.
(2) G is almost simple.

Proof. From 6.11, 2-transitive groups are primitive. Thus we can apply 11.4. As G is
2-transitive, H = G, is transitive on Q — {w}. But if G is affine, the map d — zd is
an equivalence of the actions of H on D via conjugation, and H on 2 by 6.6.2, so H is
transitive on D# and (1) holds.

Suppose G preserves a product structure; say 2 = Y! with I = {1,... ,r}, and each
g € G is of the form [[, gio(g) for some g; € Sym(Y) and o(g) € Sym(I). As G is
transitive on {2 we may take the function w : I — Y to satisfy w(i) = yo for all i and
some fixed yg € Y. Then H consists of those g € G with yyg; = yo for all i. In particular
H permutes the set of elements a € € such that «(j) = yo for all but one j. But then
H is not transitive on  — {w}.

Therefore by 11.4, we may assume G preserves a diagonal structure determine by some
D € Diag(L,?), where D = Ly X --- X L, with r > 1, L; = L for each i, and D, = F is
a full diagonal subgroup of D. As G < Ng(D) is 2-transitive, so is Ng(D), so we may
take G = Ng(D). By Exercise 9.1, the permutation rank of G is greater than 2, whereas

G is 2-transitive, so its permutation rank is 2, a contradiction. This completes the proof.
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Exercises for Section 11

1. Let I ={1,...,6}, K = Alt(I), Q@ = K/K; 2, and embed K in S = Sym(Q2) via
the representation of K by right multiplication. Prove:

(1) K preserves a regular (5,6)-partition P = {B,..., Bg} of (.

(2) Let D = k(P), and for i € I set L; = kp,. (cf. Definition 7.2) Then D =
Ly x---xLgand L; = A5, s0 L ={Ly,...,Lg} is the set of components of D. Further
K is a complement to D in G = KD < S, K acts faithfully and transitively on £ as
Alt(L), and D = F*(G).

(3) K is maximal in G.

(4) G is primitive of type (C1) on G/K.
Section 12. The proof of the structure theorem for primitive groups.

In this section we prove Theorem 11.1. Thus we assume G is a primitive permutation
group on a set € of finite order n, w € Q, H = G, and D = F*(G).

(12.1) (1) H is mazimal in G.
(2)If1#X < Gthen X £ H and G=HX.

Proof. As G is primitive on 2, (1) follows from 6.9.1, and (2) follows from 6.10.2.

(12.2) If G has a nontrivial solvable normal subgroup then case A of Theorem 8.1 holds.

Proof. If G has a nontrivial solvable normal subgroup, then G has a solvable minimal
normal subgroup V, and by 9.4 in [FGT], V = E,. for some prime p and integer e. By
1212, G=HV. AsV d G, HNV < H and as V is abelian, HNV < V. Thus
HNV <4 HV =G,so HNV =1 by 12.1.2. Therefore V is regular on Q, so Cg(V) =V
by Exercise 6.2. Therefore F*(G) =V and case A of Theorem 11.1 holds.

Because of 12.2, we may assume in the remainder of this section that G has no non-
trivial solvable normal subgroup. Therefore D = E(G), so G has a component L, and L
is a nonabelian simple group. Let Dy = (L%). By 12.1.2, G = HDy..

(12.3) If D # Dy, then case B of Theorem 8.1 holds.
Proof. If D # Dy, then thereis 1 # X < G with X < Cg(Dpr). Set B= XDy NH and
Xg = (XN H)X). Now

XD, =XD,NG=XD,NNHD; =BDj,
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soas Xy < X <Cqg(Dyp)
Xy = XB% = (X 0 H)XPr) = (X 0 H)BPr) = (X (1 H)P) < H

Also Xy is invariant under X and H, while by 12.1.2, G = HX, so Xy < G. Therefore
Xgp=1by12.1.2,s0 XN H =1.

Interchanging the roles of X and Dy, in the argument of the previous paragraph, we
conclude XDy = XBand HNDp =1. As XNDp < Z(Dp) =1, XDy, = X x Dy.
As B < H and HN Dy = 1, B is also a complement to Dy in XD; = BDy, so
X = B. Then by symmetry between X and Dy, B = Dy, so X =2 B = Dy. As this
is true for both X = Cg(Dy) and a minimal normal subgroup X of G contained in
Ca(Dy), we conclude X = Cg(Dy) is minimal normal in G. Therefore D = Dy, x X
and B=Dy, XNH=HND.

Indeed we have shown that if 7x : B — X and wp : B — Dy, are the projection maps
from B onto the factors of the direct sum decomposition D = Dj x X, then mx and
7p are isomorphisms. That is (cf. Definition 4.8) we have shown B is a full diagonal
subgroup of X x Dy.

Let g = 7T[_)17TX : D — X. As H actson X, Dy, and B= HND, mx and 7wp are
H-equivariant isomorphisms, and hence so is 3. Let K = L3. As Dy = (L),

X =DrB = (L") = (K™),

so D = ((LK)) and H N D = B is the direct product of the H-conjugates of the full
diagonal subgroup {l-18:1 € L} of L x K. Hence Case B of Theorem 11.1 holds.

Because of 12.3, we may assume in the remainder of this section that D = Dy is the

direct product of the H-conjugates of L.

(12.4) If D=L then HNL #1 and H= Ng(HNL).

Proof. AsL=D < G,HNL#Lby121.2, while HNL < H,soif HNL # 1 then
H = Ng(HNL)as H is maximal in G. Thus we may assume H N L = 1 and it remains
to derive a contradiction. To do so we need to know that the Schreier Property holds.

This follows from the classification of the finite simple groups.

Schreier Property. For each nonabelian finite simple group L, Out(L) is solvable.
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We return to the proof of Lemma 12.4. As HN L =1,
H=H/(HNL)= HL/L < Aut(L)/Inn(L) = Out(L)

so by the Schreier Property, H is solvable. As 1 is not a maximal subgroup of L, H # 1,
so X = O,(H) # 1 for some prime p. By maximality of H, H = N¢g(X), so

CL(X)< Neg(X)NL=HNL=1

Therefore by Exercise 3.2, L is a p’-group, so by 18.7.2 in [FGT], for each prime divisor g of
|L|, there is a unique X-invariant Sylow g-subgroup @ of L. But now H < Ng(Q), so QH
is a proper subgroup of G and hence () < H by maximality of H. Then Q < HNL =1,

a contradiction.

By 12.4,if D = L then Case C3 of Theorem 11.1 holds with G almost simple. Therefore

we may assume during the remainder of this section that:
(12.5) r =|L¥| > 1.

Let X = Ng(L) and X* = X/Cx(L) = Autg(L). Observe D < X, so as G = HD,
X = Ny(L)D and then as D = L x Cp(L), also X* = Ny (L)*D* = Ny (L)*L* with
Ny (L)* = Autg(L). We record this as:

(12.6) X* = Autg(L), L* = Inn(L), Ng(L)* = Autg (L), and X* = Ny (L)*L*.

(12.7) Suppose Y* is a proper nontrivial Ny (L)*-invariant subgroup of L*, let Y be the
preimage of Y* in L, and set J = (YH). ThenY =JNL < H and J =[x, (JNL).

Proof. As Y* is Ny (L)*-invariant, Y is Ny (L)-invariant. Let {hx : K € L} be a set
of coset representatives for Ny (L) in H with LY = K. Then Y = {Y9 : K € L}
with Y95 < K, so J = (Y!) is the direct product of the groups Y95 K € L. and J is
H-invariant. Further Y < L, so J is not normal in D, and hence HJ # G, so J < H by
12.1.1, completing the proof of the lemma.

(12.8) If L* £ Ny(L)* then HNL # 1, Ny(L)* is mazimal in X*, and H N L is the
preimage in L of Ny (L)* N L*.

Proof. As L* ¢« Ng(L)*, Ny(L)* is contained in some maximal subgroup M of X*
which does not contain L*. Then applying 12.4 to M, X*, L* in the roles of H,G, L,
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we conclude that M N L* is a proper nontrivial Ny (L)*-invariant subgroup of L* and
M = Nx«(M N L*). Now by 12.7, the preimage Y of M N L* in L is contained in H,
so in particular HNL # 1. As HNL < Ny(L) and Nyg(L)* < M*, HNL <Y, so
Y = H N L. Further as X* = L*Ny(L)* and Ny(L)* < M, M = M N L*Ng(L)* =
(MNL*)Nyg(L)*=Y*Ng(L)* = Ng(L)*, completing the proof of the lemma.

(12.9) We may assume that H N D # 1.

Proof. Suppose HN D = 1. Then D is regular on €2, so if Inn(L) < Auty (L) then Case
C1 of Theorem 11.1 holds. Thus we may assume Inn(L) ¢ Autg (L), so L* £ Ng(L)*
by 12.6. But then H N L # 1 by 12.8, contrary to our assumption that H N D = 1.

(12.10) If L* £ Ny (L)* then case C3 of Theorem 11.1 holds.

Proof. By 12.8, Ny(L)* is a maximal subgroup of X*, and Y = HNL # 1 is the
preimage in L of Ny (L)*NL*. Set J = (YH). By 12.7, J < HN D is the direct product
of the subgroups J N K, for K € L. Let Yy be the projection of H N D on L. Then Y
is Ny (L)*-invariant, so by maximality of Ny (L)* in X*, Yy < Ng(L)*NL* =Y*, so
Yo =Y. Therefore HN D = J. By 12.1, Ng(J) = H, while Auty(L) = Ng(L)* and
Autg(L) = X* by 12.6. Thus Case C3 if Theorem 11.1 holds.

By 12.10, we may assume L* < Ny (L)*. For K € L, let mg : HN D — K be the
projection of H N D on K with respect to the direct sum decomposition D = [],., 1.

(12.11) nx : HN D — K is a surjection for each K € L.

Proof. As H is transitive on L, it suffices to show 7 is surjective. As HN D # 1 by
12.9, the transitivity says (H N D)np, # 1, s0 1 # ((H N D)rp)* = (H N D)* N L*.
But (HND)* <4 Ng(L)*, soas L* < Ny(L)* and L* is simple, we conclude L* =
((HND)rp)* and hence L = (H N D)rp,.

By 12.11 and 4.10, H N D = []_ .,(H N D)7, for some partition ¥ of £ with F, =
(HN D)7, a full diagonal subgroup of D, where for o € ¥, D, = (¢) and 77, : D — D,
ses Do As
H acts on HN D, ¥ is an H-invariant partition of £ of order ¢t = r/d, where d = |o| > 1.

is the projection map with respect to the direct sum decomposition D =[]

As d > 1,t < r. Hence if ¥ is a maximal H-invariant partition of £, then Case C2 of
Theorem 11.1 holds, so the proof of Theorem 11.1 is complete.
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Suppose ¥ is not maximal. Then there exists a nontrivial H-invariant partition A of
L with ¥ < A. Pick a € A with a C o0, let 7 : D — D, be the projection map with
respect to the direct sum decomposition D = HéeA Ds, and set F,, = F,mw. As F, is a
full diagonal subgroup of D,, for each K € a, mg : F, — K is an isomorphism. Then as
TK = T TK|D,, Tk : Fo — K is a surjection, so Fy, is a full diagonal subgroup of D,,.
Moreover H N D < P = [[5ca Fs. Finally as A is H-invariant, also P is H-invariant,
so as P is not normal in D, maximality of H implies P < H. Thus P< HND < P, a

contradiction. Hence the proof of Theorem 11.1 is finally complete.
Section 13. The Structure Theorem for the Symmetric Groups.

In this section  is a set of order n > 5, § = Sym(Q) = S, and A = Alt(Q) = A,,.
Thus S is almost simple with F*(S) = A. We first prove the Structure Theorem for S
on 2.

Structure Theorem for S,,. (O’Nan-Scott) If G < S then either G is almost simple
and irreducible on Q (ie. G is primitive on ) or G stabilizes one of the following
structures:

(1) (Substructure, coproduct structure) A proper nonempty subset of €.

(2) (Regular coproduct structure, admissible relation) A nontrivial reqular partition of
Q.

(3) A regular (m, k)-product structure on 2 with m > 5.

(4) An affine space structure on €.

(5) A diagonal structure on SQ.

Proof. We may assume G is transitive, or else it acts on some proper nonempty subset of
Q). Similarly we may assume G is primitive, or else it preserves some nontrivial partition.

Now 11.4 completes the proof.

(13.1) The stabilizers in S of our structures are as follows:

(1) If A C Q with |A] =m then Ng(A) = Sa X Sq_a =S, X Spm.

(2) If A is a regular (m, k)-partition of Q then n = mk and Ng(A) = S, wr Sk.

(3) If A is a regular (m, k)-product structure then n = m* and Ng(A) = S,, wr Sg.

(4) If A is an affine space structure on € then n = p® is a prime power and Ng(A) =
Eye - GL.(F,).

(5) If A is a diagonal structure determined by D € Diag(L,2) for some nonabelian
finite simple group L, then n = |L|"™! for some r > 1, F*(Ng(A)) = D is the direct
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product of r copies of L, Ng(A) = Ng(D) is transitive on the components of D, and
Ng(A)/D = Out(L) x S,.

Proof. Part (1) is easy, or see 2.6. Part (2) follows from 7.11, part (3) follow from 10.10.3,
part (4) is 8.4, and part (5) is 9.4.

(13.2) S is transitive on structures of each isomorphism type.

Proof. Of course the symmetric group is transitive on subsets A of € of order m for
each integer m, and on regular (m, k)-partitions of A for each divisor m of n. By 8.5.5,
S is transitive on affine structures. By 10.6.4, S is transitive on regular (m, k)-product
structures for any suitable m, and by 9.3, S is transitive on its diagonal structures

Diag(L, §2) for each nonabelian simple group L.

Remark 13.3. The Structure Theorem tells us that each maximal subgroup of S or A
is either a stabilizer of a structure, or an almost simple primitive group. To determine
which of these subgroups is actually maximal, it remains to enumerate the inclusions

among them. This is done in Theorem 13.5.

Remark 13.4. Suppose G is an almost simple primitive subgroup of S or A, and let
L = F*(G). Then G < Ng(L) which is also almost simple and primitive, so if we are
interested in maximal subgroups of S we may as well take G = Ng(L). Recall that the
conjugation map ¢ : G — Aut(L) identifies G with a subgroup of Aut(L) containing
Inn(L), so modulo such identifications, we may take L = Inn(L) < G < Aut(L). As
G = Ns(L) and Cs(L) = 1, G = Ng(L)/Cs(L) = Auts(L).

Let ¢« : L — S be the inclusion map and regard ¢ as a permutation representation of
L. Then by 1.13.2,

G = Auts(L) = Auts(Li) = Aut(L),.

What is Aut(L);;? By Theorem 1.10, the equivalence class [¢] of ¢ is determined by the

conjugacy class of L, in L, for w € Q. Hence by 1.11, the stabilizer in Aut(L) of [¢] is

L
w?

the subgroup of Aut(L) permutating L, which is just LN gys(z)(Le). From Theorem

1.10, the permutation representation of G on () is equivalent to its representation on
G/G, = G/Ng(Ly) = G/Nau(r) (L) by right multiplication.

Theorem 13.5. (Liebeck-Prager-Sazl) Modulo an explicit list of exceptions, the stabiliz-

ers of our structures and the groups Ng(F*(G)), where G is almost simple and primitive
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on ), are mazximal in S. In particular almost always if 1 : G — S is a primitive permu-
tation representation of an almost simple group G, then Ng(L) = Aut(L)(, is mazimal
in S, where L = F*(G).

Proof. See [LPS2]. The idea of the proof is as follows. Theorem 7.10 says that the
stabilizer of proper nonempty subset I' of 2 is maximal iff |I'| # n/2. Thus it remains
to consider the case when X and Y are transitive on 2 and X < Y. Then as X is
transitive on 2, Y =Y, X for w € €, so we have a factorization of Y. The most difficult
case occurs when Y is almost simple, so it suffices to have good information about the
factorizations of almost simple groups. This appears in [LPS1]. The key observation in
analyzing such factorizations is that at least one of the subgroups C = X or Y, must be
large; ie. |C]? > |Y|.

Remark 13.6. When combined, the various results of this section give a classification
of the maximal subgoups of S,, and A,,, in a weak sense. To completely enumerate the
maximal subgroups, we would have to enumerate all primitive permutation representa-
tions of all almost simple groups. For example to enumerate the maximal subgroups of
S, depends upon previously enumerating the primitive representations of .S, of degree
n for m < n, and hence enumerating the maximal subgroups of .S,,.

However in addition to being impractical, such an enumeration is usually not even
necessary. For purposes of applications, what is usually desirable is an enumeration of
the “large” maximal subgroups. For example a subgroup G of S might be “large” if G
contains certain types of elements or subgroups of S, or if |G| is large relative to |S|; eg.
we have just seen that it would be desirable to know maximal subgroups G of S such
that |G|? > |9|.

Section 14. Some problems

In this section €2 is a finite set of order n > 5, S = Sym(Q2), and A = Alt(2). Take G
to be S or A, so in particular G is almost simple with F*(G) = A.

In this section we call attention to various problems suggested by the discussion in
earlier sections. In some cases the problems are only stated for the almost simple group
G = A or S. In other cases the problems are stated for arbitrary almost simple groups.
Sometimes we supply answers or partial answers to the problems in the case G = A or

S, and sometimes we don’t.
)
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Notation 14.1. Give a finite group X and a proper subgroup Y of X, write M(Y) =
Mx (YY) for the maximal members of the poset Ox(Y) —{X}. Set M = Mx = Mx(1).
Thus M(Y') is the set of maximal overgroups of Y in X, and M the set of maximal
subgroups of X.

From Remark 13.3, the Structure Theorem for S, supplies us with a collection of
subgroups containing all maximal subgroups of G: the stabilizers in GG of our structures,
and the almost simple subgroups of G' acting primitively on 2. In Theorems 7.10 and
7.11 we showed that the stabilizers in G of proper nonempty subsets of {2 and nontrivial
regular product structures on ) are almost always maximal in GG, and we determined
those few cases where such a stabilizer is not maximal. The proofs of those two theorems
(and indeed almost all the proofs in these notes) were reasonably elementary. However to
go much further, and in particular to decide when our remaining candidates for maximal
subgroups of G are actually maximal, it is often necessary to appeal to the classification of
the finite simple groups, together with other deep results about the finite simple groups.

Recall also that the Liebeck-Praeger-Saxl Theorem 13.5 tells us which members of
our collection are maximal. One way to view this result is that it (essentially) describes
Og(M) for M in our collection. Indeed Theorem 13.5 says that almost always, Og (M) =
{M,G}. While the Liebeck-Praeger-Sax]l Theorem does not actual pin down Og(M) in
the remaining cases, the proof does give information about the set of overgroups of M,
and in particular information about M(M).

This leads us to the following problem:

Problem 14.2. Give a description of Og(H) for each primitive subgroup H of G,
in terms of the generalized Fitting subgroups of primitive subgroups X of GG, and the

structures preserved by X.

Remark 14.3. Observe that if H is primitive, then so is each member of Og(H).
In particular by 11.2, each X € Og(H) is affine, doubled, complemented, diagonal, or
semisimple.

In [P], Cheryl Praeger gives one description of Og(H), but her description is in terms
of what she calls “blow-ups”, rather than in terms of structures on €. References [A3]
and [A4] begin to put in place a theory describing Og(H) in terms of generalized Fitting
subgroups and structures. This theory involves results which supply answers to questions

of the following sort:
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Problem 14.4. Let X be an almost simple finite group and M a maximal subgroup of
X. Describe Ox (F*(M)), or perhaps Ox (Y) for suitable Y € Oy (F*(M)).

Remark 14.5. Observe that Lemma 7.8 supplies a partial answer to Problem 14.4 in
the case where M is the stabilizer in G of a regular partition P on (). For example 7.8.4
says that, for almost all P and any Y € Oy (F*(Ng(P)) such that Y is transitive on €2,
M(Y) = {Ng(P(vy)) : v € T'(Y)}, where I'(Y) is the set of Y-invariant partitions of P,
and P(vy) € P(Y) is described in 7.8.4.

Suppose A is one of our structures and G = S. If Ng(A) < A then Ng(A) is not
maximal in S as Ng(A) < A < S. Usually however in this case Ng(A) is maximal in A.

In any event this shows that it is of interest to determine just when Ng(A) is contained
in A.

(14.6) Let A be one of the structures appearing on the list in the Structure Theorem for
Sp, and set M = Ng(A). Then

(1) If A is a nontrivial proper subset of Q, or a reqular partition of Q, then M £ A.

(2) If A is an affine structure on ) then M < A iff n is a power of 2.

(3) If A is a regular (m, k)-product structure on Q with m > 5, then M < A iff m is
even and either k > 2 or m =0 mod 4.

(4) Suppose A = D € Diag(L,Q) for some finite simple group L, with D the direct
product of v copies of L. Let K = Aut(L). Then M < A iff r > 2 or r = 2 and the
following hold:

(i) All 2-elements in K — Inn(L) are even permutations of L, and

(ii) |L| = |J| mod 4, where J ={j € L:j?=1}.

Proof. This is Exercise 14.1.

Recall from Definition 5.12 that a subgroup Y of a group X is of depth 2 in X if 2
is the maximal length of a chain in Ox(Y). From Section 5, subgroups of depth 2 in

almost simple groups are of interest for a variety of reasons. Observe:

(14.7) Let X be a group and Y a proper subgroup of X.
(1) The following are equivalent:
(i) Y is of depth 2 in X.
(ii) Ox(Y) = M,, for some positive integer m.

(iii) Y is maximal in each member of M(Y).
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(2) If Y is of depth 2 in X then for each pair of distinct M, N € M(Y), MNN =Y.
Recall Question 5.13:

Question 5.13. What are the subgroups of depth 2 in the almost simple groups, and
what are the possible M-lattices that can occur as overgroup lattices in almost simple

groups? In particular describe the subgroups of G of depth 2 and their overgroup lattices.

Once again a special case occurs when X is almost simple with L = F*(X) proper in

X and Y maximal in L.

(14.8) Assume X is an almost simple finite group such that L = F*(X) is of prime
index in X, and 'Y is a mazimal subgroup of L such that Nx(Y) < L. Then

(1) Mx(Y)={L,Nx(Y)}, and

(2) Ox(Y)={Y,L,Nx(Y), X}, so thatY is of depth 2 in X and Ox(Y) = Mo.

Proof. As |X : L| is prime, L € M, and then as Y < L, we have L € M(Y). As L is
maximal in X and K = Nx(Y) £ L, X = LK. Let J € Ox(Y) — {X,L}. Then as Y is
maximal in L, it follows that Y = JNL < J,so J < K. In particular Y = K N L, so
|K : Y| is prime and hence J =Y or K. The lemma follows.

Remark 14.9. Observe that if H = N4(A) is the stabilizer of one of our structures such
that H is a maximal subgroup of A and Ng(A) £ A, then Lemma 14.8 says that Ng(A)
is maximal in S, and H is of depth 2 in S with Og(H) = Mjy. Moreover inspecting
Lemma 14.6, we can decide for which A we have Ng(A) £« A. As an example, if either
(i) H = N4(A) for some proper nonempty subset A of 2 with |A] # n/2, or
(i) H = N4(A) for some nontrivial regular (m, k)-partition A of Q with (m, k) #
(2,4),
then H is maximal in A by Theorems 7.10 and 7.11, while by 14.6.1, Ns(A) ¢« A.
Therefore by 14.8, H is of depth 2 in S with Og(H) = Mo.

In looking for subgroups H of depth 2 in G, we can partition the problem into three
cases: (i) H intransitive; (ii) H transitive but imprimitive; (iii) H primitive. Case (i) is
the easiest case. Exercises 14.2 and 14.3 partition case (i) into two subcases. Exercise
14.2 gives a complete answer when H has at least three orbits on (2. Exercise 14.3 gives
a partial answer when H has two orbits on (), reducing the problem to certain problems

involving doubly transitive groups. Using the classification of the almost simple doubly
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transitive groups, it it then possible to determine the examples which arise in the second

subcase. In particular:

Remark 14.10. The examples which arise in case (4) of Exercise 14.3 are:

(1) n = p+ 1 for some prime p > 5, H is the stabilizer in G, of an affine structure on
I, and Y = {Y'}, where either G = S and Y = PGLs(p), or G = A, p # 7, 11, 17, or 23,
and Y = La(p).

(2)n="7 G=A, H*S, is the stabilizer in G,, of a regular (2, 3)-partition on T,
and Y = {Y1,Y2} with Y; & L3(2).

(3) n=2°forsome e >3, G=A, H= L.(2), and Y = {Y}, where Y is the stabilizer
in G of an affine structure on €.

(4) n = 2m71(2™ +¢) for some m > 3 and € = +1, H 2 O5,,(2), and Y = {Y'} with
Y = Spom(2).

(5) n = 11, 12, 22, 23, or 24, F*(Y) is isomorphic to a Mathieu group M,, for each
Y €Y, and Og(H) =2 My or Ms.

(6) n =176, H is an extension of U3(5) by Zs, and Y = {Y'}, where Y = HS.

(7) n =276, H = Aut(Mc), and Y = {Y'} with Y = Cos.

Remark 14.11. In case (5) of Exercise 14.3, |Z| = 2 so Og(H) = M3, and for Z € Z,
one of the following holds:

(1) n = 6, H = Dg, and Z 22 PG Ly(5).

(2) n =12, H = PI'Ly(9), and Z = M.

(3) n =24, H= Aut(Mas), and Z = Moy.

Here is a partial result in case (ii); as far as I know there is no definitive result in case

(ii).

Theorem 14.12. (Aschbacher-Shareshian) Assume H < G with Og(H) = Ma, and
H transitive but imprimitive on Q. Let M(H) = {My, Ms}. Then one of the following
holds:

(1) P(H) = {P1, P}, M; = Ng(P;), and for some i € {1,2}, P; < Ps_;. Further
n>8 and if n =8 then G = S.

(2) G =A, n=2%"" and for somei € {1,2}, P(H) = {P}, M; = Ng(P), M3_; is
affine with D = F*(Ms_;) < H, Dp is a hyperplane of D, P consists of the two orbits
of Dp on Q, and H = Ng(Dp).
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(3) G=A,n=0 mod4, n>8, and P(H) = {P1, P2} with M; = Ng(P;), and for
some j € {1,2}, p = (P, Ps—j) is a [n/2,2]-product structure on Q with H = Ng(p) =
ZQ X S’n/2'

For m a proper divisor of n, a [m,n/m]-product structure on €2 is a pair p = (P, Q)
such that P is a regular (m,n/m)-partition of Q, @ is a regular (n/m, m)-partition, and
p is (cf Definition 7.4) a CIR-chamber system. Informally, p is an identification of Q with

a set product Q = A x I', where A and I' are sets of order m and n/m, respectively.
Finally here is a result in case (iii):

Theorem 14.13. (Aschbacher) Assume n is not a prime and H is a primitive subgroup
of G of depth 2 in G. Then either |[M(H)| =1, so that Og(H) = My, or Og(H) = M,
and, setting M(H) = {My, Mz}, one of the following holds:

(1) H is semisimple and there exist reqular (m;, k;)-product structures F; such that
M; = Ng(F;), F1 < Fa so that my = m$ for some s > 1, and if mo is even then G = A
and either s > 2 or mo =0 mod 4.

(2) n = ¢* for some odd prime power q, H and M; = Ng(D) are affine, where
D = F*(H), H preserves a nontrivial direct sum decomposition D = Dy & - - - @® Dy, with
|D| = q, and setting D = {D1,... , Dy}, My = Ng(F(D)).

(3)n=8, G=A, H= L3(2), and M(H) consists of the stabilizers of the two affine
structures preserved by H.

(4)n=8,G=S, H=L32), and M(H) = {Ns(H), A}.

(5) G =S, Ng(H) is the stabilizer of an affine structure, regular product structure,
or diagonal structure A, H = Na(A), and M(H) ={A, Ns(H)}.

The partial order on F in (1) is defined by F = (Q; :i € I) < F = (Q;: j € 1) iff F
is an (m, k)-structure, F is an (rn, l::)—structure, and there exists a positive integer s such
that k = ks and there exists a regular (s, k)-partition ¥ = (o : i € I) of I such that for
each i € I and j € o, ; < ;.

In the case where n is prime, there exist examples of primitive subgroups H with
Oc(H) = M,, for m > 2 (cf. [Pe]), but there are still a finite number of examples, which

can be enumerated.
Exercises for Section 14

1. Prove Lemma 14.6.
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2. Let Q be a finite set of order n > 5 and H a subgroup of G = Sym(Q2) or Alt(Q2)
such that H is of depth 2 in G and H has at least three orbits on 2. Then H has exactly
three orbits ;, i € I = {1,2, 3}, and setting n; = [€;| for i € I, we have:

(1) Fori e I, n; #n/2.

(2) Either
(i) for distinct 7,5 € I, n; # nj, or
(ii) up to a permutation of I, ng =ng =1 and n; =n — 2.

(3) M(H) ={Ng(;):1 €1}, H= Ng(21) N Ng(Q2), and Og(H) = Ms.

3. Let © be a finite set of order n > 5 and H a subgroup of G € {S, A}, where
S = Sym(Q2) and A = Alt(Q?). Assume H is of depth 2 in G and H has two orbits 6
and I' = Q — 6 on (). Prove that, interchanging 8 and I' if necessary, one of the following
holds:

(1) O¢(H) = M;.

(2) G=S,H=Nxs0), M(H) ={A,Ng(0)}, and O¢g(H) = Mo.

(3) There is a regular partition @ of 2 with 6§ € @, such that H = Ng(6) N Ng(Q),
M(H) = {N¢g(0),Na(Q)}, and Og(H) = Mo.

(4) 8 = {a} is of order 1, H # A, is maximal in G,, and M(H) = {G,} UY, where
Y is the set of 2-transitive subgroups Y of G such that H =Y,,.

(5) 10| =2, G = A, H is maximal in Ng(0), and M(H) = {Ng(0)} U Z, where Z is
the set of 3-transitive subgroups Z of G such that H = Nz(6).
Hint: Set X = Ng(0), assume H is a counter example, and prove the following lemmas:

(a) 18] # n/2.

(b) H is maximal in X.

(c) There exists M € M(H) —{X}, and for each such M, H is maximal in M and M
is transitive on €.

(d) AL M.

(e) If || > 2 then Ar £ H, and if |§] = 2 then Sr £ H.

(f) Set J =kery(X) and X* = X/J. Then X* is faithful and primitive on X*/H*.

(g) 10| <2and G=Aif |§] =2.

(h) G=A and |0| = 2.
(i) Use Exercise 6.3 to show that either M is 3-transitive on Q or Q@ ={fg: g€ M} €
P(M).

(j) At most one member of M(H) — {X} is not 3-transitive.
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(k) Use the argument in the last paragraph of the proof of 7.10 to show that if M is
not 3-transitive then M(H) = {X, M }.

Section 15. A and DA pairs

Recall the definition of the lattice A(m) and the class of DA-lattices from Definition
5.8.

Definition 15.1. Let m be a positive integer. A A(m)-pair is a pair (G, H) such that
G is a finite group, H is a subgroup of G, and Og(H) = A(m). A A-pair is a A(m)-
pair for some positive integer m. A A-pair (G, H) is reduced if for each K € Og(H),
K = Ng(K).

In this section we study A-pairs and the class of DA-lattices. Recall these lattices
appear in Conjecture 5.9, which, if verified, would show that the Palfy-Pudlak Question
from Section 5 has a negative answer.

We begin with some examples of A-pairs.

Example 15.2. Let L be a group of Lie type of Lie rank [ and B a Borel subgroup of
L. Then (B, L) is a reduced A(l)-pair.

Example 15.3. Let G = DH be the split extension of D by H such that D is an
elementary abelian p-group for some prime p, and D = Dy & --- & D,, with D; an
irreducible F, H-module for each i, and D; not F, H-isomorphic to D; for i # j. Then
(G, H) is a A(m)-pair, and the pair is reduced iff D; is a nontrivial F, H-module for each

7.

Example 15.4. Let L = G(q) be a simply connected group of Lie type with ¢ = ¢,
where r = [[.;
ry= HjeJ rj. Let o be a field automorphism of order r, and for J C I, set L; = Cr(c"”),
so that Ly = G(q,”). Set H = L1 = G(qo). Then (at least generically), (L,H) is a
reduced A(m)-pair and Op(H) ={L;:J CI}.

r; is a product of distinct primes r;, i € I = {1,... ,m}. For J C I, set

Example 15.5. Let G = HD with H a complement in G to a subgroup D = A x B of
G, such that A and B are normal in G, and H N D a full diagonal subgroup of A x B.
Assume A = A} x -+ X A, with A; a minimal normal subgroup of G, and A; is not
H-isomorphic to A; for i # j if A; is abelian. Then (G, H) is a A(m)-pair, and the pair
is reduced if [A;, H] # 1 for each i with A; abelian.
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Notation 15.6. Suppose (G, H) is a A-pair. Write Og(H) for the minimal members of
Oq(H)—{H}, and Og(H)* for the maximal members of Og(H)—{G}. For a C Og(H),
set Lo, = (A: A€ «), with Ly = H. For K < L < G, write d(K, L) for the depth of K
in L (cf. Definition 5.12).

(15.7) Assume p = (G, H) is a A(m)-pair, set A= Og(H), and write A for the lattice
of subsets of A under inclusion. Then

(1) m = |Oc(H)| = |0c(H)*| = d(H,G).

(2) The map ¢ : A — Og(H) is an isomorphism of lattices, where ¢ : &+ L.

(8) For subsets o and 3 of A, (La,Lg) = Laup, and Lo, N Lg = Lang.

(4) Fora C 8 C A, (Lo, Lg) is a A(d)-pair, where d = |B| — |a|. If p is reduced, then
50 s (Lq, Lg).

(5) If a and B are subsets of A such that A= a U, then G = (L, Lg).

(6) If a and (B are subsets of A such that N =@, then H = Ly N Lg.

Proof. Parts (1) and (2) follow as Og(H) = A(m). Then (2) implies (3). Then (3)
implies the first statement in (4). Further if p is reduced, then for L, < K < Lg,
Np,(K)= Ng(K)NLg=KnNLg= K, completing the proof of (4).

Assume the hypothesis of (5). Then by (2) and (3),

G = LA - Lauﬁ - <LouLﬁ>7
establishing (5). The dual proof establishes (6).

(15.8) Assume p = (G, H) is a A(m)-pair, and X < H with X < G. Set G* = G/X
and p* = (G*,H*). Then p* is a A(m)-pair, and p is reduced iff p* is reduced.

Proof. The map K — K* is an isomorphism of O¢g(H) with Og-(H*) with Ng-(K*) =
Ng(K)*.

(15.9) Let G be a finite group and A a sublattice of Og(1) containing 1 and G. Assume:
(i) A = A(m) for some positive integer m, and
(ii) if m < 2 then A = Og(1), and
(iii) for each X € A — {G}, we have Ox(1) C A.
Then
(1) There exists m distinct primes p1, ... ,pm such that G is cyclic of order py -+ pp,.

(2) A = Og(1).
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Proof. Let A be the set of minmal members of A—{1} and I = {1,... ,m}. As A = A(m),
A ={A; :i € I} is of order m. Observe that for each i € I, Oy4,(1) C A. This follows
from (iii) if A; # G, while if A; = G then m = 1, so the remark is a consequence of (ii).

As A; is minimal in A — {1} and O4,(1) C A, it follows that |A4;| = p; is prime. In
particular if m = 1 then the lemma holds, so we may assume m > 1. Hence there exists
jel—{i}. Set A= (A;,Aj). As A is a sublattice of Og(1), A € A.

Observe that O4(1) C A. Again if A # G this follows from (iii), while if A = G then
m = 2, so the remark follows from (ii). As O4(1) C A = A(m), we conclude that

(a) A; and A; are the only proper nontrivial subgroups of A.

Then we conclude from (a) and Cauchy’s Theorem that:

(b) |A| = pfipjj for some positive integers e; and e;.

We next claim that:

(c) pi # pj-

For if p; = p; = p then A is a p-group by (b), so A has a subgroup Z of order p in
its center. Then Z € {A;, A;} by (a), say Z = A;. Then Z < ZA; < A, s0 ZA; = A by
(a). Therefore A= E 2, so A has p+ 1 > 2 nontrivial proper subgroups, contrary to (a).
This completes the proof of (c).

By (b) and (c), for each p € {p;,p;}, a Sylow p-subgroup of A is a proper nontrivial
subgroup of A. We conclude from (a) that for k € {i,j}, Ak is the unique Sylow pg-
subgroup of A. Hence:

(d) A is cyclic of order p;p;.

By (c) and (d), for all distinct ¢,5 € I, p; # p; and [A;, A;] = 1. It follows that
H = (A; : i € I) is cyclic of order py ---p,. Therefore Oy (1) = A(m). Finally as
A = A(m) is a sublattice of Og(1) containing G, we conclude that H = G. Then

Oc(1) = O (1) = A(m) = A € 0g(1),
so A = Og(1), completing the proof of the lemma.
(15.10) Assume (G, 1) is a A(m)-pair. Then there exist distinct primes py,. .. ,Pm Such
that G 1s cyclic of order py -« ppm,.
Proof. This is immediate from 15.9 applied to A = O¢g(1).
(15.11) Assume (G, H) is a A(m)-pair and H < G. Then there exist distinct primes
Ply.-. s Pm Such that G/H is cyclic of order py - pp,.

Proof. Passing to G/H and appealing to 15.8, we may assume H = 1. Then the lemma
follows from 15.10.
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(15.12) Assume p = (G, H) is a A(m)-pair with H # Ng(H), and set A = Og(H).
Then

(1) No(H) = L, for some o C A.

(2) Set |o| = r. Then there exist distinct primes p1,... ,p, such that No(H)/H is
cyclic of order py - p,.

(8) For each K € Og(H), Ng(H) < Ng(K).

(4) Set B=A—«a and B = Lg. Then each K € Og(B) is normal in G.

(5) (B, H) is a reduced A(m—r)-pair, B < G, G = BNg(H), and G/B = Ng(H)/H

18 cyclic.

Proof. Part (1) follows from 15.7.2. By 15.7.4, (Ng(H), H) is a A(r)-pair. Hence (2)
follows by applying 15.11 to this pair.

Let U = Ng(H), A € A, and f = aU {A}. If A € a, then U acts on A by (2),
so suppose A ¢ a. As H < U, U permutes Og(H) and then also A. By 15.7.2,
B=ANLg. Then as U < Lg, U acts on the unique member A of # not contained in «,
so U < Ng(A). Hence (3) follows from 15.7.2.

Let K € Og(B); then by 15.7.2, K = Lg for some $ C A containing B. Then by
15.7.5, G = (Lg, Ly) = (K,U), so G < Ng(K) by (3), establishing (4).

Next by 15.7.6, UNB = Lo,NLg = H, so Ng(H) = BNU = H. Then B is
reduced by the next lemma, whose proof does not depend upon (5). By (4), B < G,
and we saw in the previous paragraph that G = (B,U), so G = BU. As BNU = H,
G/B=BU/B=U/(BNU)=U/H, and then (2) completes the proof of (5).

(15.13) Assume p = (G, H) is a A-pair. Then p is reduced iff No(H) = H.

Proof. Trivially if p is reduced then H = Ng(H). Conversely assume Ng(H) = H and
let K € Og(H) and J = Ng(K). Suppose K # J. Then by 15.7 there exists A € Og(H)
with A £ K. By 15.7.6, AN K = H, so as A acts on A and K, A < Ng(H) and hence
H # Ng(H). Thus if p is not reduced then H # Ng(H), so if H = Ng(H) then p is

reduced.

Remark 15.14. Let p = (G, H) be a A-pair. Observe that by 15.12.5 and 15.13, if
p is not reduced then there exists a normal subgroup B of G containing H such that
p' = (B,H) is a reduced A-pair, G = BNg(H), and G/B is cyclic. Thus, replacing
(G,H) by (B, H), we can often reduce to the case where our A-pair is reduced, so there

is little loss of generality in assuming a A-pair is reduced.
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(15.15) Assume G is a finite group and H is a subgroup of G such that Og(H) is

"isomorphic to A(m)" for some

disconnected and C is a connected component of Og(H)
m > 3. Then for each K € C,
(1) H is not normal in G and Nx(H) = H, and

(2) No(K) =K.

Proof. First suppose that H < G, and set G* = G/H. As in the proof of 15.8,
the map K — K* is an isomorphism of Og(H) with Og+(1). Now applying 15.9 to
the sublattice A = C* U {1,G*} of Og~(1), we conclude that Og~(1) = A. But then
Oc¢(H) =CU{G, H}, contrary to the assumption that Og(H) is disconnected.

Therefore H is not normal in G. Next suppose K € C with K # Ng(K). Observe
(G, K) is a A-pair, so by 15.12.4, there exists a proper subgroup B of G in Og(K) normal
in G. As Og(H) is disconnected there is a maximal subgroup M ¢ C. Then G = BM,
soBNM < X.Butas X ¢C, BNM = H,so H < M. Next let A be minimal in C
with A < Ng(K) but A £ K. Then A acts on ANK = H, so G = (A, M) < Ng(H),
contrary to an earlier reduction. This completes the proof of (2).

Now assume Ng(H) # H. Without loss of generality, K is maximal in C. Then
(K, H) is a A(m — 1)-pair, so it follows from 15.12.4 that there is a maximal member of
J of O (H)—{K} normal in K. Further as m > 3, J € C, so (2) supplies a contradiction
which establishes (1).

(15.16) (Shareshian) Assume G is a finite group and H is a subgroup of G such that
Oc(H) is a DA-lattice. Then

(1) for each K € Og(H), K = Ng(K), and

(2) for each H < K < L <G such that (K,L) # (H,G), (L,K) is a reduced A-pair.

Proof. As Og(H) is a DA-lattice, for each K € Og(H)—{G, H}, the connected compo-
nent C(K) of Og(H)' containing K is isomorphic to A(mg) for some mg > 3. Therefore
K = Ng(K) by 15.15.2. Of course G = Ng(G). Finally set J = Ng(H). By 15.15.1,
J # G, soif H # J then C(J) =2 A(my) and 15.15.1 supplies a contradiction. This
establishes (1).

Assume (K,L) # (H,G) is as in (2). Then X = L or K is in Og(H)', so C(X) =
A(mx)’, and (X, H) or (G, X) is a A-pair, respectively. Then applying 15.7.4 to this
pair, (L, K) is also a A-pair, and the pair is reduced by (1).

Remark 15.17. Let p = (G, H) be a A(m)-pair. In Exercise 15.1, we see how to asso-

ciate to p a residually connected geometric simplicial complex C(p) over I ={1,... ,m}
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on which G acts as a flag transitive group of automorphisms, (cf. Exercise 7.4 for the defi-
nitions) and a nondegenerate chamber system X (p) over I, on which G acts as a chamber
transitive group of automorphisms. Indeed the class of complexes C = (V,X) and flag
transitive groups G of automorphisms of C, obtained from A-pairs via this construction,
is characterized by the property that for each chamber w of C, and for each proper subset
o of w, the maximal overgroups of G, in G, are the stabilizers G, ,, v € w — 0.

The complex C(p) supplies a geometric tool which is potentially useful for studying

A-pairs, and which makes A-pairs more interesting.
Exercises for Chapter 15

1. Let p = (G, H) be a A(m)-pair, I = {1,... ,m}, and F = OF(H) = {G; :i € I}.
For J C I and i€ I, set

G;=()Gj, Pi=Gy, and Py = (P;: j € J).
jeJ

Set C =C(p) = C(G,F). (cf Exercise 10.2) Prove:

(1) For each J C I, Gy = Py.

(2) C is a residually connected geometric complex over I, and G acts as a flag transitive
group of automorphism on C.

3)P={P;:iecl} =0gH) and X = X(H,H,P) (cf. Exercise 7.3) is a non-
degenerate chamber system on I on which G acts as a chamber transitive group of
automorphisms.

(4) X 2X(C) and C =ZC(X).

(5) G is residually primitive on C; that is for each J C I and each simplex o of C of
type J, G, acts primitively on the vertices of k(o) of type i for each i € J’.

Section 16. The structure of groups in a A-pair

In this section we begin to generate constraints on the structure of a finite group G
and the embedding of H in G, when (G, H) is a A-pair.

Definition 16.1. Given a finite group G, a subgroup D of G, and H < Ng (D), let ZTp(H)
be the set of H-invariant subgroups of D, and Vp(H) ={I € Ip(H): HND < I}.
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(16.2) Assume p = (G, H) is a A(m)-pair and 1 # D < G. Set G* = G/D and
A= 0Og(H). Then

(1) p= (HD, H) is a A(m')-pair, where m' = |Oyp(H)|, and if p is reduced then so
18 [

(2) n=(G,HD) is a A(m —m')-pair, and if p is reduced then so is n.

(3) p* = (G*, H*) is a A(m — m/)-pair, and if p is reduced then so is p*.

(4) If p is reduced then D = [H, D](H N D).

(5) Let B=A — Oyp(H) and B = (B). Then p' = (B,H) is a A(m — m')-pair,
G=BD,and HND =BND < B. If p is reduced then so is p'.

(6) The map ) : Vp(H) — Opp(H) defined by V +— HV is an isomorphism of lattices
with inverse K — K N D.

(7) B acts on each member of Vp(H).

(5) B(D) < .

Proof. Adopt Notation 15.6. As D < L, HD € Og(H). Then by 15.7.2, HD = L,, for
some o C A, and by 15.7.4, p is a A(m')-pair, where m’ = d(H, HD) = |a|. Moreover
if p is reduced, so is p. That is (1) holds. Similarly (2) follows from 15.7.4. As p* =
((HD)*,H*), (3) follows from (2) and 15.8 applied to D, HD in the role of X, H.

Assume for the moment that p is reduced. Now K = H[H,D] < HD, and as p
is reduced, we have Ng(K) = K, so K = HD. Hence D = DN K = [H,D|(H N D),
establishing (4).

Adopt the notation of (5). Then B = Lg and B = A — a. Thus by 15.7.4, p' is a
A(m — m/)-pair, and p’ is reduced if p is reduced. Further by 15.7.6, BN HD = H, so
BND=BNHDND=BNHND=HND. AsBND < B,wehave HND < B.
Similarly by 15.7.5, G = (HD, B) = DB, completing the proof of (5).

Visibly the map 1 in (6) is a function from Vp(H) into Oyp(H) and the map ¢ :
K — KN D is a function from Ogp(H) to Vp(H). Check that ¢ = ¢~ to complete
the proof of (6).

Let V € Vp(H) and U = (VB). By (6), VH = L., for some v C a, so by 15.7.3,

UB = <HV7 B> = <L’Y7Lﬁ> = L’YUﬁ'

Further U € Vp(H), so UH = L; for some 7y C § C a. Then § C an(yUpB) =any =71,
so 6 =y and hence U =V by (6). This establishes (7).
Let C be the set of maximal proper subsets of «, and for v € C, set Dy = L, N D, let
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M., be the set of maximal subgroups of D containing D., and set
v,= (] M.
MeMm,
Then H permutes M., so D, <V, € Vp(K). Thus by (6), V, = Ls N D for some 6 C «,
so v = § by maximality of v, and hence V, = D,. Therefore writing M for the set of
maximal subgroups of D, and observing that

Nr=2,

yeC
it follows fromm 15.7.3 that

®D)= (| M< () M=()Vy=Dn()Ly=DnLy=DnNH,
MeM yeC,MeM, yeC yel
establishing (8).

(16.3) Assume p= (G, H) is a A(m)-pair, 1 # D < G is an abelian p-group for some
prime p, and kergrnp(G) = 1. Set A= Og(H), B= Oyp(H), and B = Lg. Then

(1) HND = 1.

(2) B is a complement to D in G.

(3) ®(D) = 1.

(4) D=D1 & ---® D,, where D; is an irreducible F,H-module, and for i # j, D; is
not ¥, H-isomorphic to D;.

(5) {D1,...,D,} is the set of irreducible ¥, H-submodules of D.

(6) (HD, H) is a A(r)-pair.

Proof. By 16.2.5, G =BD and HND =BND < B. As D is abelian, HND < D.
Therefore HND < G by 16.2.5, so (1) holds as kergnp(G) = 1. Then as G = BD and
BN D=HnND, (2) holds. Similarly by 16.2.8, (D) < H, so (3) holds.

Adopt Notation 15.6. By 15.7.1, HD = L, where o = Oy p(H). Let r = |a/, so that
w= (HD,H) is a A(r)-pair by 16.2.1. Let « = {X4,...,X,} and D; = X; N D,;. By
16.2.6, D = {D1,...,D,} is the set of minimal H-invariant subgroups of D. Thus D is
the set of irreducible F,H-submodules of D. By 15.7.2, D = (D), so D is a semisimple
F,H-module. Further for 1 < j <r, Y =(D; :j #1i) = LgN D, where 8 = o — {X;}.
Then by 15.7.6,

YND;=LgNX;ND=HND =1,

so D=Dy@&---®D,. Finally as D = {D1,...,D,}, for i # j, {D;, D;} are the set of
irreducibles in D; @ Dj, so D; is not F, H-isomorphic to D;, completing the proof of the

lemma.



78 MICHAEL ASCHBACHER

(16.4) Assume (G, H) is a A-pair such that kery (G) = 1. Then
(1) HN F(G) = 1.
(2) ®(0,(G)) =1 for each prime p.
(3) All components of G are simple.
(4) There is a complement B to F(G) in G containing HE(G).

Proof. Part (2) follows from 16.2.8. Then (1) follows from 16.3.1. Indeed ®(E(G)) =
Z(E(G)), so also Z(E(G)) =1 by (1) and 16.2.8. Hence (3) holds.

To prove (4), we show that if IV is an abelian normal subgroup of G with keryng (G) =
1 then here is a complement to NV in G containing H F(G). Assume otherwise and pick
a counter example with N minimal. If N = 1 the claim is trivial, so we may assume
p is a prime with D = Op,(N) # 1. By hypothesis, D is abelian and kergnp(G) =
kergnn(G) N D = 1, so the hypotheses of 16.3 are satisfied. Hence by 16.3.2, there is
a complement Gy to D in G containing OP(N)E(G)H such that (Go, H) is a A-pair.
Then by minimality of G, there is a complement B to OP(N) in Gy containing H E(G),
completing the proof.

(16.5) Assume (G,H) is a A(m)-pair and D = Dy x Dsy is a subgroup of G with
1# D; < G. LetV; be the projection of HND on D;, H; = HN D;, and V = V1 V5.
Then

(1) H; < V.

(2) Set (VH)* =V H/H1Hy. Then (H N D)* is a full diagonal subgroup of Vi* x V5.

(3) Vi = X{ x - x X7,
(VH)* contained in Vi*.

(4) (HV, V) is a A(r)-pair.

(5) Opr(H) = Op,u(H)UOp,(H).

(6) V acts on each member of Vp, (H).

(7) Let & be the set of minimal members of Vp, (H) — {H1} which are not contained
in Vi, and E1 = <(§1> Then E1 < G.

(8) If D1 is a minimal normal subgroup of G then either

(a) Vi = Hy, or

(b) Hi =1 and D, = V.

where {X§, ..., X} are the minimal normal subgroups of

Proof. Let J = HND and X = HV. Then V = V,J, and V5 and J act on Hq, so
H, < V, establishing (1). By construction, J* NV = (JNV)* = Hf =1, so (2)

follows.
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Let Y be the minimal members of Vy, (H) — {H1}. As V = V2J, and V, and J act on
eachY € Y, Y < Vi. Then Y* is the set of minimal normal subgroups of X* contained
in V}*. Then arguing as usual, (3) and (4) hold.

Part (5) follows from 15.7.3. As V = V,J, and V5 and J acts on each member U of
Vp,(H), V acts on U, proving (6).

By 16.2.5 we have a factorization G = BD; and by 16.2.7, B acts on each member of
&:. Thus B acts on E;. By (6), V acts on Eq, and by 16.2.6, D; = E1V;. Thus D; acts
on Ey, so L = BD; acts on Fj, establishing (7).

Assume D; is a minimal normal subgroup of L. Then by (7), either D; = E; or
E; = 1. In the first case V4 < Ej, while by 16.2.6, for A a minimal member of Vp, (H)
not contained in gl, A ﬁ E;. Therefore Vi = Hy, so (8a) holds in this case.

So assume F7; = 1. Then D; = V; by 16.2.6. Recall we have a factorization G = BDx,
and by 15.17.7, Hy < B. By (1), Hy < Vi = D;y,s0 Hi < G. Then by minimality of
Dy, H; =1 or Dy, completing the proof of (8).

(16.6) Assume (G, H) is a reduced A(m)-pair and let X < G. Then

(1) G = (HY).

(2) If H< X then X =G.

(3) If G/ X s nilpotent then G = X H.

(4) Suppose X <Y < G with G/Y nilpotent and Y/X cyclic. Set Yy = X(Y NH).
Then G = HY, and Y/Yy is cyclic of order ry---rs with the r; distinct primes and
m=dH,HX) + s.

Proof. Let Y = (H®). Then Y € Og(H) and G = Ng(Y). But as (G, H) is reduced,
Y = Ng(Y), so (1) holds. Trivially (1) implies (2).

It remains to prove (3) and (4). By 16.2.2, (G, HX) is a reduced A-pair, and by
15.8, (G/X,HX/X) is a reduced A-pair. By 15.7.4, m = d(H,HX) + d(HX,G). Thus
replacing (G, H) by (G/X,HX/X), we may assume X = 1 and either G is nilpotent or
G/Y is nilpotent and Y is cyclic.

If G is nilpotent, it remains to show that G = H. But by (1), G = (HY), so as G is
nilpotent, G = H, completing the proof of (3).

So assume Y < G with Y cyclic and G/Y nilpotent. By (3), G = HY. Observe
that Yy =Y N H, soas Y is cyclic, Yy < G. By 16.2.8, ®(Y) < Yy. Therefore Y/Yy
is cyclic of order 71 ---r, for distinct primes rq,... ,7s. In particular d(H,Y) = s. This

completes the proof.
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Exercises for Section 16

1. Assume G is a finite solvable group and H is a subgroup of G such that H has
a normal complement X in G, and (G, H) is a A(m)-pair. Let II be the set of prime
divisors of | X|. Prove:

(1) The map K — K N X is an isomorphism of lattices from Og(H) to Zx(H), with
inverse Y — Y H.

(2) Each minimal normal subgroup of G contained in X is in the set Zx (H) of minimal
nonidentity members of Zx (H).

(3) For each Y € ZTx(H), there is a unique H-invariant complement to Y in X.

(4) For each m C II, there is a unique H-invariant Hall w-subgroup X, of X, and each
H-invariant m-subgroup of X is contained in X.

(5) All Sylow groups of X are elementary abelian.

(6) F(X) is abelian.

(7) Let 1 = Fyp(X) < --- < F(X) = X be the Fitting series for X, and | = [(X)
the Fitting length of X. (cf. Exercise 3.4) Prove that for 1 < i < [, there exists
A; € fFi(X)(H) with A, £ F;_1(X), such that A; is a p;-group for distinct primes
P1y---p,and Y = Ay - A € Ix(H) with F;(Y) = Ay -+ A; for each 1 < ¢ <. Hence
I(X) < |1

(8) Is it true that if (G, H) is reduced, then X/F(X) is abelian?

2. Let G be a finite group, I = {1,... ,m} a finite set, and F = (G; : i € I) a family
of subgroups of G. Define the geometric complex C = C(G, F) as in Exercise 10.2, and
adopt the notation of that exercise. For i € I, set n; = |G : G;|. Prove:

(1) If m = 2 then C = C(n1,n2) (cf. Exercise 10.3) iff G = G1Ga.

(2) C=C(n; -1 € 1) iff C is residually connected and for all 4, j, P, ; = P, P;.

(3) Let H = G and assume (G, H) is a A(m)-pair such that G is solvable and H has

a nontrivial normal complement X in G. Prove C = C(n; : i € I).
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