Processes and Hyperuniverses^⋆

Marco Forti^1, Furio Honsell^2 and Marina Lenisa^2

1 Istituto di Matematiche Applicate “U. Dini” Università di Pisa, Italy.

forti@dm.unipi.it

2 Dipartimento di Matematica e Informatica Università di Udine, Italy.

{honsell,lenisa}@dimi.uniud.it

Abstract. We show how to define domains of processes, which arise in the denotational semantics of concurrent languages, using hypersets, i.e. non-wellfounded sets. In particular we discuss how to solve recursive equations involving set-theoretic operators within hyperuniverses with atoms. Hyperuniverses are transitive sets which carry a uniform topological structure and include as a clopen subset their exponential space (i.e. the set of their closed subsets) with the exponential uniformity. This approach allows to solve many recursive domain equations of processes which cannot be even expressed in standard Zermelo-Fraenkel Set Theory, e.g. when the functors involved have negative occurrences of the argument. Such equations arise in the semantics of concurrrent programs in connection with function spaces and higher order assignment. Finally, we briefly compare our results to those which make use of complete metric spaces, due to de Bakker, America and Rutten.

Introduction

In the Semantics of Concurrent Languages, the word process refers to the denotation of a concurrent program (or statement, or state), especially in those contexts where parallelism is reduced to non-determinism + sequentiality. Processes have been defined, or described, in the following three settings: - Complete Metric Spaces (cms’s) [5, 3]; - Partial Orders (cpo’s) [12, 1, 11]; - Non-Wellfounded Sets (hypersets) [2, 13].

A completely satisfactory analysis of the expressive power of these approaches has not yet been carried out. This paper focuses on the description of processes as hypersets and on the relationship between semantics based on hypersets and semantics based on cms’s.

Mathematical semantics should provide compositional interpretations. Compositionality is important in that it allows to factorize, i.e. decompose, the semantics of complex objects into that of their components. This, in turn, allows

⋆ Work supported by ECC Science MASK grant and MURST 40% grants.

for the development of structured methods for reasoning about programs. Techniques based on cms’s and cpo’s have been widely used for defining compositional semantics for concurrent languages. Banach’s Fixed Point Theorem and the Least Fixed Point Theorem are used, in cms’s and cpo’s settings respectively, to ensure the existence of solutions of recursive domain equations and well-posedness of definitions.

Since the seminal work of Aczel and Rutten [2, 13], also hypersets have been used for defining compositional semantics; the existence of domains of processes and well-posedness of definitions being ensured by some Anti-Foundation Axiom. This approach leads naturally to processes which give branching-time semantics, i.e. processes which represent abstract trees of computation steps. Hypersets belonging to universes which satisfy strong extensionality properties allow to define processes up to bisimilarity. This approach yields compositional semantics for languages whose operational semantics is specified in suitable formats ([13]), where bisimilarity of states is a congruence w.r.t. the syntactic operators. A definite advantage of using hypersets is that one can maintain the naive set theoretic intuition in construing processes. However the approach à la Aczel- Rutten is apparently weaker than those based on cpo’s or cms’s, when carried out in a Set Theory which abides by the limitation of size principle, e.g. ZF. In fact, there are simple domain equations of processes, involving function spaces, which cannot be solved using small hypersets; the reason being that some interesting classes are not sets. Such processes arise e.g. when dealing with language features like “second order assignment”, see [4]. In order to maintain the set theoretic intuition and to overcome some of the current limitations of the existing hyperset approaches, we propose hyperuniverses as a new setting for defining processes as hypersets. In this paper we give evidence that the constructions usually carried out in the context of complete metric spaces can be recast more intuitively in the context of hypersets and we show that a very large class of domain equations of processes can be solved in this setting.

The authors would like to thank Jaco de Bakker, Jan Rutten and Franck van Breugel for helpful discussions.

1 Hyperuniverses

Hyperuniverses are models of Set Theories which strongly contradict the Axiom of Foundation. They have strong extensionality properties and very strong comprehension properties. They combine two lines of research: Free Construction Principles (Antifoundation Axioms) and Comprehensive Theories of Sets.

Research on Antifoundation Axioms goes back to Mirimanoff (10’s), Scott (50’s), Boffa (60’s), who studied how to represent arbitrary extensional relations by the membership relation. A comprehensive treatment of these axioms based on a general Free Construction Principle appears in [8]. A very interesting axiom, first introduced there, is the axiom X_1, later popularized by Aczel as AF A ([2]), which allows to maintain the strong extensionality properties of wellfounded sets still providing a very rich collection of hypersets.

Research on Comprehensive Theories of sets originates with Frege’s inconsistent formulation of the naive General Comprehension Principle, which allows the formation of the set {x | ϕ(x)} for any well-defined set-theoretic property ϕ. Russell’s paradox arises instantiating ϕ with x ∉ x. Set theories à la Zermelo (e.g. ZF ) weaken the Comprehension Principle and substitute it by the Separation Axiom, which allows the formation of sets {x ∈ a | ϕ(x)}, for any already existing set a. These theories have a very limited self-descriptive power, in that they do not even allow the existence of a universal set. Comprehensive Theories of Sets were investigated among others by Quine (30’s), Church (50’s), Malitz (70’s). More recently Forti, Hinnion, Honsell and Weydert ([7, 9, 14]) considered a very strong version of comprehension consistent with extensionality, namely the Generalized Positive Comprehension Principle:

GP C {x | ϕ(x)} is a set, if ϕ is a Generalized Positive Formula.^3

The Comprehension Schema GP C is quite powerful (see [7]). Inter alia, it allows the formation of the identity Δ = {(x, y) | x = y}, the membership E = {(x, y) | x ∈ y}, the projections π_1, π_2, the set-theoretic inclusion ⊆, the singleton map Sing, the universe V , and, for any given x and y, also of the sets {x}, {x, y}, x ∪ y, x ∩ y, x × y, x ∘ y, ⋃ x, ⋂ x, dom(x), cod(x), x^{−1}, P(x), ♦(x) = {y | y ∩ x ≠ ∅}, ^x(y) = {z | ∃w ∈ y.(w, z) ∈ x}, F(x) = {y | x ∈ y}, x ⋆ y = {(u, (v, w)) | (u, v) ∈ x ∧ (u, w) ∈ y}. Hyperuniverses are models of comprehensive theories of sets even stronger than GPC [7, 9, 14]. The following definition of hyperuniverse generalizes of the notion introduced in [10] to a Set Theory with Urelements (i.e. atoms).

Definition 1. Let N be a transitive set and let U be the set of Urelements of N. Then N is a κ-hyperuniverse if the following conditions hold:^4 i) the complements of the elements of N \ U are a κ-additive, κ-compact, 0- dimensional uniform topology;

ii) U is a clopen subset of N and N \ U is the exponential space of N endowed with the exponential κ-uniformity (which induces the Vietoris κ-topology).

The above definition can be generalized by dropping either κ-compactness or 0-dimensionality or both. Notice that, if κ-compactness is not assumed, then the exponential κ-uniformity induces a strictly finer topology than Vietoris κtopology; hence the universe lacks many useful comprehension properties.

We work in a Set Theory with atoms since they are needed in the applications for modeling atomic actions. More precisely we work within the Set Theory ZF C^−_0 (U), which consists of the following axioms: Pairing, Union, Power Set,

3 The class of Generalized Positive Formulæ GP F is the least class of formulæ which includes the atomic formulæ x ∈ y, x = y, and is closed under the connectives ∧, ∨, the quantifiers ∀x, ∃x, the bounded quantifiers ∀x ∈ y, ∃x ∈ y and “pseudoimplication”, i.e.: if ϕ ∈ GP F , θ is a formula which can contain also the connective ¬ and F reeV ar(θ) = {x}, then ∀x.(θ → ϕ) ∈ GP F . 4 Throughout the paper κ denotes a regular cardinal. For definitions and concepts from the theory of uniform spaces we refer to Appendix A (see also[6]).

Replacement, Infinity, Choice, and Extensionality up to the set of atoms U. Since we want to consider structures which are equal and not simply isomorphic to their exponential space, we have to give up the Axiom of Foundation and assume, instead of it, the axiom F CU of Unique Free Construction with respect to a set U of atoms, which generalizes the Axiom X_1 of [8, 9] to Set Theories with atoms:

F CU Let X be a set such that X∩U = ∅. For every function f : X → P(X∪U) there is a unique function g : X → V verifying g(x) = (f(x) ∩ U) ∪ {g(y) | y ∈ f(x) ∩ X}, ∀x ∈ X. Some antifoundation axioms yield interesting characterizations of equality between sets. In particular F CU yields the Super Strong Extensionality Axiom up to the set of atoms U:

SSExtU Two sets x, y are equal iff there is a bisimulation R s.t. xRy.^5

This axiom states that two sets are equal if and only if they belong to the greatest fixed point of the monotone operator ( )^+_U , which corresponds to the bisimilarity relation in Concurrency, when atoms are taken as actions. In Nonwellfounded Set Theory this greatest fixed point is the coarsest equivalence consistent with extensionality. In Concurrency Theory, it is the finest equivalence considered, since bisimilar processes cannot be separated by observations.

2 The Non-wellfounded Approach

Natural branching-time compositional semantics can be given to a large class of concurrent languages in the non-wellfounded set theory ZF C^−_0 (U)+F CU, see [2, 13]. A natural semantics, which assigns the same process to bisimilar states, is definable in fact for any Labelled Transition System T = (S, A, →) by a direct application of the Axiom F CU.

Theorem 1. Let T = (S, A, →) be a LTS and let A ⊆ U. There is a unique model M_T : S → V such that M_T [[s]] = {(a, M_T [[s^′]]) | s^a→ s^′}.

In [13], Rutten shows how this technique yields a compositional semantics when the labelled transition system is specified in a suitable format which ensures that bisimilarity on states is a congruence. In particular, processes are modeled as elements of the class X which is the greatest solution of the equation X = P(A× X) in ZF C^−_0 (U)+F CU, where the set of actions A consists of atoms. Assuming suitable “guardedness” conditions, an equivalent “branching time” semantics is definable also using metric spaces, see [5]. In this case the domain of processes is the solution of the equation X ∼= P_{co}(A × X 1_2 ) in the category of complete metric spaces and non-distance increasing functions [3].^6 Therefore, in the cases

5 A bisimulation is a relation R s.t. R ⊆ (R)^+_U , where (R)^+_U = {(x, y) | x ∩ U = y ∩ U and ∀t ∈ (x \ U).∃s ∈ (y \ U). tRs and ∀s ∈ (y \ U).∃t ∈ (x \ U). sRt}. 6 Pco(A × X 1_2 ) is the set of all closed subsets of the complete metric space A × X 1_2 , where X 1_2 is obtained from X by contracting the distance by a factor^1_2 .

dealt in [13], there is a clear-cut correspondence between processes for branchingtime denotational semantics defined by metric techniques and processes defined in terms of hypersets in a Zermelo-like Set Theory. A compositional “branching time” semantics can still be given à la Aczel-Rutten, also to concurrent languages with complex features such as “process creation” and “sharing of variables”. However, the equations which specify the processes used in the metric setting for modeling features such as “second order assignment”, [4], cannot be even expressed à la Aczel-Rutten. In fact, one necessitates of a space of processes P which solves the system of equations SemState ∼= (IV ar →^0 V al) × (P V ar →^0 P ) P ∼= {p_0} ∪ (SemState →^0 P_{co}(SemState × P 1_2 )). The problem in mimicking this construction using hypersets is that class operators like Φ(X) = . . . (X → . . .) . . . , where the argument occurrs in a negative position, are not well defined in the theory ZF C^−_∘ (U) + F CU, since otherwise proper classes would be elements. One should remark, however, that a less abstract semantics can be given also in this case à la Aczel-Rutten.

One of the goals of this paper is to show that even when dealing with “large” reflexive processes one is not really forced to give up the set theoretic intuition. In fact we can consider a very comprehensive set-theoretic framework, namely a hyperuniverse, i.e. a transitive universe where many interesting classes can be safely taken to be sets.

3 A Construction of κ-Hyperuniverses

In this section we outline the construction of a κ-hyperuniverse. This amounts essentially to truncating at a suitable cardinal κ the construction which extensionalizes a binary structure (see [8]).

Let κ >| U | be a strongly inaccessible weakly compact cardinal. Define the equivalences ≈_α= (≈_{U,α} ∪Δ_U ) for all α ∈ Ord by ≈_{U,0}= (V \ U) × (V \ U), ≈_{U,α+1}= (≈_{U,α})^+_U , ≈_{U,λ}= ⋂ γ<λ(≈_{U,γ} ) (λ limit). The nested chain of equivalences {≈_α| α < κ} induces a κ-ultrametric δ_κ on the quotient set N^∗_κ (U) ≡ V/ ≈_κ:^7 put δ_κ(x, y) = 0, if x ≈_κ y, and

δ_κ(x, y) = ϵ_α, otherwise, where α = min{γ | x ≉_γ y};

here < ϵ_α | α < κ > is a suitable strictly decreasing κ-sequence , converging to 0 in any non standard model of the real numbers with cofinality κ (if κ = ω, simply take ϵ_n =^1_{2n} ).

Consider on N^∗_κ (U) the κ-membership relation ∈_κ defined by: [x] ∈κ [y] iff (∀α < κ∃z ∈ y x ≈_α z) ∨ (x ∈ y ∩ U); apply the axiom FCU to (N^∗κ(U), ∈κ) and get the isomorphic transitive structure (Nκ(U), ∈). 7 it amounts to a contraction of Hausdorff’s κ-distance corresponding to the discrete metric on U.

The metric, topological and set theoretic properties of the space Nκ(U) are summarized in the following proposition (see [7, 9, 10]):

Proposition 2. Let (Nκ(U), ∈) be the space constructed above. Then - Nκ(U) is a κ-metrizable κ-hyperuniverse. - Nκ(U) |= GP C, F CU, hence also SSExtU. In particular

• Nκ(U) |= pairing, power set, union, infinity, choice.

• The restrictions to Nκ(U) of the classes Δ, E, V, π_1, π_2, ⊆ are in Nκ(U). • Nκ(U) is closed under the following operations: ⋃ ( ), ( ) ∩ ( ), dom( ), cod( ), Sing( ), ( )^{−1}, ^( )( ), ( ) ⋆ ( ), ♦( ).

• Nκ(U) is closed under unions, subsets and products of size less than κ.

Most of the set theoretic closure properties of κ-hyperuniverses follow from their topological properties, especially κ-compactness. In particular a function f belongs to Nκ(U) if and only if it is continuous with closed domain. Unfortunately Nκ(U) is not closed under the set x^y of continuous functions with domain y and range included in x (unless y is discrete). In fact the topology induced by Hausdorff’s distance on graphs is strictly coarser than that induced by the supremum-norm. However the closure of the set of continuous functions x^y belongs to Nκ(U), as well as the sets of all β-expansive or β-contractive functions for any β < κ (see Definition 2), hence, in particular, the set x →^0 y of all non-distance-increasing functions.

Surprisingly, ω-hyperuniverses are ubiquitous in Mathematics and Theoretical Computer Science. In particular, the special ω-hyperuniverse N_ω(∅) has been studied and manufactured in many different ways:

– Nω (∅) is isomorphic to the Stone space of the free modal Boolean algebra on the empty set of generators ([11]).

– Nω (∅) can be seen also as the Cantor-1 space, i.e. the union of Cantor’s “discontinuum”, obtained by the standard middle-third-removal construction, plus the centres of all the removed intervals.

– The unique solution of the domain equation X ∼= P_{cl}(X 1_2 ) in the setting of complete metric spaces ([5]), can be made into the hyperuniverse Nω (∅) by an application of F CU, turning the isometry into the identity.

– Abramsky, Mislove, Moss and Oles [1, 11] investigated Nω (∅) in the setting of cpo’s, as the space of maximal elements of the solution in the category of SFP’s of a suitable domain equation. For example Abramsky considered the equation X ∼= PP (X_⊥) ⊕ 1_⊥, where P denotes Plotkin’s Power Domain constructor, ⊕ the coalesced sum and 1_⊥ the lifted singleton cpo.

Taking into account the existence of Urelements, we have:

Proposition 3. The ω-hyperuniverse N_ω(U), U finite and discrete, is uniformly isomorphic (isometric) to the unique solution, in the category of cms’s, of X ∼= U∪P_{cl}(X 1_2 ), where ∪ denotes the disjoint union of metric spaces.

The set U of atoms considered up to now is a discrete κ-compact space, hence of size less than κ. Sometimes, in the semantics of concurrent languages, more structured spaces of atoms are needed, e.g. for modeling “infinite actions”, “real time”, or “random choices”. We can handle infinite discrete atomic actions or random choices already in N_κ(U), where U is discrete, for κ > ω. This is an interesting application of such hyperuniverses to semantics. However, an alternative method, more general and more suitable for real time, say, is to embed isomorphically more structured spaces of urelements in a hyperuniverse. The following theorem of [9], which generalizes the construction above, is a first step in this direction.

Theorem 4. If U carries a κ-ultrametric structure, then there exists a κ-ultra-metric space Nκ(U) such that U is a clopen subspace of Nκ(U) and Nκ(U) \ U is the exponential space of Nκ(U), endowed with the exponential uniformity determined by the κ-ultrametric structure.

Moreover, if κ is a strongly inaccessible weakly compact cardinal and U is κcompact (κ-bounded), then Nκ(U) is κ-compact (κ-bounded).^8 Finally, if U is (ultra-)metric complete, then Nω(U) is (ultra-)metric complete; if U is κ-metrizable and κ > ω, then Nκ(U) is κ-ultrametrizable.

For instance, the theorem above implies that, choosing as set of Urelements the ultrametric space U ≡ (N, δ) of natural numbers endowed with the discrete metric, the very same construction outlined before yields, for κ = ω, a complete ultrametric space N_ω(U). We believe that the atoms of a κ-hyperuniverse can carry a much more general topological structure, namely any paracompact topology. But this appealing mathematical generality does not seem up to now to have enough semantical motivation. Finally, we can stop the construction also at a non-regular limit ordinal λ > κ = cofλ. The transitive set N_λ(U) thus obtained cannot be a hyperuniverse, since κ-compactness is lost. However, we still obtain a complete metric space, when λ has countable cofinality:

Theorem 5. ([9]) i) If U is an (ultra-)metric complete space and cofλ = ω, then N_λ(U) is (ultra-)metric complete.

ii) If either λ > cofλ > ω or λ is regular but not weakly compact, then N_λ(U) is not complete.

4 Fixed Point Theorems in κ-Hyperuniverses

In this section we show that κ-hyperuniverses are adequate frameworks for providing semantics for concurrent languages. In particular we give some general Fixed Point Theorems which allow to solve in this setting those recursive (domain) equations which are used for defining processes.

The first theorem can be seen as a generalization of Tarski’s Fixed Point Theorem; in general it does not yield uniqueness of fixed points.

8 Caveat: in the non-κ-compact case Nκ(U) is not so rich in closure properties, e.g. it is not closed w.r.t. ⋃ x, dom(x), etc..

Theorem 6. Let f ∈ Nκ(U) be a function and let ≤ ∈ Nκ(U) be a partial order such that f is monotone w.r.t. ≤. Put D = {x ∈ dom(f) | x ≤ f(x)} and assume that any λ-chain in D with λ < κ has an upper bound in D. Then, for all x ∈ D, there is y ≥ x such that y = f(y).

Notice that theorem 6 applies whenever ≤ is κ-inductive on dom(f), i.e. any λ-chain with λ < κ has a l.u.b.. In case ≤ is ⊆ (⊇), Theorem 6 gives exactly the translation of Tarski’s Fixed Point Theorem into κ-hyperuniverses, namely:

Theorem 7. If f ∈ Nκ(U) is a monotone function on the complete lattice of closed sets Nκ(U) \ U, then f has a complete lattice of fixed points.

Using the above theorems, a plethora of reflexive domain equations, involving many different set-theroretic operators, are immediatly solvable in the setting of κ-hyperuniverses. In the metric setting, where Banach’s Fixed Point Theorem is the main tool, it is more complicated and problematic to handle many of these equations. In fact, in order to solve recursive domain equations, the contractiveness of the functors involved in the equations is needed (see [3]). E.g., in hyperuniverses, we can apply directly Theorem 7 to the following functions:

F_1(X) = (X_0 ∪ X) × P(X) × ♦(X), F_2(X) = X_0 ∪ cod(X) ∪ X^{−1}. Also Banach’s Fixed Point Theorem^9 has a very significant analogue in the setting of ω-hyperuniverses. First we need to give the notion corresponding to the “k-Lipschitz” condition in the context of hyperuniverses:

Definition 2. Let f ∈ N_κ(U) be a function and let ν < κ. We say that f is ν-contractive if ∀α < κ (x ≈_α y ⇒ f(x) ≈_{α+ν} f(y)). We say that f is ν-expansive if ∀α < κ (x ≈_{α+ν} y ⇒ f(x) ≈_α f(y)).

According to the above definition, 0-contractive (or equivalently 0-expansive) functions are exactly the non-distance-increasing functions w.r.t. the natural distance on N_κ(U). Therefore we shall denote with x →^0 y the set of nondistance-increasing functions with domain x and range included in y. Clearly, if a function f is α-contractive (α-expansive) then it is β-contractive for all β < α (β-expansive for all β > α). Remark that, conversely, if α is a limit ordinal then β-contractiveness for all β < α is equivalent to α-contractiveness.

In the following theorem we use the notation of Section 1.

Theorem 8. Let f_1, f_2 ∈ N_κ(U) be functions such that f_1 is ν_1-contractive and f_2 is ν_2-contractive. Put ν = min{ν_1, ν_2} for ν_1, ν_2 < κ; then - the function f_2 ∘ f_1 is (ν_1 + ν_2)-contractive; - the function f_1 ⋆ f_2 is (ν + 2)-contractive;

- the functions f_1 × f_2, f_1 ∪ f_2 and f_1 →^0 f_2 are ν-contractive;^{10}

9 if (X, δ) is a complete metric space and f : X → X is k-Lipschitz for k < 1 (i.e.

δ(f(x), f(y)) ≤ kδ(x, y) ∀x, y ∈ X), then f has a unique fixed point. 10 The functions f1 × f2, f1 ∪ f2 and f1 →^0 f2 are defined pointwise. E.g. (f1 →^0 f2)(x) = f1(x) →^0 f2(x), ∀x ∈ dom(f1) ∩ dom(f2).

- if ν is a successor ordinal or κ = ω, then both f_1 × f_2 and f_1 →^0 f_2 are (ν + 2)-contractive.

Moreover, in every hyperuniverse:

- Id, ( )^{−1} and all permutations and groupings of n-tuples are 0-contractive; - P, ♦, F, Sing are 1-contractive;

- the constants functions are α-contractive for all α < κ.

Theorem 8 can be easily extended also to ν-expansive functions by considering expansive degrees as negative contractive degrees. Of special interest, in view of the applications of the following theorem, is the possibility of extending the additivity of contractive degrees under composition also to mixed cases: e.g. if f is ν-contractive, g is μ-expansive and ν ≥ μ, then g ∘ f is (ν − μ)-contractive. Clearly, in N_ω(U), 1-contractive functions are exactly all k-Lipschitz functions for k < 1. Thus we can give our analogue of Banach’s Fixed Point Theorem:

Theorem 9. Any 1-contractive function f ∈ N_ω(U) such that cod(f) ⊆ dom(f) has a unique fixed point.

We conjecture that the theorem above should cover all cases which are dealt by America-Rutten in [3] using the properties of contractive and hom-contractive functors. On the ground of Theorem 8, the condition “f is 1-contractive” is satisfied by a large class, indeed, of functions f ∈ N_ω(U). E.g. we can solve the equation X = (X →^0 X) ∪ U, since Id →^0 Id is 2-contractive.

5 Concluding Remarks

A first benefit deriving from working in hyperuniverses is that, much as in the non-wellfounded approach à la Aczel-Rutten, we can utilize directly naive set-theoretic intuitions; whereas more sophisticated notions and techniques from Category Theory are involved in the cpo and cms settings. Moreover we have two different techniques for solving reflexive domain equations of processes. The first, based on Theorems 8 and 9, works essentially in metric hyperuniverses and possibly generalizes and simplifies the technique of [3]. In fact, contraction coefficients are implicit, and domain equations do not mention contractivity explicilty. The second technique, based on Theorem 6, does not necessitate at all that the hyperuniverse have a metric structure, since it utilizes successive iterations of a “monotone” function w.r.t. a suitable partial order. There are equations, e.g. X = ♦X or X = {f : N_κ(U) →^0 N_κ(U) | ^f(X) ⊆ U}, which are solvable in an arbitrary hyperuniverse, but do not seem to be handled directly using the formulation of the technique [3].

The possibility of defining processes within the whole transfinite hierarchy of κ-hyperuniverses is not merely a mathematical generalization. In κ-hyperuni-verses, for κ > ω, we can discuss infinite sets of actions and define infinitely branching processes, without having to endow the space of actions with unnatural metrics. Moreover, we do not need to assume so called “guardedness” conditions in the definitions of recursive processes. Finally, these κ-hyperuniverses can provide, hopefully, more “elbow room” for dealing directly with fair processes.

We conclude the paper by raising some interesting and natural questions, which should deserve further investigation:

1. Can we prove that we recover in our framework all compact solutions of equations given using the technique of [3]?

2. Conversely, are there instances of Theorems 6 and 9 which cannot be dealt within a suitable category of Complete Metric Spaces?

3. Can the intuition that a hyperuniverse is a “universal domain of processes” be made precise?

4. Can we easily derive compositionality of semantics given using hypersets for other concurrent languages, besides those in [13]?

References

1. S. Abramsky, A Domain Equation for Bisimulation, Information and Computation, 92:161–218, 1991.

2. P. Aczel, Non-wellfounded sets, Number 14, Lecture Notes CSLI, 1988. 3. P. America, J. Rutten, Solving Reflexive Domain Equations in a Category of Complete Metric Spaces, Journal of Computer and System Sciences, 39:343–375, 1989.

4. J. W. de Bakker, F. van Breugel, Topological models for higher order control flow, Report CS-R9340, CWI, Amsterdam, June 1993.

5. J. W. de Bakker, J. I. Zucker, Processes and the Denotational Semantics of Concurrency, Information and Control, 54:70–120, 1982.

6. R. Engelking, General Topology, PWN, Warszawa, 1977.

7. M. Forti, R. Hinnion, The consistency problem for positive comprehension principles, J. Symb. Logic 54:1401–1418, 1989.

8. M. Forti, F. Honsell, Set Theory with Free Construction Principles, Annali Scuola Normale Sup. Pisa, Cl. Sci., (IV), 10:493–522, 1983.

9. M. Forti, F. Honsell, Models of self-descriptive Set Theories, in Partial Differential Equations and the Calculus of Variations, Essays in Honor of E. De Giorgi (F. Colombini et al. editors), Birkhäuser, Boston 1989, 473–518.

10. M. Forti, F. Honsell, A general construction of hyperuniverses, Technical Report, Ist. Mat. Appl. “U. Dini”, Università di Pisa, 1992 (to appear in TCS).

11. M. W. Mislove, L. S. Moss, F. J. Oles, Non-wellfounded Sets Modeled as Ideal Fixed Points, Information and Computation, 93:16–54, 1991.

12. G. D. Plotkin, A powerdomain construction, SIAM J. Comp., 5:452–493, 1976. 13. J. Rutten, Processes as terms: non-wellfounded models for bisimulation, MSCS, 2(3):257–275, 1992.

14. E. Weydert, How to approximate the naive comprehension scheme inside of classical logic, Bonner mathematische Schriften 194, Bonn 1989.

Appendix A

Throughout this Appendix κ denotes a regular cardinal.

Definition 3. i) A tree T is κ-ary if any subchain of T has less than κ immediate successors;

ii) κ is strongly inaccessible and weakly compact if every κ-ary tree of size κ has a κ-branch.

We recall below some basic definitions from General Topology (see [6]).

Definition 4. i) A filter on X is a non empty set F ⊂ P(X) such that: a) A ∈ F and B ⊇ A ⇒ B ∈ F; b) A, B ∈ F ⇒ A ∩ B ∈ F. (The filter generated by a set S is the least filter containing S). ii) A filter is κ-complete if it is closed under intersections of length less than κ. iii) A uniformity on X is a filter U of entourages, i.e. symmetric and reflexive binary relations on X satisfying the following conditions: a) ⋂ U = Δ_X ≡ {(x, y) ∈ X × X | x = y} (separation);

b) ∀U ∈ U ∃V ∈ U. V ∘ V ⊆ U (triangular inequality), where ∘ is the composition of relations.

iv) The topology τ_U induced by the uniformity U has as open sets {A ⊆ X | ∀x ∈ A ∃U ∈ U U(x) ⊆ A}, where U(x) = {y | (x, y) ∈ U}. v) A κ-uniformity is a uniformity which is a κ-complete filter. A topology is κ-additive (shortly a κ-topology) if the intersection of less than κ open sets is open. If U is a κ-uniformity then τ_U is a κ-topology.

vi) A κ-uniformity U on X is κ-bounded if ∀U ∈ U ∃S ⊆ X such that | S |< κ and {U(s) | s ∈ S} is a cover of X. Notice that ω-bounded is usually called totally bounded.

vii) A (κ-)uniformity basis B is a set of entourages such that the filter generated by B is a (κ-)uniformity. The (κ−)uniformity generated by the (κ−)metric δ has a basis B = {U_α | α < κ}, where U_α = {(x, y) ∈ X × X | δ(x, y) < ϵ_α}. Definition 5. i) A topology is 0-dimensional if it has a basis of clopen (i.e. simultaneously closed and open) sets.

ii) A κ-topology is κ-compact if every open cover of X has a subcover of cardinality less than κ.

iii) The exponential space P_{cl}(X) of X is the space of all closed subsets of X. iv) The Vietoris (κ-)topology on the exponential space P_{cl}(X) is the coarsest (κ-)topology such that B(A) = P_{cl}(X) ∩ P(A) is open for every open set A of X and B(F ) is closed for every closed set F of X. A subbasis for this topology is given by the sets B(A) and D(A) = {C ∈ P_{cl}(X) | A ∩ C ≠ ∅}, for A open. v) The exponential uniformity U^+ on the exponential space P_{cl}(X) corresponding to the κ-uniformity U on X has a basis consisting of the sets U^+ = {(A, B) ∈ P_{cl}(X) × P_{cl}(X) | (∀x ∈ A∃y ∈ B.(x, y) ∈ U) ∧ (∀y ∈ B∃x ∈ A.(y, x) ∈ U)}, where U ∈ U. U^+ is a κ-uniformity whenever U is.

Appendix B

We sketch the proofs of theorems 1, 6 and 8.

Proof of theorem 1.

Existence and uniqueness of M_T [[ ]] follow by applying F CU to f : X ∪ P(X ∪ A) ∪ P^2(X ∪ A) → P(X ∪ P(X ∪ A) ∪ P^2(X ∪ A) ∪ A), where X = {x_s | s ∈ S}, f_{|X} (x_s) = {(a, x_s′ ) | s^a→ s^′}, f_{|P(X∪A)∪P} 2_{(X∪A)} = id_{|P(X∪A)∪P} 2_{(X∪A)} ((x, y) denotes a Kuratowski pair, i.e. it is a shorthand for {{x}, {x, y}}). The axiom SSExtU guarantees that we model programs up to bisimilarity.

Proof of theorem 6.

Pick x ∈ D and define the κ-sequence {x_α}_{α<}κ by x_0 = x, x_{α+1} = f(x_α), and, for limit λ < κ, x_λ = y for some y ∈ D s.t. y ≥ x_γ ∀γ < λ. By κ-compactness there is a κ-subsequence {x_{iα} }_{α<κ} converging to x. By hypothesis x_{iα} ≤ f(x_{iα} ) = x_{iα +1} ≤ x_{iα+1} , for all α < κ. Since f is continuous, we have x ≤ f(x) ≤ x. Proof of theorem 8.

All the assertions, but the one concerning f_1 →^0 f_2, need only straightforward computations, which we omit. In order to show that, if x ≈_α y, then (f_1 →^0 f_2)(x) ≈_{α+ν} (f_1 →^0 f_2)(y), we assume first that ν = μ + 1 is a successor ordinal. We fix a system of representatives for the equivalence classes modulo ≈_{α+ν} , then we pick g ∈ (f_1 →^0 f_2)(x), i.e. g : f_1(x) →^0 f_2(x) and we define h : f_1(y) →^0 f_2(y) as follows. Given t ∈ f_1(y) we pick s ∈ f_1(x) such that t ≈_{α+μ} s, which exists since f_1(x) ≈_{α+ν1} f_1(y). Now we put h(t) = z, where z is the representative in f_2(y) of the class of g(s) modulo ≈_{α+μ}, which exists since f_2(x) ≈_{α+ν2} f_2(y). The function h so defined is constant on the equivalence classes modulo ≈_{α+μ}, since g is 0-contractive. Therefore h is itself 0-contractive: points which are ≈_{α+μ}-equivalent have equal images, whereas points which are ≈_β for β < α + μ are mapped onto ≈_β -equivalent points, since g is 0-contractive and f_i(x) ≈_{α+νi} f_i(y) for i = 1, 2. The fact that h ≈_{α+ν+1} g is immediate from our choice of h, taking into account that Kuratowski’s pairs have the property that if u ≈_γ u^′ and v ≈_γ v^′ then (u, v) ≈_{γ+2} (u^′, v^′).

When ν > 0 is a limit ordinal, the proof above can be readily modified taking into acount that ≈_{α+ν} is ⋂ β<ν ≈_{α+β+2}. When ν = 0 and α is a successor, again we can repeat the same argument as above, taking the predecessor of α instead of α + μ. The remaining case ν = 0 and α limit follows again, utilizing the fact that ≈_α is ⋂ β<α ≈_{β+2}.

This article was processed using the L^ATEX macro package with LLNCS style