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The torsion problem

a

a

εb

εb

ωε

ωε

M̃ε

M̃ε

x̃1

x̃2

τ̃ ε1

τ̃ ε2

µ: shear modulus
α: angle of twist per unit length

Differential formulation

ψ̃ε stress function

(∗)
{

△ψ̃ε = −2 on ωε
ψ̃ε = 0 on ∂ωε

Twisting moment

ψ̃εm: solution of (∗)
τ̃
ε = µαe3 ×∇ψ̃εm

M̃ε = 2µα
´

ω̃ε
ψ̃εdã

M̃ε =
´

ω̃ε
x̃ × τ̃

εdã
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Approximate solution for thin structures

a

εb
ωε

x̃1

x̃2

τ̃ ε1

τ̃ ε2

ψ̃εm ≃
(εb)2

4
− x̃2

2

τ̃ ε1 = µα
∂ψ̃εm
∂x̃2

= −2µα x̃2

M̃ε = 2µα
´

ω̃ε
ψ̃εdã = 1

3 µα a (εb)3

M̃ε 6= −
´

ω̃ε
x̃2 τ̃

ε
1 dã = 1

6 µα a (εb)3
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Objectives and method

εb

ω̃ε

M̃ε

M̃ε

x̃1

x̃2

Differential formulation

ψ̃ε stress function

(∗)
{

△ψ̃ε = −2 su ω̃ε
ψ̃ε = 0 su ∂ω̃ε

Variational formulation

ψ̃εm solution of (∗)
F̃ε

(

ψ̃εm

)

= min
η̃∈H1

0 (ω̃ε)
F̃ε (η̃)

= min
η̃∈H1

0 (ω̃ε)

´

ω̃ε
(∇η̃)2 − 4η̃ dã

Objective: solution in terms of stresses and torsional stiffness as ε −→ 0

Method: Γ-convergence based approach.
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The trapezoidal domain

ϑ

ℓℓ

εb
ω̃ε

x̃1

x̃2

χ
ε b/2

−b/2
ω

x1

x2

Coordinate transformation

χ
ε (x) =

(

x1 − εx1x2
ρ , εx2

)

; 1
ρ := tanϑ

ℓ

Covariant and contravariant bases

gε1 = χ
ε,1 =

(

1− εx2
ρ ,0

)

gε2 = χ
ε,2 = ε

(

− x1
ρ ,1

)

g1
ε = 1

1−εx2/ρ

(

1, x1
ρ

)

g2
ε =

(

0, 1
ε

)

g11 = 1
(1−εx2/ρ)

2

(

1 +
(

x1
ρ

)2
)

g12 = x1/ρ
ε(1−εx2/ρ)

g22 = 1
ε2
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Definition of the objective functional

ϑ

ℓℓ

εb
ω̃ε

x̃1

x̃2

χ
ε b/2

−b/2
ω

x1

x2

ψεψ̃ε

ψ̃ε : ω̃ε → R ψε : ω → R ψε = ψ̃ε ◦χ
ε

ψε,α= ∂ψε

∂xα
= ∂ψ̃ε

∂x̃β
◦χ

ε ∂χ
ε

β

∂xα
= ∇ψ̃ε ◦χ

ε · gεα
(

∇ψ̃ε
)

◦ χ
ε =

(

∇ψ̃ε ◦ χ
ε
)

· gεα gαε = ψε,α gαε

F̃ε
(

ψ̃ε
)

=
´

ω̃ε

∣

∣

∣
∇ψ̃ε

∣

∣

∣

2
− 4ψ̃ε dã

Fε (ψε) :=
´

ω

(

|ψε,α gαε |2 − 4ψε
)√

gεda

√
gε = ε

∣

∣

∣
1− εx2

ρ

∣

∣

∣
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Lemmas

Lemma (Coercivity)

∃ c > 0 s.t.
´

ω |ψε,α gαε |2 da ≥ c
´

ω

(

ψε,1
2 +

(

ψε,2
ε

)2
)

da Proof

Lemma (Boundedness)

W ≡ L2
(

(0, ℓ) ; H1
0

(

−b
2 ,

b
2

))

, {ψε} ⊂ H1
0 (ω) s.t. supε

Fε(ψε)
ε3 < +∞

⇒ supε
∥

∥

∥

ψε,1
ε

∥

∥

∥

L2(ω)
< +∞ , supε

∥

∥

∥

ψε

ε2

∥

∥

∥

W
< +∞ Proof

Lemma (Compactness)

W ≡ L2
(

(0, ℓ) ; H1
0

(

−b
2 ,

b
2

))

, ∀ {ψε} ⊂ H1
0 (ω) s.t. sup

ε

Fε(ψε)
ε3 < +∞ ,

∃ ψ ∈W and a subsequence of {ψε} , not re-labeled, s.t.

ψε,1
ε

L2(ω)−−−⇀ 0 , ψε

ε2
W−⇀ ψ Proof
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The limit functional

W ≡ L2
(

(0, ℓ) ; H1
0

(

−b
2 ,

b
2

))

F0 : W → R ; F0 (ψ) =
´

ω (ψ,2)
2 − 4ψ da

Theorem (Γ– convergence)

Lim inf ψε,1
ε −⇀ 0 in L2 (ω) and ψε

ε2 −⇀ ψ in W

⇒ lim inf
ε−→0

Fε(ψε)
ε3 ≥ F0 (ψ) Proof

Recovery ∀ ψ ∈W, ∃ ψε ∈ H1
0 (ω) s. t.

ψε,1
ε −⇀ 0 in L2 (ω)

ψε

ε2 −⇀ ψ in W

lim sup
ε−→0

Fε(ψε)
ε3 ≤ F0 (ψ) Proof
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Solution of the limit functional

W ≡ L2
(

(0, ℓ) ; H1
0

(

−b
2 ,

b
2

))

Fε (ψεm) = min
η∈H1

0 (ω)
Fε (η) F0 (ψm) = min

η∈W
F0 (η)

Property of the minimizers

Γ–convergence theorem⇒ ψεm
ε2

W−⇀ ψm

Computing ψm

lim
s−→0

F0(ψm+s η)−F0(ψm)
s = 0⇒

´

ω 2ψm,2 η,2−4 η da = 0 ∀η ∈W
{

ψm,22 = −2

ψm
(

·,−b
2

)

= 0 ψm
(

·, b
2

)

= 0
ψm = −

(

x2
2 −

b2

4

)
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Traction pull back
Definition of τ

ε on rescaled domain

ϑ

ℓℓ

εb
ω̃ε

x̃1

x̃2

χ
ε b/2

−b/2
ω

x1

x2

τ̃
ε = µα e3 ×∇

(

ψ̃ε
m
ε2

)

τ
ε?
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ϑ
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εb
ω̃ε

x̃1

x̃2

χ
ε b/2

−b/2
ω

x1

x2

τ̃
ε = µα e3 ×∇

(

ψ̃ε
m
ε2

)

τ
ε?

´

ω̃ε
τ̃
ε · ∇η̃dã =

´

ω τ
ε · ∇ηda

η̃ = η ◦ χ
ε−1

= χ
ε
♯ η η ∈ H1 (ω)
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Traction pull back
Definition of τ

ε on rescaled domain

ϑ
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εb
ω̃ε

x̃1

x̃2

χ
ε b/2

−b/2
ω

x1

x2

τ̃
ε = µα e3 ×∇

(

ψ̃ε
m
ε2

)

τ
ε?

〈

τ̃
ε,∇

(

χ
ε
♯ η

)〉

=
〈

χ
♯
ε τ̃

ε,∇η
〉

η̃ = η ◦ χ
ε−1

= χ
ε
♯ η η ∈ H1 (ω)
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Traction pull back
Definition of τ

ε on rescaled domain

ϑ

ℓℓ

εb
ω̃ε

x̃1

x̃2

χ
ε b/2

−b/2
ω

x1

x2

τ̃
ε = µα e3 ×∇

(

ψ̃ε
m
ε2

)

τ
ε?

〈

τ̃
ε,∇

(

χ
ε
♯ η

)〉

=
〈

χ
♯
ε τ̃

ε,∇η
〉

η̃ = η ◦ χ
ε−1

= χ
ε
♯ η η ∈ H1 (ω)

τ
ε = χ

♯
ε τ̃

ε =
√

gε
(

∇χ
ε−1

τ̃
ε
)

◦ χ
ε = µα

(

−ψε
m,2
ε2 e1 + ψε

m,1
ε2 e2

)
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Limit tractions on rescaled domain

Tractions parallel to mean line

τ ε1 = µα ψε
m,2
ε2

L2(R
2)−−−−⇀ µα ψm,2 := τ1 ; τ1 = −2µα x2 in ω

Tractions normal to mean line

τ ε2 = −µα ψε
m,1
ε2 −⇀ −µα ψm,1 := τ2 in H−1

(

R,L2 (R)
)

τ2 = µαψm
(

H1LB+
a − H1LB−

a
)

∈ H−1
(

R; H1
0 (R)

)

ℓ

b
ω

x1

x2

τ1

τ2

B+
aB−

a
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Limit traction push forward
Definition of τ̃ on actual domain

ϑ

ℓℓ

εb
ω̃ε

x̃1

x̃2

χ
ε b/2

−b/2
ω

x1

x2

τ̃? τ

τ = −2µα x2e1 + µαψm
(

H1LB+
a − H1LB−

a
)

e2

η̃ ∈ H1 (ω̃ε) η = χ
♯
ε η = η̃ ◦ χ

ε

〈

χ
ε
♯ τ ,∇η̃

〉

=
〈

τ ,∇
(

χ
♯
ε η̃

)〉

τ̃ = χ
ε
♯ τ =

(

− 1√
gε

2 µα x2 gε1
)

◦ χ
−1
ε

+µα
(

ψm Jε gε2
)

◦ χ
−1
ε ·

(

H1L χ
ε
(

B+
a

)

−H1L χ
ε
(

B−
a

))
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Limit twisting moment
Shear traction contributions and torsional stiffness

ℓ

b
ω

x1

x2

τ1

τ2

B+
aB−

a

ϑ

ℓ

εb
ω̃ε

x̃1

x̃2

τ̃

τ1 = −2µα x2 ; τ2 = µαψm
(

H1LB+
a − H1LB−

a
)

M̃ε

ε3 = 1
ε3

´

ω̃ε
x̃1 τ̃

ε
2 − x̃2 τ̃

ε
1 dã =

´

ω x1 τ
ε
2 − x2 τ

ε
1 da −→ M

M =
´

ω x1 τ2 da−
´

ω x2 τ1 da
(

= 2µα
´

ω ψm da
)

M = µαa b3
(1

6 + 1
6

)

= µα a b3

3
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Cross section with sharp edge 1
Position of the problem

ℓℓ

εb

εb

b

ω̃ε

ω̌ ω̄

x̃1

x̃2

x1

x2χ̌ χ̄

F̃ε
(

ψ̃ε
)

=
´

ω̃ε

∣

∣

∣
∇ψ̃ε

∣

∣

∣

2
− 4ψ̃ε dã
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Cross section with sharp edge 2
Rescaling

ℓℓ

εb

εb

b

ω̃ε

ω̌ ω̄

x̃1

x̃2

x1

x2χ̌ χ̄
ψ̌ε = 0

ψ̄ε = 0

ψ̌ε ◦ χ̌
−1 = ψ̄ε ◦ χ̄

−1 in x1 = 0

Fε
(

ψ̌ε, ψ̄ε
)

:=
´

ω̌

(

∣

∣ψ̌ε,α gαε
∣

∣

2 − 4ψ̌ε
)√

gεdǎ +
´

ω̄

(

∣

∣ψ̄ε,α gαε
∣

∣

2 − 4ψ̄ε
)√

gεdā
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Cross section with sharp edge 3
Limit functional

ℓℓ

εb

εb

b

ω̃ε

ω̌ ω̄

x̃1

x̃2

x1

x2χ̌ χ̄

Fε(ψ̌ε,ψ̄ε)
ε3

Γ−→ F0
(

ψ̌, ψ̄
)

=
´

ω̌

(

ψ̌,2
)2 − 4ψ̌ dǎ +

´

ω̄

(

ψ̄,2
)2 − 4ψ̄ dā
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Curved profile
Conceptually analogous

Lipschitz mean
line

union of C2 arcs
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Coercivity

Lemma (Coercivity)

∃ c > 0 s.t.
´

ω |ψε,α gαε |2 da ≥ c
´

ω

(

ψε,1
2 +

(

ψε,2
ε

)2
)

da Back

Proof.

|ψε,α gαε |2 =
∣

∣

∣

1
1−εx2/ρ

(

ψε,1 ,
ψε,1x1
ρ

)

+
(

0, ψ
ε,2
ε

)
∣

∣

∣

2

= 1
(1−εx2/ρ)

2

[

(ψε,1)
2+

(ψε,1)
2x2

1
ρ2 + (ψε,2)

2

ε2

(

1−εx2
ρ

)2
+2ψ

ε,1x1
ρ

ψε,2
ε

(

1−εx2
ρ

)

]

Young

≥ 1
(1−εx2/ρ)

2

[

ψε,1
2
(

1− x2
1
ρ2

(

1
η − 1

))

+
(

ψε,2
ε

)2 (

1− εx2
ρ

)2
(1− η)

]

(1− η) > 0 and
(

1− x2
1
ρ2

(

1
η − 1

))

> 0⇔ tg2 θ

1+tg2 θ
< η < 1

C. Davini, R. Paroni, E. Puntel Torsione alla de Saint Venant di travi a parete sottile 21/6/2007 Udine 19 /23



Boundedness

Lemma (Boundedness)

W ≡ L2
(

(0, ℓ) ; H1
0

(

−b
2 ,

b
2

))

, {ψε} ⊂ H1
0 (ω) s.t. supε

Fε(ψε)
ε3 < +∞

⇒ supε
∥

∥

∥

ψε,1
ε

∥

∥

∥

L2(ω)
< +∞ , supε

∥

∥

∥

ψε

ε2

∥

∥

∥

W
< +∞ Back

Proof.

+∞ > Fε(ψε)
ε3 = 1

ε3

´

ω

(

|ψε,α gαε |2 − 4ψε
)

gε da

+∞ > Fε(ψε)
ε3

coercivity

≥
´

ω

(

c
(

ψε,1
ε

)2
+ c

(

ψε,2
ε2

)2
− 4ψε

)

(

1− εx2
ρ

)

da

+∞ > 2
c
Fε(ψε)
ε3 ≥

´

ω

(

ψε,1
ε

)2
+ 1

2

(

ψε,2
ε2

)2
+ 1

2b2

(

ψε

ε2

)2
−δ

(

ψε

ε2

)2
− 1
δ

(4
c

)2
da

+∞ >
(

8b
c

)2
+ 2

c
Fε(ψε)
ε3 ≥

´

ω

(

ψε,1
ε

)2
+ 1

2

(

ψε,2
ε2

)2
+ 1

4b2

(

ψε

ε2

)2
da

Used inequalities

‖ψε‖L2(ω) ≤ b ‖ψε,2‖L2(ω) ∀ψε ∈ H1
0 (ω) ; a b ≤ δ a2 + 1

δ b2
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Compactness

Lemma (Compactness)

W ≡ L2
(

(0, ℓ) ; H1
0

(

−b
2 ,

b
2

))

, ∀ {ψε} ⊂ H1
0 (ω) s.t. sup

ε

Fε(ψε)
ε3 < +∞ ,

∃ ψ ∈W and a subsequence of {ψε} , not re-labeled, s.t.
ψε,1
ε

L2(ω)−−−⇀ 0 , ψε

ε2
W−⇀ ψ Back

Proof.
By boundedness lemma:

∃ψ ∈W s.t. ψ
ε

ε2
W−⇀ ψ

∃ξ ∈ L2 (ω) s.t. ψ
ε,1
ε

L2(ω)−−−⇀ ξ

Hence: 0←− −ε
´

ω
ψε

ε2 η,1 =
´

ω
ψε,1
ε η −→

´

ω ξ η ∀η ∈ C∞0 (ω)

By density ψε,1
ε

L2(ω)−−−⇀ 0
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Γ– convergence theorem
Proof of first part

W ≡ L2
(

(0, ℓ) ; H1
0

(

−b
2 ,

b
2

))

F0 : W → R ; F0 (ψ) =
´

ω (ψ,2)
2 − 4ψ da

Theorem (Γ– convergence: lim inf)

ψε,1
ε −⇀ 0 in L2 (ω) and ψε

ε2 −⇀ ψ in W ⇒ lim inf
ε−→0

Fε(ψε)
ε3 ≥ F0 (ψ)

Proof.

Fε(ψε)
ε3 =

´

ω

(

∣

∣

∣

ψε,α
ε gαε

∣

∣

∣

2
− 4ψ

ε

ε2

)

gε

ε da

Fε(ψε)
ε3 =

´

ω

∣

∣

∣

ψε,1
ε

(

1, x1
ρ

)

+ ψε,2
ε2 (0,1)

(

1− εx2
ρ

)∣

∣

∣

2
− 4ψ

ε

ε2

(

1− εx2
ρ

)

da

Due to the weak lower semi-continuity of Fε:

lim inf
ε−→0

Fε(ψε)
ε3 ≥ Fε

(

w−lim
ε−→0

ψε
)

=
´

ω ψ,
2
2−4ψ da = F0 (ψ) Back
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Γ– convergence theorem
Proof of second part

W ≡ L2
(

(0, ℓ) ; H1
0

(

−b
2 ,

b
2

))

; F0 : W → R ; F0 (ψ) =
´

ω (ψ,2)
2− 4ψ da

Theorem (Γ– convergence: recovery)

∀ ψ ∈W, ∃ ψε ∈ H1
0 (ω) s. t.

ψε,1
ε −⇀ 0 in L2 (ω) ; ψε

ε2 −⇀ ψ in W ; lim sup
ε−→0

Fε(ψε)
ε3 ≤ F0 (ψ)

Proof.

∀ψk ∈ C∞0 (ω) , let ψεk = ε2 ψk , then limε−→0
Fε(ψε

k )
ε3 = F0 (ψk )

Fε(ψε
k )

ε3 =
´

ω

∣

∣

∣
εψk ,1

(

1,x1
ρ

)

+ ψk ,2 (0,1)
(

1−εx2
ρ

)
∣

∣

∣

2
−4ψk

(

1− εx2
ρ

)

da

∀ψ ∈W , ∃ψk ∈ C∞0 (ω) & ψεk = ε2 ψk s.t. ψε
k
ε2 = ψk

W−→ ψ

lim
k

lim
ε

Fε(ψε
k )

ε3 = lim
k
F0 (ψk ) = F0 (ψ)

diagonalise . . . Back
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