
Università degli studi di Udine

Derivazione
per Γ-convergenza

di modelli
variazionali

di travi e piastre

Dottorato di Ricerca in Matematica e Fisica

Alessandro Londero



Introduzione / 2 .



Introduzione / 2 .



Introduzione / 2 .

L



Introduzione / 2 .

bε

L



Introduzione / 2 .

bε

L



Introduzione / 2 .

bε

L

L



Introduzione / 2 .

bε

L

L

bε



Introduzione / 2 .

L

ε



Introduzione / 2 .

L

ε



Introduzione / 2 .

L

dε



Introduzione / 2 .

L

 2

dε

sε



Introduzione / 2 .

bε

L



Introduzione / 2 .

bε

L

L

bε



Introduzione / 2 .

bε

L

Fε
Γ→ F



Introduzione / 2 .

bε

L

Fε
Γ→ F

minFε → minF



Introduzione / 2 .

bε

L

Fε
Γ→ F

minFε → minF

xε ∈ argminFε → x ∈ argminF
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diametro << lunghezza

Anzellotti, Baldo, Percivale (1994)

•Fε = ε2F (1) + ε4F (2) +O(ε4)

Percivale (1999)
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Energia riscalata

Fε(v) =
1

2

∫
Ω

CEεv · Eεv dy −
∫

Ω
bε ◦ pε · v dy
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uε1
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⇀ v1

uε2
H1
⇀ v2

uε3
ε
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⇀ v3

v = (v1, v2, v3) ∈ HBN
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 0 −ϑ D3v1
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ϑ ∈ H1

#(Ω)

ϑ non dipende da y1 e y2
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∫
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E33 = D3v3

−D2E13 +D1E23 = D3ϑ
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(1/ε2)Fε
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F (v, ϑ) =
∫

Ω

(
E

2
|D3v3|2+

µ

2
|Dψ|2|D3ϑ|2

)
dy+

−
∫

Ω
b · v dy−

∫ `

0
mϑdy3

Funzione di stress di Prandtl{
4ψ = −2

ψ ∈ H1
0(ω)
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• Liminf inequality: ∀(v, ϑ) ∀uε ⊂ H1
# tale che

(uε1, u
ε
2,
uε3
ε

)
H1
⇀ v

(W εuε)12
L2
⇀ −ϑ

⇒ lim inf
1

ε2
Fε(u

ε) ≥ F (v, ϑ)

• Recovery sequence: ∀(v, ϑ) ∃ uε ⊂ H1
# tale che

(uε1, u
ε
2,
uε3
ε

)
H1
⇀ v

(W εuε)12
L2
⇀ −ϑ

lim
1

ε2
Fε(u

ε) = F (v, ϑ)
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1ξ
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′
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uε3 = ε(ξ3 − y1ξ
′
1 − y2ξ

′
2) + ε2ϕD3ϑ
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Recovery sequence:

uε1 = ξ1 − εy2ϑ + ε2
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(
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2ξ
′′
1 + y2

1ξ
′′
1 + 2y1y2ξ

′′
2

)
− ε2νy1ξ

′
3

uε2 = ξ2 + εy1ϑ + ε2
ν

2

(
− y2

1ξ
′′
2 + y2

2ξ
′′
2 + 2y1y2ξ

′′
1

)
− ε2νy2ξ

′
3

uε3 = ε(ξ3 − y1ξ
′
1 − y2ξ

′
2) + ε2ϕD3ϑ

Funzione di ingobbamento{
D1ψ = −D2ϕ− y1
D2ψ = D1ϕ− y2
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F (v, ϑ) =

∫
Ω

(E
2
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F (v, ϑ) =

∫
Ω

(E
2
|D3v3|2 +

µ

2
|Dψ|2|D3ϑ|2

)
dy+

−
∫

Ω
b · v dy −

∫ `

0
mϑdy3

F (ξ, ϑ) =

∫ `

0

E

2
Aξ′23 +

E

2
J2ξ

′′2
1 +

E

2
J1ξ

′′2
2 +

1

2
µτ (ω)ϑ′2 dy3+

−
∫ `

0
〈bi〉ξi − 〈yαb3〉ξ′α +mϑdy3

Funzione di rigidità torsionale

µτ (ω) := µ

∫
ω
|Dψ|2dy1 dy2
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Equazioni di Eulero-Lagrange:

EJ2ξ
′′′′
1 − 〈b1〉 − 〈y1b3〉′ = 0

EJ1ξ
′′′′
2 − 〈b2〉 − 〈y2b3〉′ = 0

EAξ′′3 + 〈b3〉 = 0

µτ (ω)ϑ′′ +m = 0
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spessore << diametro

Bourquin, Ciarlet, Geymonat, Raoult (1992)

Anzellotti, Baldo, Percivale (1994)



Piastre / 12 .

Energia della piastra

Fε(u) :=
1

2

∫
Ωε

CEu · Eudx−
∫

Ωε
bε · u dx



Piastre / 12 .
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Fε(u) :=
1

2

∫
Ωε

CEu · Eudx−
∫

Ωε
bε · u dx

H1
#(Ωε; R3) := {u ∈ H1(Ωε; R3) : u = 0 su ∂ω × (−ε, ε)}
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∫
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bε ◦ pε · v dy,
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Diseguaglianza di Korn (u ∈ H1
#)∫

Ω

(∣∣(u1

ε
,
u2

ε
, u3)

∣∣2 + |Hεu|2
)
dy ≤ K

ε2

∫
Ω
|Eεu|2 dy ≤ C

v3(y) = ξ3(y1, y2) ∈ H2
#

v1(y) = ξ1(y1, y2)− y3 ξ3,1(y1, y2) ξ1 ∈ H1
#

v2(y) = ξ2(y1, y2)− y3 ξ3,2(y1, y2) ξ2 ∈ H1
#
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Diseguaglianza di Korn (u ∈ H1
#)∫

Ω

(∣∣(u1

ε
,
u2

ε
, u3)

∣∣2 + |Hεu|2
)
dy ≤ K

ε2

∫
Ω
|Eεu|2 dy ≤ C

E11 = D1v1

E22 = D2v2

E12 =
1

2
(D1v2 +D2v1)
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(1/ε2)Fε

↓Γ

F (v) :=
∫

Ω
µ(D1v2 +D2v1)

2+µ[(D1v1)
2 + (D2v2)

2)] dy+

+
∫

Ω

µλ

2µ + λ
(D1v1+D2v2)

2 dy −
∫

Ω
b · v dy
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Recovery sequence:

uε1 = ε(ξ1 − y3ξ3,1)

uε2 = ε(ξ2 − y3ξ3,2)

uε3 = ξ3 −
µ

2µ + λ
ε2(y3(ξ1,1 + ξ2,2)−

1

2
y2
3(ξ3,11 + ξ3,22))
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Equazioni di Eulero-Lagrange:
µ(ξ2,12 + ξ1,22) + 2µ ξ1,11 +

2µλ

2µ + λ
(ξ1,11 + ξ2,21) + 〈b1〉 = 0

µ(ξ1,21 + ξ2,11) + 2µ ξ2,22 +
2µλ

2µ + λ
(ξ2,22 + ξ1,12) + 〈b2〉 = 0
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Equazioni di Eulero-Lagrange:
µ(ξ2,12 + ξ1,22) + 2µ ξ1,11 +

2µλ

2µ + λ
(ξ1,11 + ξ2,21) + 〈b1〉 = 0

µ(ξ1,21 + ξ2,11) + 2µ ξ2,22 +
2µλ

2µ + λ
(ξ2,22 + ξ1,12) + 〈b2〉 = 0

2µ

3
(ξ3,1221 + ξ3,1212 + ξ3,2121 + ξ3,2112) +

4µ

3
ξ3,αααα+

+
4µλ

3(2µ + λ)
ξ3,ααββ − 〈b3〉 − 〈y3bα〉,α = 0
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