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Abstract

In this paper, we define the K-Jacobsthal S-matrix and k- Jacobsthal W - matrix. After, by using

this matrix representation, we obtain some identities and the Binet’s formula for k- Jacobsthal numbers.
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1. Introduction

In the recent years, several recurrence
sequences of positive integers have been object of
study for many researchers. The most prominent
examples are the Fibonacci sequences and Lucas
sequences. The Fibonacci sequences and Lucas
sequences are famous for possessing wonderful and
amazing properties.

The Fibonacci sequences is represented by

{Fn} and defined by the following recurrence:
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F,=F_+F,_, .forn>2 (D
with initial conditions F; =0and F, =1.
Similarly, the classical Lucas sequences is
represented with { L, } and defined by

L, =L,,+L,_, ,forn>2 2
with initial conditions L, =2 and L, =1.Terms of
the Fibonacci sequences and Lucas sequences are
called Fibonacci numbers and Lucas numbers
respectively.

On the other hand, other recurrence

sequences of positive integers that also important
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are the sequences of Jacobsthal and Jacobsthal-
Lucas that first studied by Horadam [3]. The
Jacobsthal sequences represented by {Jn} and
defined by the following recurrence:

J,=J,,+2), ,,forn>2 3)
with  initial  conditions J, =0and  J, =1.
Similarly, the Jacobsthal-Lucas sequences is
represented with { jn} and defined by the following
recurrence:

Jo =l +2],,.forn>2 4)
with initial conditions j, =2and j, =1.
These sequences have been studied and some it’s
basic properties are known; (see [3-4]). There are a
lot of identities of Fibonacci, Lucas, Jacobthal and
Jacobthal-Lucas numbers have been presented in
the literatures; (see [10-11, 14]).

It is well-known that many identities
concerning Fibonacci, Lucas, Jacobsthal and
Jacobsthal-Lucas numbers can be proved by using
Binet’s formula, induction and matrix.

In 1960, Charles H. King studied on the
following Fibonacci Q -matrix

11

i

He showed that det(Q) =—1. and

QI’\ Fn+l Fn f n>l
= , for n>1.
F, F

n n-1
This property provides an alternates proof of
Cassini’s Fibonacci formula:

FaFa—F =(D" )

n+1
The above equalities demonstrate that there is very
close link between the matrices and Fibonacci

numbers [10]

From the idea of Charles H. King, in 2008,
Koken and Bozkurt [9] defined the Jacobsthal

F-matrix and Jacobsthal M-matrix as follows:
1 2 3 2 )
F = and M = respectively.
10 1 2

and they also have demonstrated a very close link
between these matrices and Jacobsthal numbers.

More generally, there are some relations
between the integer sequences and matrices [6-10,
12-13].

Very recently, Fibonacci, Lucas, Jacobsthal
and Jacobsthal-Lucas sequences were generalized
for any positive real number k. Also the study of
the k-Fibonacci sequences, the k-Jacobsthal
sequences and the k-Jacobsthal-Lucas sequences
appeared (see [1-2, 5]).

Let & be any positive real numbers.

The K -Jacobsthal sequence [5], is defined by

Jin = k.]k'H +2J, . for n= 2 (6)

with J, =0,J,, =1.

The first few terms of {J,  },., are

0,1,k,k? +2,k*® + 4k and so on. Terms of this
sequence are called K -Jacobsthal numbers.

Ifk =1, then the classical Jacobsthal
sequence is obtained. J, =0, J;, =1and
J,=J,,+2J,, forn=>2

{J.}»0 ={0,1,1,3,511,...}

Binet’s formula for the N k-Jacobsthal numbers is

defined by

rn _rn
‘Jk,n -1 2 @)
h-rn

where I, I are the roots of the characteristic

equation
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_k+vk*+8

X! =kx+2and I, >1,; [ =——oF——

2
k—-vk?+8

r,= — which gives
L+r, =k rr,=-2,r,—r,=vk’+8 (8)
The k-Jacobsthal-Lucas sequence [1], is defined by

Jen =Kina +2Jnp,forn=2 )
with j o, =2, j,, =K.
The first few terms of {jk,n}nzo are
2,k,k? +4,k®+6k and so on. Terms of this
sequence are called k-Jacobsthal-Lucas numbers.
Ifk =1, then the classical Jacobsthal-Lucas
sequence is obtained.
Jjo=2, jy=1and j, =j,,+2],, forn>2
{J.}so ={2,1,5,7,17,..}.
Binet’s formula for the n™ k-Jacobsthal-Lucas
numbers is defined by
Jo =040 (10)
where I, I, are the roots of the characteristic
equation as in (8).

In [1] and [5] Cassini formulas of -
Jacobsthal and k-Jacobsthal-Lucas numbers are
given by

Jk,n+1‘]k,n—1_‘]k2,n =(-p"2"t, an
Jonadons = o = (2" (K* +8).  (12)
Motivated by Koken and Bozkurt [9] and
the research going on in this direction, in this

paper, we defined k-Jacobsthal S-matrix by

s—k2 (13)
11 0

It is easy to see that, it can be written

‘]k,n+l :S Jk,n ,
‘]k,n Jk,n—l

and

j-k,n+1 _ S - jk,n ,

Jk,n Jk,n—l
where J, and j,  are the n" k-Jacobsthal and k-
Jacobsthal-Lucas numbers, respectively.

Moreover, we also defined k-Jacobsthal W-

matrix by

W:[k2+1 Zk} (1)
k 2

By using matrices representation (13) and
(14), we obtain some identities and the Binet’s
formula for K-Jacobsthal numbers. The results

presented in this paper, extend some previous

results in the literature.

2. The Matrix Representation

In this section, we present two different
matrix representation of K-Jacobsthal numbers
which is called Kk-Jacobsthal S-matrix and K-
Jacobsthal W-matrix. By using this matrix
representations we obtain the determinants and
elements ofS"and W", also we get Cassini
formula for Kk-Jacobsthal numbers. After, we
calculate the generalized characteristic roots and
Binet’s formula of the matrix S". Finally, we get
some identities for the k-Jacobsthal numbers by

using these matrices.

Throughout this paper, J,  and j, , denote
the n™ k-Jacobsthal and k-Jacobsthal-Lucas
numbers.

Theorem 2.1 Let S be a matrix as in (13). Then

Sn ‘]k,n+1 2‘]k,n f n>1 (15)
N ‘]k,n 2“]k,n—l 7 o o
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Proof. We will use the principle of mathematical

k 2 J 2]
induction. Since S! = =" Kt )
10 i 23,

we obtain that the results is true for n =1. Next,
we assume that it is true for any positive integer
n=m, thatis
gm |:‘]k,m+l 23 m }
N
Now, we show that it is true for N = m+1. Then

we can write

Sm+1 — SmS

_ _‘]k,m+1 2‘]k,m k 2
[ A | B
(K 23y 23 }

k,m+1

Kl w +2) s 20

— _Jk,m+2 2Jk,er:l
J 2] '

L Y km+l

k,m

and the results follows. []

Corollary 2.2 For all positive integers N, the
following equalities hold:

(i) det(S") =(-2)",

(i) I pidyna— szvn =(-D"2""

Proof. Since det(S) = -2, we get that
det(S") = (det(S))" = (-2)". It follows from the
determinant of S" in (15) and (i) that
23 madina =232, =(=2)".
It implies that

‘]k,n+1‘]k,n—1 - ‘]kzn = (_1)n 2"t D

Theorem 2.3 Let N be an integer andn > 0. Then

the well-known Binet’s formula of the k-Jacobsthal

number is
rn_rn
‘Jk,n _#1
n-n
k++vk®+8 k-+vk?+8
where EZT and T, :T .

Proof. Let S be a matrix as in (13). Then the

characteristic polynomial of the matrix S is
k-4 2

det(s—an=" "~ °

which yields the two eigenvalues A, =1, , 4, =1,

k+vk?+8 k—-vk*+8
—

where I, :T and I, =

If we calculate the eigenvectors of matrix S
corresponding to the eigenvalues 4,, A,, we obtain
v, =(r,,1) and v, =(r,,1), respectively. Then we
can diagonalizable of matrix S by

D=Q7sQ,

L r
where Q:(VlTvV;):Ll ]ﬂ,

and then we have

D=dmmajg={g f}

2

Furthermore, we obtain

S =QDQ™.
From properties of similar matrices, we can write
S"=QD"Q™". (16)

where N is any positive integer.

By (15) and (16), we get

n+l n+l n n

h —-n 2r1 -

|:‘]k,n+1 2‘]k,n:|= h—-n nh-r
Jon 234 A, Zr;“*l—r;*l '

h-rn h—-r

Thus, the proof is completed. O
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Consequently, limiting ratio of the

successive k-Jacobsthal number is

rn+1_ n+l
lim =lim2 2

n—ow ‘]k n—ow rl" _r2”
n

‘]k,n+l

:rl'

Theorem 2.4 The generalized characteristic roots
of S"are

Jon VK2 483,
Ay B E—

where A, and A,denote the characteristic root of

s

n n

I, .
Then, J,, = L2 and Jkn =041, where

1~
k++vk?*+8 k—vk*+8

Proof. Form (15), we get that the characteristic

polynomial of S" is
det(S" - A1) =A% - (kal + 2Jk,n—1)ﬂ“ + 2(Jk’m1\]k’n_1 -J?

k,n

Since J, ., +2J, . = ]y, and

N+l
Jemdina —Jin = (=D"2", we get

det(S" - Al)= A% - Jind+ 2(-p" 2"t

=27 = A+ (=2)".

Thus, the characteristic equation of S" is

A2 = A+ (=2)" =0 (17)
and we get the characteristic roots as following :
Jon £ Jcn —4(-2)"

2

Aty =

Since j;, —4(-2)" =(k*+8)J;,, we obtain
21,12 _ jk,n * k22 +8‘]k,n i

Consequently,

("= jk‘n+ Vk2+8‘]k‘n and " = jk,n_ Vk2+8‘]k,n

1 2 2 2 ’

where I, T, are eigenvalues of matrix S. Then we

have

n n
:rl -5

J
k,n
n-rn

and j, =r"+r). L[]

From matrix equation (15), we can write,

Jena 2
S" _ Jina Jkna
‘]k,n—l ‘]k,n—l
Since m ‘]Jk*”*l =1, it follows that
k,n

im_S" _ Ro2n|_fko+2 2n .
o des B2 h 2

If we compute the determinant of both sides, we
reach the characteristic equation of the k-Jacobsthal
S- matrix as follows:

r? —kr—2=0.
Theorem 2.5 Let W be a matrix as in (14). Then
W n_ Jk,2n+l 2‘]k,Zn
‘Jk,Zn 2‘]k,Zr\—l ,
for n>1.
Proof. It can be show easily by induction on n. O

Corollary 2.6 For any positive integers N, the
following equalities hold:
(i) det(W")=2"",

.. 2 __n2n-1
(ii) ‘]k,2n+1‘]k,2n—1_‘]k,2n =2

Proof. The proof is similar to Corollary 2.2 ]

Theorem 2.7 Let M and N be a positive integer.
Then, the following relation between the K-
Jacobsthal and K- Jacobsthal-Lucas numbers

= ‘]k,m+1, jk,n + 2‘]k,m jk,n—l

Jk,n+m

is valid.
Proof. 1t follows from the definition of the k-

Jacobsthal-Lucas numbers that
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|:Jlf,n+1:|:S|: -Jk,n :| (18)
Jk,n Jk,n—l

Multiply both side of (18) with S™ , we get

Sm |:jlf,n+l:| _ Sm+1|: .jk,n i|
Jk,n Jk,n—l

Using (15), we obtain

|:jk,n+m+l:| _ |:‘]k,m+2 jk,n + 2‘]k,m+1jk,n—l:|
jk,n+m ‘Jk,m+1jk,n +2‘Jk,m jk,n—l
which implies that

= ‘]k,m+1 jk,n + 2Jk,m jk,n—l’

Jk,n+m

and the proof is completed. U

Theorem 2.8 Let M and N be positive integers.
Then, the following equalities hold:

i) Jimen = Jemdinn 23 madins

(i) Iy = Jindions + 23 ndins = Jn dins
(ii)) Iy pmes = i +232 0

(iv) (-1)"-2"*J

K,m-n — ‘]k,m‘]k,n—l - ‘]k,m—l‘]k,n'

Proof. Let S be a matrix as in (13).

Since S™" =S"S" we get

‘]k.m+n+1 2‘]k.m+n
J 2]

k,m+n k,m+n-1

{]k,mﬂ‘Jk,nA + 2‘]k.m‘Jk,n

2(‘Jk,nwl‘]k.n + 2‘Jk,m‘Jk‘n—1)
Jk‘m‘]k‘ml +2‘Jk,m—1‘Jk,n .

Z(Jk,ka,n +2‘]k‘n71‘]k,m—1)
Thus, equalities (i), (i) and (iii) are easily seen.

Next, we note that

S = 1 |:2‘Jk,n1 _2‘]k,n:|
(—Z)n _‘]k,n ‘]k,n+l
Since S™" =S"S™", we get

‘]k‘m—n+1 2‘]k‘m—n
J 2]

k,m-n k,m-n-1

_ (_1)n {Z(Jk‘mﬂ‘]k‘n—l - ‘]k,m‘]k‘n) 72(‘]k.m+1‘]k,n - ‘Jk,m‘]k,mi)}
2" Z(Jk,m‘]k‘nfl - ‘]k,mfl‘]k‘n) _Z(Jk,m‘]k,n - ‘]k,mfl‘]k,ml)

and (iv) immediately seen. []

3. Conclusion

In this paper, we introduced K-Jacobsthal
S-matrix and K-Jacobsthal W - matrix. After, by
using this matrix representation, we obtain some
identities and the Binet’s formula for K- Jacobsthal
numbers. The results presented in this paper,

extend some previous results in the literature.
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