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Abstract

The present paper deals with the evaluation of the ¢-Laplace transforms
of a product of basic analogues of the Bessel functions. As applications,
several useful special cases have been deduced.
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1. Introduction

Recently, Yadav and Purohit [12]-[14] evaluated the g-Laplace images of
a number of g-polynomials and generalized basic hypergeometric functions
of one and more variables, including the basic analogue of Fox’s H-function
(due to Saxena, Modi and Kalla [9]), and Purohit, Yadav and Vyas [7]
obtained g-Laplace transform of a basic analogue of the I-function (due to
Saxena and Kumar [8]).

Hahn [6] defined the g-analogues of the well-known classical Laplace
transform

o) = [ e st (1.1)

0
by means of the following g-integrals:
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and
1

L 10} = = [ =@t (13)

where the g-exponential series (analogues of the classical exponential func-
tion) are defined by

eq(t) = Z( - (1.4)

and 1))2
o (_1)11 qn n— m
E (t) = 1.5
2 ,;) (@ @)n (15)
The basic integration (cf. Gasper and Rahman [4]) is defined by
| s0dto) =2 - 0 Y o flad). (16)
0 k=0
By virtue of (1.6), the operator (1.2) can be expressed as
(@ @)oo x~ ¢ f(s7'd)
o(s) = (Ls{f(t)} = . 1.7
)= ol (700} = HE1= 3 L0 (17)

The correspondence defined by operators (1.2) and (1.7) shall be denoted
symbolically by
f(t) 24 ¢(s),

where the function f(¢) is called the original function, and ¢(s) is named as
the g-Laplace transform, or g-image of the original function f(t).
For real or complex a and |g| < 1, the g-shifted factorial is defined as:

1 if n=0
(a5 ¢)n = { (1—-a)(1—aq)---(1—ag® ') ;if neN, (1.8)
also
ha 1— T
o H [1_ y% ,,+n] , (1.9)
and
Fq(a) _ (Q;Q)oo _ (QQ Q)a—l (1.10)

(@ @oc(l—q)e " (1—g)oV
where a # 0,—1,—-2,---
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The generalized basic hypergeometric series ,®4(.) (cf. Slater [10]), is:

A1y, Ar;

2 (a1, 5 ar;q)n "
+ &, ga | =Y T ndn L (1.11)
by, -, bs; n—0 (Q7b17"' ubs;Q)n

where for the convergence of the series (1.11), we require |¢| < 1 and |z| < 1
ifr=s+1.

The g-analogue of the Bessel function (cf. Gasper and Rahman [4]) is
defined as

0,0;
v+1. o [T\Y ) Uy
@75 9o (f) 2P, g, —a2/4 | . (1.12)

(Q; Q)oo 2 v+1.
q

J(x;q) =

Abdi [1] has investigated the fundamental properties of the g-Laplace
transforms and established several theorems related to g-images of basic
functions.

The main motivation for this paper is to evaluate the g-Laplace trans-
form of product of basic analogues of the Bessel functions. Interesting spe-
cial cases of the main result are also discussed.

2. g-Laplace image of product of ¢-Bessel functions

THEOREM. Consider a t'~!-weighted product of n different q-Bessel
functions Jo,;(2v/a;t;q),j = 1,...,n. Then, their g-Laplace transform is
given by

B Fq(V—f—M)(l—q)”_M_la’fl ceeahbn

Lo{t"  Jou, (2v/art; q)- - - Jop, 2V ant; ¢)} =
LRt o @V antia) o 2V anti )} = =S S T @ )

_al —Qa
% \Ifgn) <qu+M; q2u1+1’... 7q2un+1§ q; T: ) Sn>a (21)

where M = py + -+ + pin, Re(v+ M) > 0 and Re(s) > 0.

P roof. To prove (2.1), we put

ft) =t o, (2Vart; q) - - - Jop, (2v/ant; q)
into definition (1.7) and use (1.12), to obtain

X 00 j j v—1
qu {tlj71=]2u1 (2\/ art; Q) U JZM’H, (2 Vant; Q)} = (q’ 3)00 Z 1 <qs>

= (6:9);



192 S.D. Purohit, S.L. Kalla

(@) (a1 @\ (@)oo (ang ™"
X
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2 (@ iy (G Dmy (@ D (6 D (22)

mi,- ,mMnp=0

Interchanging the order of summations in the right-hand side of the above
equation (2.2), this yields

(@ @)oo (@ @)oo (63 @)oc0f” - al”
(¢ 0)oc (¢ @)oo sV bRt
oo m m
(—a1/s)™ (=an/s)™"
X Z

(Y Qo (G D (@ Qs (6 D
- .
qJ(
XD
=0

Using equation (1.10), and then summing the inner (®q(.)-series with
the help of the formula

mi, ,mp=0
VHp et M ey

(4:9);

1
0Po(—;—5¢;t) = ) 2.3
( ) (t; @)oo (2:3)
the above expression yields:
(45 q)o00(1 — q)*2(u1+---+un)alf1 gt
$u+ul+~~~+unrq(gul +1)--- I‘q(Q'Un +1)
C 5 e
miy,- ,ngO (q2ul+1; Q)ml <Q7 Q)ml
(—an/s)™" 1
o (q, q)oo(l — q)_2(p’1+"'+ﬂn)a/1“ e a#"
" i (g7t Qg gotomn (—ar/s)™ (—an/s)™"
(@ @y - (PP Oy, (€5 Oy (¢ Q)mn

mi,- ,mp=0
Further simplifications lead to

Ly(v+M)(1—q)" M af" - -ap”
sV MLy (2u1 +1) -+ Tg(2pn + 1)
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—al —a
% \I/é”) <qu+M; q2u1+1,... 7q2ﬂn+1; q — S”>, (2.4)

where M = pq1+-- -+ pp and \Ilgn)() denotes the confluent g-hypergeometric
function defined as
WS (aser, - s cnsqian, - )
[oe} Mn

S L e . A CF )
(13 my - (s Dmp (G Dmi (G D

mi, ,mp=0

This completes the proof of (2.1). [

3. Special cases

In this section we evaluate the g-Laplace transforms involving the ¢-
Bessel functions as applications of our main result (2.1). First, we put
n = 2in (2.1) and this yields a g-Laplace image of a product of two ¢g-Bessel
functions, namely:

oLs {t"  Jop (2v/a1t; @) Jop, (2V/ast; @) } =

Ly(v+M)(1 - )" M 'af"ay?
sVHMT (21 + 1)Tg(2p2 + 1)

X W, <QV+M; Pt et g T _a2> . (31
S S
where M = py + p2, Re(v+ M) > 0 and Re(s) > 0.
Ifweputn=1, yy =v, v=pand a; = a in (2.1), we obtain a Laplace
g-image of basic analogue of the Bessel function as below:

ntv.
. Ty(p+v)(1—g)* " la” v
Lyt Yo, (2Vat; q) = —2 P _
q { J2 ( \/(77 Q)} 8M+l/1—wq(2y+ 1) 1 1 q2y+1 q) a/s )
(3.2)
for Re(p+v) > 0 and Re(s) > 0.
Replacing ¢ and v by g + 1 and § respectively in (3.2), yields
qLs {t”/2Jl,(2\/ﬁ; q)} = a5 ey(—a/s), Re(s) > 0. (3.3)

Next, we put v =1 in (3.3) and get

oLs {121 (2Vati )} = a5 7% ey(~afs),  Re(s) > 0. (3.4)
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Similarly, for ¥ = 0 the equation (3.3) reduces to

oL {Jo(zm; q)} = s ' eg(—a/s), Re(s) > 0. (3.5)
Again, on replacing p and v by 1 — & and § respectively, (3.2) yields
3 1— q)fuall/2 q;
L {t v12 ]2V at; }:(—<I> ,—a/s
q--'s 1/( q) SFq(V‘Fl) 1¥1 ol q /

qa
By further simplifications this reduces to

1\ Sl/—l
L v} = S caf T afs). 39

av/2 Ty (v
where I'y(cr, x) denotes the g-extension of the incomplete gamma function
(e, ) (cf. Gupta [5], eqn.(9), p.253):
2% (23¢)oc(1 — @) B
o : 3.7
1 — %) 191 q,T (3.7)

qa+1.
Further, for v = 0 and @ = 0, we obtain a g-extension of the well-known
result for the Laplace transform, namely:

Lyl z) =

- Ly(p)(1 — g

oLs ("1} =4 o ., Re(s) > 0. (3.8)
Finally, it is interesting to observe that in view of the limit formulae
. (g% 9)n
lim I'y(a) =T(a) and lim ——— = (a),, 3.9
Jm q(a) =T'(a) A (a) (3.9)
where

(a)p =ala+1)---(a+n—1), (3.10)

the main result (2.1) and the results (3.2) to (3.6), give g-extensions of the
known results mentioned in Erdélyi, Magnus, Oberhettinger and Tricomi
[3](table number (4.14), pp. 182-187), namely:

L(v+ M)al"---ah”
sVTMT (2 +1) -+ T2 + 1)

L{t" Vo, (2Vart) - -+ Joy, (2v/ant) } =

x o <1/+M; 21 + 1, 2pp + 1; _al,---,_a">, (3.11)
S S
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where M = p1 + -+ + pin, Re(v + M) > 0 and Re(s) > 0;

M+ Vs

_ I'(p+v)a”

pn—1 — _

L {t Jg,,(z\/cﬁ)} St 1 2 a/s |, (3.12)
v+ 1;
where Re(u + v) > 0 and Re(s) > 0;

L {t”/QJl,(Z\/ﬁ)} = a"/2s7V" ¢35 Re(s) > 0; (3.13)
L {t1/2J1(2\/&)} =a'/?s72 7% Re(s) > 0; (3.14)
L {J0(2\/£)} =515, Re(s) > 0; (3.15)

iy v—1 T

—v/2 — € S —a/s e a

L {t Ju(2Ja7)} e ) (3.16)

The results proved in this paper give some contributions to the theory
of the g¢-series, especially ¢g-Bessel functions, and may find applications to
solutions of certain g¢-difference and g-integral equations associated with
various ¢-Bessel functions. In this regard, one can refer to the work of Abdi

[2].
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