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1. Introduction

The well known Fibonacci numbers are defined by
Fop=Fi1+F

with initial conditions Fp = 0and F; = 1, forn > 1.
The Fibonomial coefficient is defined by the relation forn > m > 1

[ n ] _ FiF, ... F,
mlr (F]Fz...Fn_m) (F]Fsz)
with [¢]. =[], = 1 where F, is the nth Fibonacci number. These coefficients satisfy the relation:

n n—1 n—1
[ ] =Fm+1 +Fn—m—1 .
mlr m g m—1];

Let p be a nonzero integer. Define the generalized Fibonacci and Lucas sequences by the recurrences:
Up = pUp—1 + Un—2
Up = PUn—1 + Un—2

where ug = 0, u; = 1and vy = 2, v; = p, respectively, foralln > 2.
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Whenp = 1and p = 2,u, = F, (nth Fibonacci number) and u, = P, (nth Pell number),
respectively.

Jarden and Motzkin [13] were the first to study generalized Fibonomial coefficients formed by
terms of sequence {u,} as follows: forn > m > 1

[n}_ uqly...Uy

ml T s ) (Uil . )

with {{} = {7} = 1. When p = 1, the generalized Fibonomial coefficient { " } is reduced to the
Fibonomial coefficient [ | ] .

The n x n generalized Pascal matrix P, whose (i, j) entry is given by

ji—1 L
P.). — 1+jn1.
(Pl (j+i—n—1)p

For example,
00 0 1
00 1 3p
Pa=1o 1 2p 3p?
1 pp p

Recently there has been increasing interest in both the Fibonomial coefficients and certain generalized
matrix of binomial coefficients, which we call generalized Pascal matrices. Regarding left or right
adjustments, and certain coefficients generalizations, several authors give various names to Pascal
matrices. For example Carlitz [ 1] considered the right adjusted Pascal matrix and he called it a “matrix
of binomial coefficients”. In [5], Edelman and Gilbert considered left adjusted matrix of binomial
coefficients and he called it a “Pascal matrix”. In [21], the author considered right adjusted and
coefficient generalized matrix of binomial coefficient and he called it a “Netted Matrix”.

Regarding generalization of binomial coefficients, several authors have studied the generalized
Fibonomial coefficients and their properties (for more details see [7,9,13,19,23,24]). Meanwhile, some
authors have considered the spectral properties of the generalized Pascal matrix [1,3,10,20]. Since
some relationships between the generalized Pascal matrix and the Fibonomial coefficients have been
constructed, the Fibonomial coefficients have been considered by some authors. In this paper, we give
more powerful relationships between the Fibonomial coefficients and a right-adjusted generalized
Pascal matrix.

Matrix methods and generating matrices are very useful for solving some problems stemming from
number theory. In this paper, we define the generalized Fibonomial matrix and derive an (k + 1)th
order linear recurrence relation for the generalized Fibonacci coefficients. Also, we show that the
generalized Fibonomial and Pascal matrices have the same characteristic polynomials and therefore
the same eigenvalues. We obtain some explicit and closed formulas for the coefficients and their
sums by matrix methods. We give generating functions, properties and combinatorial representations
for them. Further, we present some relationships between determinants of certain matrices and the
generalized Fibonacci coefficients.

2. Generalized Fibonomial coefficients
This section is mainly devoted to deriving a recurrence relation and generating matrix for the

generalized Fibonomial coefficients. For the sake of compactness, we shall use the following notations,
for fixed k suchthat1 <i <k + 1:

L ! i — 2
R | kb

k—i+1 i—1
where { :1 } stands for the generalized Fibonomial coefficients and is defined by
0 ifm>nandn > 0,
[ n ] _ J(=pmm-nrz ifm>nandn <0,
m Uqly ... Uy m<n.

(Uqty .. Up) (Uil . . Upy)
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For k = 2, the generalized Fibonomial coefficients and their properties were studied in [15].
For later use, we give the following useful result.

Lemmal. Forn>0and1 <i<k
a1,iln,1 + Gn,i+1 = Gnt1,i
where ay ; be as before.

Proof. For case i = 1, the proof can be found in [9]. For the other cases, that is, i > 1, if we simplify
the equality ay ian,1 + Gnit1 = Gnt1, it is reduced to the form:

Urttngi + (=17 Unlleoisn = Uil
The last equality can be easily obtained from the Binet formula of {u,}. Thus the proof follows. 0O

For k > 1, define the (k + 1) x (k + 1) companion matrix G and the matrix H, j as follows:

a1 412 ... A1k+1 an1 an,2 . Qn,k+1
1 n1,1 Gn-12  --- On_tks
Gy = . . and Hpyx = . . . . . (1)
0 1 0 An—k,1 An—k,2 coo Op—kk+1

The matrix Gy is said to be generalized Fibonomial matrix.
Now we give our main result as follows;

Theorem 2. Foralln > 0,
GZ = Hp k.
Proof. By the definitions of matrix Hy, x and Fibonomial coefficients, the proof is obvious forn = 1.

Suppose that the equation holds for n > 1. Now we show that the equation holds for n 4+ 1. Thus we
write

G = GG} = GxHyk.
From Lemma 1 and the property of matrix multiplication, we get
Gi ™' = GiHu = Hur1k-
Thus the proof of the theorem is complete. O
It is valuable to note that when p = 1 and k = 1, we obtain the well-known fact:
G = |:} (1)] and Hp, = [F}:l an1] )
Now we give a linear recurrence relation for the generalized Fibonomial coefficients.

Corollary 3. For n, k > 0, the generalized Fibonomial coefficients satisfy the following order-(k + 1)
linear recurrence relation

k+1

any1,1 = Z a1,in—i+1,1
i=1
or clearly
n+k+1 k+1 n+k k+1 n+k—1
= + +
k k k k—1 k

4 (—1)k-Dk-2)2 {k +1 } {” +1 } 4 (1)l {”} .
1 k k
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Proof. Since a, ; = {"f‘

Hi kHnx = Hpt1,k, the proofis easily seen. O

} and from matrix multiplication, by equating (1, 1) entries in the equation

Considering the generalized Fibonomial matrix, we obtain following corollary.

Corollary 4. For n > 0, the following identities hold;

k(k—1)/2
1,1 = (=1 =D/ Qn,k+15
k+1

Umni—ij = E Unt1-itdm1—rj forallm > 0,
t=1

k+1

Unyegi—ij = E Qnyri1—imle—ry1-ij fort>0andt >,
m=1

Gn+1,1 = 01,10n,1 + an2,
An41,k4+1 = An,101,k415
Any1i = A1,i0n1 + iy for2 <i<k.

Proof. Above identities can be proved by considering a property of matrix multiplication in Hy11 =
Hn,kHl,ka Hn+m,k = Hn,ka,k and Hn+t,k = Hn+r,kHt—r,k for n,m>0 andt >r. 0

3. The eigenvalues of matrix G;

In this section, we determine the eigenvalues of matrix Gi. Since the matrix Gj is a companion
matrix, its characteristic polynomial can be easily derived.

Let fuk (x) be a polynomial of degree (k 4 1) related with the matrix Hp y whose coefficients are
consist of the first row entries of Hy x as follows: for n, k > 0,

k1
+k n+t—2
) = _ptern2 ) Y=t
Frie ) ;Y ) bttt ] o1

Then we have the following Corollary.

Corollary 5. For k > 0, the characteristic polynomial of Gy is given by

k+1
P S el I
i=0

1

Here we should note that in [12,8,9,4], the authors gave the characteristic equation of the matrix for
generalized Fibonomial coefficients as

n
Cix) = Y (=1)hth+D/2 n n—h.
" ; [h]"

where {}'} is defined as before.

Moreover in [4], the authors proved the conjecture of Horadam and Mahon, and they gave a very
nice relationship between the characteristic polynomials of the matrix for generalized Fibonomial
coefficients and the generalized Pascal matrix P,. Let R, (x) be the characteristic polynomial of matrix
P,. From [4], we have that

Cn(%) = Rn(%).

Therefore we derive a nice relationship between the characteristic polynomials of matrix G, and the
polynomial of P, as follows:

fl,n—l(x) = Cn(x) = Rn(x)~
We have the following result.
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Corollary 6 ([4]). Let o, B = (p +/p? + 4) /2. The characteristic roots of Cpi1(X) = f1.m(x) are:

{=DY (D™, (—1ypm ) i m =2k,

As an example, when k = 5, after some simplifications, we write

aq b —c —di e 1
1 0 0 0 0 O
0 1 0 0 0 O
=10 o0 1 o o of d
0 0 0 1 0 O
0 0 0 0 1 O
Hn,5 — ap—2 n—2 —Ch—2 _dn—Z €h—2 ap—3

an—3 n3 —Ci-3 —dp3 €3 dn4

Qn by —Cn —d, €n ap—1
p1 b1 —CG1 —diq e G
b
b
an—4 gn—4 —Cn—4 _dn—4 €h—4 Qp_s

Qan—s5 n—s —Cn—s —dy_s €5 Gng

weea,= ] b= (7] = (7] 7] = ] 2= ) )

The characteristic polynomial and its roots of G5 are given by
5 . 6 )
fis@) = (=102 { : }xﬁ—l
; i
i=0

and ig = @, As = B5, kg = —a3, A3 = — B3, A = a, by = S where a, = (p +/p? +4) /2.
Thus we have the following result.

Corollary 7. For k > 0,
k+1 k+1
1—[ (x—A) = Z (—1)i+D/2 {k".‘ 1 }xk—o—l—i.
! ; i
i=1 i=0

Considering the results of Corollary 6, we derive the following facts:
framra®) = (* = camX® — damX® — CamX + Df 1 4m,
framis®) = &* = cami 1%’ — dams1X® + Camprx + Dfame1,
framis®) = X* = Cami2x® — damy2X” — CamiaX + Df1 amias
frami7(X) = (* = Cami3%8° — dams3X® + CamiaX + Dftamis.

In general, we obtain the following identity:

frera® = & — X —ded® + (=D eex + Dfie (2)

where Ct = VUgtq — Vpg2 and d[ = Vt4+4VUt42 + (_])[+12.
Rearranging the right-hand-side of (2) and equating the corresponding coefficients of X", gives the
following new result:
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Corollary 8. Forallt > j,

{H.FS}={tﬂ}ﬂ—l)"“ct{t.ﬂ}+df{t.+1}+(—l)"“ct{t.+1}+{t.+1}
i i i—1 i—2 i—3 i—4

where c¢; and d; are defined as before.
Proof. From (2), we write

frera® = &* — o — dx® + (= 1) ex + Dfy,

t+1 t+1
(45 _ L t+4
o (e )

t+1 t+1 t+1
_Xt+3( er g Jlr 4, 3 )
t+1 t+1 t+1 t+1
xtt? c d -
+ 3 +ct 2 + d; 1 t 0
+xf+1( t+1 . t+1 +d t+1 +C{t+l}+{t+l}>
4 [ "] 3 “1 2 “1 1 0
Niiaa e t+1 d t+1] e+ N t+1
5 “1 4 ‘1 3 “1 2 1

+ (_l)i(i+1)/2xf+57l’ ({ t + 1 ] + (_1)i+1ct { t +1 }

i i—1
t+1 : t+1 t+1
+dey . + (=DM . +9. +---+1
i—2 i—3 i—4

Comparing the coefficients of ¥ for 1 < i < n above and the polynomial f; 4, the proof is
complete. O

In [3], the authors show that

’

u
tr (Pn) — (k+1)n

n

where P, is the generalized Pascal matrix.

Since the matrices H, x and P, have the same eigenvalues, alternatively we also have that
Uk+1)n
tr(Hap) = —
Up

By Corollary 6, we can give the following result for both the generalized Fibonomial and Pascal
matrices.

Theorem 9. For n > 0,

k—1/2] ] 1
() = Y (=D vge-ann + 5 (14 (=D").

i=0
4. Diagonalization of G, and the generalized Binet formula
In this section, we consider diagonalization of the matrix G, and then give the generalized Binet

formula for the generalized Fibonomial coefficients. From Corollary 6, we know thatif A1, Ao, ..., Aky1
are the eigenvalues of matrix G, then they are all distinct. Thus we can diagonalize the matrix Gy.
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Define the (k+1) x (k+1) Vandermonde matrix V and diagonal matrix D = diag (A1, A2, ..., Akt1)
as shown:

I k k
MOk ok, .
: A2
V=1,2 2 2 and D=
WA Ak,
Mo A e A

A
11 1 1 ket

Since A; # Ajfor1 <i,j <k+1,detV #0.

Let Vj(i) is the (k 4+ 1) x (k + 1) matrix obtained from VT by replacing the jth column of V by w;
where

wy= [T ket ]
Recalling a,; = (—1)0~Di-2/2 {kﬁ;"] } {”t;z} , we give the generalized Binet formulas for the

generalized Fibonomial coefficients by the following theorem.

Theorem 10. For n, k > 0,

(i)
det (V] )

det(V)

An—it1,j =

Proof. One can check that G,V = VD. Since V is the invertible matrix and G; = H,\, we write
GpV = H, KV = VD". Clearly we get the following linear equation system:

hil)‘lf + hiz)»’f] + oo+ hig AT 4 highy + hig = )L';*i*"“
hihk + hiz)»’;’l + o+ hig A2 4 highy + higr = Agfi+l<+1

k k—1 2 —itk+1
hithgq + hpA 1 + -+ Rk g + Richigr + higer = A7
Thus by Cramer’s Rule, we have the conclusion. O
After some calculations, we present some identities as examples of Theorem 10.

Casel When k = 3, det(V) = —u3usA* and for n > 0 we have that

n+2
3 (= (usng3 + (= D" Musttni1) /upus A,
n+3)| (n
S H = s+ D™ o+ 0s9)) /24,
n+3 n+1
1 { ! } = (ttsnea + (— 1™ [18 e+ ) — tya]) /11152

where A = p? + 4.

Especially when p = 1, u, = F, (nth Fibonacci number) and so
FuFoi1Fni2 = (Fangs 4+ 2(=1D)"'Fopq) /5,
FaFnyoFnis = [Fangs + (= D™ (Fags + Fo)] /5.
FuFoi1Faes = [2Fsnea + (=)™ (Fya + Li—z) ] /10.
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Case Il When k = 4, det(V) = ujv,u3A°® and forn > 0

n+3| _ Vanye — Vs + v+ (=)™ 1005043
4 | u2vyu3 A2 ’
n+4j\ (n Vgnro + V5 — v3 + v1 + (= D" (V1V2n42 — Vants — Vanto)
3 { 1 } - Ujly U3 A2 ’
n+4) n+1 Vants — V6 — V2 + Vo + (—1)" (V1V2n41 + Vanis — Vanis)
2 { 2 } - 12 A2 ’
n+4 {" + 2} _ Vang7 — U5 +v3 — v1 + (= 1) (V1v2n44 — Vant7 — V2p-1)
1 3 Uyl A2 '

Case Ill When k = 5, det(V) = uudu?us A% and forn > 0

)

[

1
Usni1a + (=D (Usng1a + Usns10 — Usizngs) + (Uallngr — Uz (Unsa + Un—2))

- )

Uplizly A2
n+5 n+1
3 2

n+1
_Uspp1z + (=D (Uolispy12 — Uslizngs) — Unp11 — UpUslinig — Usllp—3

uus A2
n+5 n—+2
2 3

n+1
_ Usnpiz + (=D (U3Uzni10 + Uslizng3) — Ugllnyy — 2Uplpgg — Un—2 — Un—g
= 2
usu3 A2

n+5|[n+3
1 4
 Usngnn (=D (U (Usng10 4 Usngs) — Usng1) — Uslingg — Uslinys — Uglln 2
UzU3U4A2 '

n4+4]  Usario + (=D (Ualiznso + Usliznia) — (u3 (Uny6 + Un—2) + UUp12)
a UZU3U4U5A2

)

’

Let \/j(ei) bea (k+ 1) x (k 4+ 1) matrix obtained from the Vandermonde matrix V by replacing the
jth column of V by e; where V is defined as before and e; is the ith element of the natural basis for R"
and

_ k k k ko
T L L Ak
ki1 k—it+1 k—it+1 k—it+1

M 0 g
K—1 —1 —1 —1

Vj(ei) = i\l' 1 ihj_'ll ! ?LH'—ll Akk+]1
—i— —i— k—i— —i—

TS 0k et

Mo Mg Apl e et

0
L1 1 0 1 1 -
|
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‘ (ei)

) v; )

Let qj(') = ;VI where the (k + 1) x (k 4+ 1) matrices Vj(e'> and V are defined as before.
Then we give the following theorem.

k k—1

Theorem 11. Let A1, A3, ..., Akrq bethe distinctrootsofx"“—amx — A1 X = — A X — Ay 1 =

0. For any integer nand 1 <i < k+ 1,

k+1

i k

ani = 44"
j=1

Proof. We consider the following system of k linear equations with k unknowns x1, x,, ..., X;: for
1<i<k

Mxi+ A5x4+ A X =0

k—i41 k—i+1 k—i+1
)\.1 X1+}\.2 X2+“'+)\'k+1 Xk_HZO
Aoy ki A e =1

1 M 2 2 k+1%k+1 =

k—i—1 k—i—1 k—i—1
)\.1 ! X1 +)\,2 ! X2+"'+)\,k+l1 Xk+1 =0

AX1+ AoXxo + -+ Agp1Xer1 =0
X1+X2+ -+ X1 =0.

By the solution of Vandermonde’s determinants and Cramer rule, we get

‘wm
@@= =12 k+1).
! \4
Thusforn,k >0and1 <i<k+1,
k+1

05 ntk
ani = a4,
=

which completes the proof. O

For example, if we take k = 2, then y; = a2, 3, = B2, y3 = —1 are the roots of X3 — a; 1x* —
aq2X — dq,3 = 0. After some computations, we get
M _ 1 M _ 1 M _ 1
q, = s q, = s 3 = s
1=y (v1 —v2) 2 =v3) (2 — 1) 2 —v3) (y1 —v3)
q(z) __ V2t Vs q(z) _ ity
! =) (1 —vs) 2 =) (i —r)’
@ _ ity
q;" = — )
(Y2 —v3) (y1 —v3)
3 _ V2V3 3) _ Y1V3
Q1 - 9 qZ - - )
V1 —v3) ("1 — ) 1 —72) (2 —vs)
Y1Y2
2

- (r2—v3) (r1 —¥3)
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Therefore, by Theorem 11, we get

A {n +2 } _ y1n+2 N y211+2 N y3n+2 ,
2 M- n-r) u-rvO0r-vr) 00—V -—v)
0= {n +2} {n} _ et i+rrn? it
1 1 Mm—-rvn-v V-vW-r) 0V—r)W-r)
and since y1y»y3 = —1,
Gy = — {n +1 } _ vaysyi nysys v 7
’ 2 Mnm-rmrn-v) G-rI2—-v) G2—v) 01—y
L y1n+l N V2"+1 N y3n+1 .y
B V-1 i—1 -1 -y "
Note that also by using the definition of a, ; for k = 2, the equality a,, 3 = —a,_1,1 can be obtained.

5. On sums of the generalized Fibonomial coefficients

In this section, we consider the sum of the generalized Fibonomial coefficients. In order to compute
this sum, we shall define a new generating matrix by extending G, which is given in (1).
Define the (k + 2) x (k + 2) matrices Ty and W,y as follows:

1 0 ... 0 1 0 0
0o ¢ 2
Tk = k and Wn,k =
. : Hn,k
6 snfk

where the matrices Gy and Hy, ; are as before and also S, is given by

n—1 n—1 .
Sn:ZaH:Z{k:l}.
i=0

i=0
Then we have the following result.

Theorem 12. For n, k > 0,

n
T, =Wy

Proof. Since S;,+1 = an1 + S, and by Theorem 2, we write the matrix recurrence relation Wy, =
Whp_1 kT By the induction method, we write W, = Wl,kT,g’_l. From the definition of W, ;, we obtain
Wik = T,} and so W, = T;!. Thus we have the conclusion. O

Here we should note that from Corollary 6, we know that the polynomial f; ; has the root 1 for
k = 0 (mod 4) . Expanding the det (ALl,1, — Ty) with respect to the first row, it is easily seen that
the matrix Ty also has the eigenvalue 1. Thus we see that the matrix T has a double eigenvalue for
k = 0 (mod 4) . For k # 0 (mod 4), we can diagonalize the matrix T, and so we derive an explicit
formula for this sum.

Define the (k + 2) x (k 4 2) matrix M as shown:

1 0 ... 0

-1
where § = (1 — Z:‘:]l aL,A) and the Vandermonde matrix V is defined as before.
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We can check that ToM = MD; where Ty is as before and D; is a diagonal matrix such that
Dy = diag (1, A1, A2, ..., Ak+1). Considering the matrix V, we compute det M with respect to the
first row and then we find detM = det V.

Then we give the following theorem.

Theorem 13. For n,k > Oand k % 0 (mod 4) ,

_Gpi Gt F gy — 1
- k+1 :

Z a i — 1
i=1

Sn

Proof. Since the matrix M is invertible, we write M~ !TyM = D;. Thus the matrix Ty is similar to
the matrix D;. Then we write M = MD]. By Theorem 12, W, M = MD]. Equating the (2, 1) th
elements of W, ;M = MDY and from a matrix multiplication, we obtain

Sn + 8 (an,1 + an,2 +---+ an,k+]) =34.
Thus the proof is complete. O
As an application of Theorem 13, we give the following case without computations. When k = 3,

we obtain that forn > 0

n .
3+
E 3 = U3 (UnUns2Unia + Ung1Ung3lngs — U3) /v3.
i=0

6. Generating functions

In this section, we give generating functions of the generalized Fibonomial coefficients.
We define k sequences { f,{} of kth order linear recurrence relation, forn > 0and 1 <i <k, as

fo=cifag FCfyy o afig (3)
with initial conditions
i 1 ifi=1-—n,
fo= {O otherwise, for1—k=n<0

where ¢j, 1 < j < k, are constant coefficients, and fni is the nth term of the ith sequence.
Using the approach of Kalman in [14], Er showed in [6] that

M, = A"

where the matrices A and Q, are

4 C Ck-1 C 1 2 K
11 5 kO 1 (;c ./:n j;n . j’:”(
A= 0 1 0 0 and Q, = n.fl n.—l njl 4)
. . : : - 1 2 k
0o 0 ... 1 0 exk n—k+1 fn—k+1 s In—k+1d kxk

By defining G(i, x) = fix° + fix' + fix* + - - + fix" 4 - - -, we give the following theorem.
For the reader’s convenience, we give the following result with proof.

Theorem 14. For k > 0and 1 <i <k,

fot 2 X afa X"

m=1v=m+1

1—cx— X2 — -+ — gxk’

G, x) =
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Proof. Using definition of G(i, x),

(1—cx—cxX* — - —ax) GG, x) = fi + fix + fix* + -+ [+ x4
—afix—afi —cafid — o —aff X = —af X
— afixX* — af X —qfi T — ol X —

After some arrangements, we write

(1—ex— e = =) Gl x) = fy + (ff = afg) x+ (73 — aff — cafg) @ + -
T+ (fl —afi, —afl = — g fl) K
+ (sz - C]fki_l - leki—z = Ck—]f(;' _ Ckfli)xk +..
(i —afl —afl = —af )X

Now we compute the coefficients of x" of the equation above. From the definition of { fri} ,

fi—afy=cafy +-+afi,
f—afi—aff=af  + - +af,

feer = tfey — Cafy_3 — - = aafy = ol

For n > k and from the definition of {f,ﬁ } , the coefficients of x™’s are all zero. Thus the proof is
complete. O

Now letting g(i, x) = dg; + a1, ;X + az,ix*> + as x> + - - - + a,, X"+, we have the following corollary.
Then we have the following Corollary.

Corollary 15. For 1 <i<k+1,

k k+1

do,i — Z Z a1,y Am—y,iX™

m=1v=m+1

1—a1,1X — g 2%% — + - — @q 1 X5H7

g(i,x) =

where ay; is defined as before.

For example, when i = 1 in Corollary 15, we get

i{n—}—k} ; 1
X" = .
—| Kk 1— {kJ,:l}X_ {ﬁﬂ}xz + {ﬁz}’& Fee = (= Tk 2k 1

Fork =3 (i = 1, 2, 3 subsequently) we obtain
i{n—i—_%}xn_ 1
n=0 3 1—{§]x—{§}x2+{;‘}x3+x47

i[n] {n+3} n Usliy /UsX — V1vpX% — X3
X =
= 1 2 1—{;‘}x—{‘2‘}x2+{f}x3+x“

and

i n+1)](n+3] , V102X + X2
X =
2 1 -1_{4

4 4 ’
n=0 3}x—l2}x2+[1}x3+x4
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For example, the following generating function for the triple product of consecutive Fibonacci
numbers can be found in [16]:

00
Z FnFn+an+2xn =
n=0

Indeed the above generating function can also be rewritten via the Fibonomial coefficients { g }

DR

n=0

For the generating function of the powers of Fibonacci numbers, we can refer to [24,11].

For k = 4, we get

B[

n=0

For k = 5, we get

nX—;‘{ 5 }Xn= 1—[§]x—[2]x2+[§

X (ny[n+5
2
= 1 4
i n+1) (n+
= 2 3
i n+2) (n+
= 3 2
n+3 n+

2
NS

3
Il
<)

2x
1—3x—6x2+3x3 + x4

X
1—3x —6x243x3 + x4

1

R Bl e

VollsX — VolsX? — Usx® + x*

T [t e e i

VollsX + Usx® — X3

R B AR

Usx — X°

1

ST T e e

EEEEREE

n (Ustig/up) X — vyvsusx® — (ustlg/uz) X* + uex® + X
R E e H e B e H e e
5 o VoU3UsX + (Usllg/Up) X2 — ugx® — x*
I H e H IR H B H R H R
5 o (ustg/uz) X — ugx® — x°

5

T e el e e

(usug/ug) X + x*

7. Combinatorial representations

R A e A RN

F

das;

In this section, we give combinatorial representations for the generalized Fibonomial coefficients.
In [2], the authors considered the k x k companion matrix A that we give in (4) and its nth power to
derive an explicit formula for the elements in the nth power of the matrix A. Let us recall this result,

as follows.
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Theorem 16 ([2]). Let the matrix A = (ay) be as in (4). The (i, j) entry afj") in the matrix A} is given by
the following formula:

G+t +---+ th+t+-+ b
afj")(cl,cz,...,ck): Z %x< )c?...ci" (5)
' ti+t 4+t t1,t, ..., bk

where the summation is over nonnegative integers satisfying t; + 2t, + - -- + kt, = n — i + j, and the
coefficients are defined as 1 forn =i — j.

Thus we give the following results.
Corollary 17. Let a, ; denote the generalized Fibonomial coefficients. Then

Z tj+’fj+1+"'+fk+1X<f1+t2+"'+fk+1)at1 gl
t b4+ e 117 01kt

i1 =

t1, 6, ..., ¢
(t],tz,,4..tk+1) 1, L2 k+1

where the summation is over nonnegative integers satisfying t; + 2t + - -+ + (k+ Dtyyg =n —i+j.

Proof. Considering the matrices G, and A, the proof is obvious from the result of Theorem 16. O

Corollary 18. For n > 0,

n+k ty+t+ -+ ke f te1
{ k }: 2 < tr. fa. Faee B

e b
(t1,l’2 ..... tk+1) k+1
where the summation is over nonnegative integers satisfying ty + 2t + - - - + (k + Dty = n.

n+k

Proof. In Corollary 17, if we takei = j = 1, thena,; = { ]

} , so the proof of Corollary 17
follows. O

For example, one can obtain
[n]{n+3}= Z I +T13+4T14 <T1+r2+r3+r4)(_1)r3+r4{4}r1+r3{4]r2
1 2 (e 1T T2 13+ Ts Iy, T2, 13,14 3 2

where the summation is over nonnegative integers satisfying r; + 2r, 4+ 3r; +4r4, = n+ 1 and

{n—i—l}{n—i—fﬂ}_ Z 3414
2 1 (e S e L T

+
» r—+r—+r+r (= 1) Hratt 4117347
1,712,713, T4 3 2

where the summation is over nonnegative integers satisfying ry + 2r, + 3r3 + 4ry, = n+ 2.

8. Determinantal representations

In this section, we determine some relationships between determinants of certain matrices and
the generalized Fibonomial coefficients. Similar relationships have been derived by some authors (see
for more detail [17,18,22]). In particular, Lind [17] gave the first result for the relationship between
the determinant of certain Hessenberg matrices and the generalized Fibonomial coefficients. For
convenience, we give the result of Lind [17].

Let D, x denote the recurrent n x n determinant |a,s|, where

— _(— (S+r+1)(sr+2)/2{ k+1 }
ars = —(=1)
s—r+1j;

forr,s=1,2,...,n.



E. Kili¢ / European Journal of Combinatorics 31 (2010) 193-209 207

Then the author showed that D, = {”:"} where { A } . is the Fibonomial coefficient. The
F
analogous result holds when the Fibonacci sequence is replaced by an ordinary second-order recurring
sequence.

Now, by constructing superdiagonal matrices, we give some new results that are given by Lind
in[17].

Definition 19. Forn > k > 0, let M, = [m,-j] denote the k-superdiagonal matrix of order n with
miy=ay1forl <i<nmy=aforl<i<n—1,... My =a1 k1 forl <i<n-—k

Clearly the matrix M, is in the form

a1 12 ... G714 0 A
-1 a1 a2 ... Gk
M, = ar ar2 ... Qe |- (6)
-1 ain . .
-1 a1 a2
L 0 -1 ap -

Theorem 20. For n > 0,
M| = an1.

Proof (Induction on n). If n = 2, then we have

a1 412

|M2| = 1 arq

=ay,101,1 + A1 = Az 1.

Suppose this equation holds for n. Then we show that the equality is true for n + 1. Expanding |M;;1|
by the Laplace expansion of determinant according to the last column and by the definition of M, we
get

[Mp1| = @11 IMn| + @12 IMp—1| + @13 [My—2| + - - + a1 k1 [Mp—i| -
By our assumption and the recurrence relation of {am } we write
[Mny 1] = aq,10n,1 + @1,20n-1,1 + a1,30p-2,1 + -+ + A1 g 10nk,1
= Gn+t1,1-
Thus the theorem is proven. O
For example, if we take p = 1, then u,, = F, (nth Fibonacci number) and by Theorem 20, we have

3 6 -3 —1 0
1 3 6 -3 "
1 3 6 . -1 |["T3]
. 3 F
.3
1 3 6
0 1 3

nxn
Let M, (k) denote the matrix obtained by the matrix M,, = [m,j] takingm;; = Ofor 1 < j < k. For
example
0 0 a3 aiq
-1 a1 a2 a3
0 —1 air ag2
0 0 —1 aih

My (2) =
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Now we determine some relationships between the sequences {an,i} for 1 < i < k and the
consecutive determinants of matrix M, (k) for some specific number k.

Theorem 21. Forn > k>i> 1,

|Mn (D] = an—iit1-
Proof. Expanding |M, (i)| with respect to the first row and using the definitions of M, (i) and M,,, we
get

IMp(D| = ar,ix1 IMn—i—1] + @12 [Mp—i—a| + - - + @1 k41 IMp—g—1] .

Similarly expanding the |M,| with respect to the first row and using the definitions of M,, and |M,, (i)| ,
we may write, after some simplifications,

IMp(D| = IMa| — a1,1 IMp—1] — @12 [My—2| — a1,3 [Mp—3| — - -+ — aq,; IMp—i|
which, by our assumption and Lemma 1, satisfies

|Mp ()| = @n,1 — a1,18p-1,1 — @1,20p—2,1 — 01,30p—3,1 — -+ - — A1,idn_i 1

ap—1,2 — d1,20p—2,1 — A1,30p—3,1 — * -+ — 01,idn—i,1

= Ap—i+1,i — 01,iGn—i1

= On—i,i+1-

Thus the proof is complete.
We now define an n x n upper Hessenberg matrix D, as in the following compact form:

where M,, is defined as before. O

Theorem 22. Forn > 1,
IDn| = Sp
where S, is defined as before.
Proof. By Theorem 20, the proof follows from by induction. O

To derive other similar relationships between determinants of certain matrices and the sums of
the other products, we define (n + 1) x (n + 1) matrix T, ; for 1 < i < k as follows:

_ o1
Tpi= Ma D) (1) ith row
L0 ... 0 -1 1]

where the matrix M, (i) is defined as before.
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Expanding |Tn’i| according to the last row, we have the following Theorem.

Theorem 23. Forn > k > i > 1,

n—i—1

|Tni| = Z i1
i=0

9. Conclusion

In this paper, we consider the recurrence {u,} and its generalized Fibonomial coefficients. Using
results in this paper, one can obtain many applications to the recurrence {u,} or its special cases,
that is, Fibonacci or Pell sequences. Moreover, one can obtain many analogues for the recurrence {U,}
defined by U,, = pU,,_1 — qU,_, with Uy = 0 and U; = 1. However one should be aware that, in case
of recurrence {U,}, we cannot obtain a generator matrix by using just the matrix itself.
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