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ON THE MULTIPLICATION OF RECURRENCES

PAUL A. CATLIN
Ohio State University, Columbus, Ohiec 43210

in this note we shall consider recurrences of the form
(1) Apt+2 = Apr1 +An

with initial values Agp and Aj. The special case Ag=0, A;=1 in (1) is the well known Fibonacci series (F,),
and Ag=2, Ay=1 isthe Lucasseries (L,) The integer NfA)=A? — A A, is the norm {also known as the char-
acteristic number) of (1). When recurrences (A,,) and (B,) are multiplied (the multiplication of recurrences, which
is defined below, was developed in [5]), we have that N(A)N(BJ = N(AB). This multiplicative property is the justi-
fication of the use of the word norm. In this paper, we shall derive some basic properties of recurrences under mul-
tiplication. Our main result will be that recurrences can be factored uniquely {up to order and sign) into recurrences
whaose norms are prime.

Let Ap=Ag, Aj=Ag— Ay Therecurrence (A,), obtained by using Ag and A7 as initial values in (1), will
be called the dual recurrence of (A,), and the asterisk will be used to denote dual recurrences. The notion of dual
recurrences was introduced in [3]. It may be shown by inductian that

(2) Ap = FnerAg— FpA7 .

t{A,) will denote the scalar product (taken term-wise) of an integer ¢ and (A,). i (Ag,A;}=t> 1, wecan
express the recurrence as a scalar product ¢(B,) =(A,), where t8;=A; forall i Itis only necessary to consider
such reduced recurrences.

We define the product (A, )(B,,) of two recurrences to be the recurrence (C,,) (of the form (1)) such that

(3) Cys—aCp = (A;—aAglBy—aBg)

where a is a zero of x2 — x = 1, the characteristic polynomial of (1) {2 is adjoined to the integers, and {3) is an
equation in the extension). it follows (see [5] ) that

@) Cmtn = AmBn+1+ Am+1Bn—AmBp .
and
(5) Cmtn+1 = Am+1Bn+1+AmB,

As stated before (and in [5]), N(AJV(B} = N(C).

We point out that the value of AfA) changes only in sign as the starting point A of the recurrence (A,/ is trans-
lated one term at a time: the value of NV(A)=A? — A A, alternates in sign. This follows fram the identity
(6) (Apsi)? — ApApsz = (~1)"N(A) ,

which may be proved by induction. Henceforth, we shall disregard the sign when we discuss the norm; we shall only
use its absolute value. Also, the signs of terms of (A4,) will be disregarded in the sense that (A,,) and —(A,) will
be considered equivalent. Thus, for the Fibonacci and Lucas series, we have that N(F})=1 and N(L)=5,

it has been shown (see [1]} that a recurrence other than (F,/ can be translated so that }4,| > |A,|, and that
this representation is unique. For the purposes of this paper, however, we shall make no such assumption.

It follows from (4), (5) and the definitions of the norm and dual recurrences that

1) (A NAL) = NANF,) = NIAPIF,)
Since (L) =(L,), itfollowsfrom (7} that
(Ln)? = 5(Fp).
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The sum, taken termwise, of (A, and (4,) is AgfL,). Of course, ((A};)¥)=(A,). Several identities involving
(A,) and its dual can be derived as special cases of general identities in [5]; among them are the following, which
are generalizations of well known identities for (F,) and (L,).

ApAn+NIAJFZ = (-1)7AZ
FopAp = FalAp+A}L) = ApFpl, .
Using the theory of binary quadratic forms, it may be shown that distinct recurrences of norm m (where distinct
recurrences are recurrences which are not translates or scalar muitiples of each other) are in a ane-one correspond-

ence with roots n of
n? = 5 (mod 4m) ,

where 0 <n <Z2m, It follows that there are recurrences with norm m if and only if (p/5) =0 or 7 forall prime
factors p of m, and that the number of distinct recurrences of norm m is 27 where r is the number of prime
factors p of m such that (p/5) =1 (i.e., p=10k £ 7). Also, itis not possible for 25 to divide the norm, These
results may be found in [2] and [4]. in [1] there i$ a table of the recurrences having a given norm for all possible
norms up to 1000.

We remark that multiplication of recurrences with a given discriminant ¢ (¢ = 5 in this paper} corresponds to the
composition of binary quadratic forms of the same discriminant; in fact, {4} and (5) are used in the definition of
composition of forms.

The following theorem shows that {A};) isin a sense the inverse of (A,,), since (F,,) is the multiplicative identity.

Theorem 1. X =(A}) is the only recurrence satisfying (A,JX = MANF,).

Proof. By setting Co=0, C;=N(A), m=n=0 in (4) and (5) and solving simuitaneously for By and B;, we
find that By = Ag=Ag and B; = A; — Ap=—A7. Thus, if signs are disregarded, (B,) = (A,,), proving
the theorem.

Theorem 2, The dual map is an automorphism of the group of recurrences under multiplication.

Proof. By (1), if (A,)(Bp)=(C,) then

NAINBIF,) = (Ap)(B HAZNBR) = (CLHALIBRI) ,
whence (A};)(B};)=(Cy) by Theorem 1. Since the dual map is bijective, the theorem follows.

Theorem 3, Any automarphism of the multiplicative group of recurrences preserves the value of the norm.

Proof. By (1),
(ApNAL) = NANF,).

Let {A,) —~(A},) be an automarphism. Then
(AR)AL) = NANF;) = NIANF,) ,

since an automorphism must map the multiplicative identity onto itself. Thus, by Theorem 1, {A;") = (A}*}s0
that M(A7) = N(A™*) = N(A*), and the theorem follows by the multiplicative property of the norm.

let §= {p,, p2, } be a subset of the set @ of primes which are quadratic residues of 5 and let $'=2 - S.
Then the function 7 mapping recurrences onto recurrences such that

(AL) it NA)eS
(A,) it NA)eS’
determines an automorphism, and any automorphism, of the multiplicative group of recurrences can be so character-
ized. The proof, which uses Theorem 3 and the Unique Factorization Theorem to be proved later, is left to the
reader.

Theorem 4. Consider recurrences (G,/ and (H,,) such that

NG) = m?, N(H) = mg, (my, ma) = 1.

T(tAp)) =

Then
(G, )(H,) = mymolF,)
if and only if
(G,) = mqy(F,) and (H,) = ma(F,).
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Proof. Suppose mymy(Fp)=(Gp)(H,). NMultiplying by (G%),
mmalG}y) = (G NGENH, ) = m3(H,) .
Thus,
mzfﬁ;;} = II77(H,,).
it follows that
maGi = myH;
forall i Since (my, mp)=1, then m; |G} and my|H;. Therefore,
malGE) = myfH,) = mymofE,)

for some vecurrence (£,), whence

m3 = NM(G) = N(6*) = N(m;E) = m2N(E)
sothat ME)=1. It has been shown in [2] that there is only one recurrence whose norm is 1: namely (F,;). Hence,
(En) = (Fo).

The converse is obvious.

Theorem 5. {Unique Facerization). Recurrences of a given norm whaose terms have no commen divisor factor
uniguely up to order and sign into recurrences whose norms are the prime divisors.of m.

Pmof First we shall show that a recurrence (£,,) can be factored uniquely into recurrences whose norms are
{relatively prime) maximal prime power divisors of m. [t is only necessary to prove uniqueness for m = mymo with
(my,m2) =1, and uniqueness for prime power divisors follows.

tf N(E) has only one prime power factor or if (£,) =(F,), we are done. Otherwise, let (£,,) have at least two
relatively prime factors m; and m», and assume that factorization is unigue for recurrences whose norms are those
relatively prime factors. We shall show that (£,,) factors uniquely.

Since thereare 2’ recurrences with norm my ,,where r is the number of prime divisors p of m satisfying {p/5) = 7
and assuming that (p/5) = —1 for no divisors of my (see [2]), and since, under similar conditions, there are 2° re~
currences with norm mo, then the set of recurrences obtained by taking products of recurrences, one with each
norm is contained in the set of 2 recurrences of norm mymo, with equality of sets if and only if any pair of
products is distinet. Thus, we must show that it (A,)B,) =(C,)(D,} with

N(A) = N(C) = myq, N(B) = N(D) = m, (my,mo) = 1,
then (A,) = (C,), (B} = (D).
Under the conditions stated, there exists a recurrence (G,/, equal to (A5)C,,) such that /V(G)=m? and
(A NG, = my(C,).
Likewise, there isan (#,/ such that
N(H) = m? and (B )(H,) = ma(D,,).

Substituting these relations into

(ApdBp) = (Co D)
we get

mymalA)B,) = (A NG, HBLHH,) ,

and multiplying by (A} )(B;;) and applying {7) obtain

myma(Fp} = (G, )(H,).
Since (my,mp) =1, we have that {G,)=m;(F,) and (H,)=mo(F,) by Theorem 4. Thus,

mylC,) = (A NG,) = mylA,),

whence (A,) = (C,), and (B,} = (D,), likewise.

Next we show that each of the two recurrences of prime power norm pk factors uniquely into & recurrences
of norm p. Let (A,) be arecurrence of norm p. Then the only other recurrence of the same norm is (A, and
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no recurrence (except the identity recurrence (F,)} has a norm dividing p. We shall proceed by induction.

For k=17, the theorem is obviously true. Assume truth for all exponents not greater than & Then there are two
recurrences of norm g% which factor uniquely, and since (4,/% and (A%) are factorizations of the recurrences
of norm pk, they are unique factorizations. Multiplying {A,,lk and (A;)k by each of the recurrences of norm p
and using (7), we get the products

(A, ALK (ARAR) = MANALKTT,  and  (ALJK(AL) = MANAR)ET,
and the last two products fail to satisfy the requirement that the terms have ne cemmon factor. Thus, (A,,/k+7 and
(A;,‘Ik” are two factorizations of recurrences of norm pk+7, and they are the only two meeting the requirement
that the terms of the product have no common factor. Since there are two recurrences of norm p**7 (see [2]),

(A,,)k+7 and (A,’;}k” must be their factorizations. This completes the proof.
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A NOTE ON FERMAT'S LAST THEOREM

DAVID ZEITLIN
Minneapolis, Minnesota

in this note, n, m, x, y, and z are all positive integers, with x <y <z
Theorem 1. For n > 2, tle equation x” + " = 2" has no solutions whenever x + ny <nz

Corollary. For m>1 and n>2, X""+y™" =2™" has no soiutions whenever X7 +ny” < nZ”.

Proof Swposex” #y" =7 has a solution with y =x +a, z=x + b, where b > a > 0 are integers. Then, by using
the binomial theorem, we have

n
=" = (x+5)" - (x+a)" = :’;_: (7 )x"”i(b"—ai) = X" b -a)+Qlnxba), Q>0.
=0
Thus
£ x-nlb-a)) =0,
and so x — nfb —a) > 0 is a necessary condition for asolution. Since

b—a=(x+b)~(x+a)=z—-y, x-nlz—y) <0

is the stated result.
REMARKS. Since nz < ny + x is a necessary condition for a solution and since y <z, we see that

[Continued on Page 402.]



