MONASTIR MINI-COURSE:
THE SELBERG CLASS OF ZETA- AND L-FUNCTIONS

JORN STEUDING

” What is a zeta-function (an L-function)? We know one when we see one!”

This quotation is attributed to M.N. Huxley and reflects the number-theoretical prob-
lem to classify those generating functions which carry arithmetically relevant data. In
1989, Selberg introduced a general class S of Dirichlet series having an Euler product
representation, analytic continuation and a functional equation of Riemann-type, and for-
mulated some fundamental conjectures. In only twenty years this so-called Selberg class of
L-functions became an important branch of research in Analytic Number Theory with im-
portant arithmetical applications. It is widely expected that the Selberg class contains all
aritmetically important L-functions, moreover, that it consists of exactly all automorphic
L-functions. In this mini-course, consisting of six lectures, we give an introduction to this
topic. Our focus is on general methods, e.g., Hecke’s approach to functional equations and
analytic continuation, Tauberian theorems to deduce information about prime numbers,
as well as linear and non-linear twists, a powerful tool recently invented by Kaczorowski
& Perelli to investigate the structure of the Selberg class. The course is mainly based on
the excellent surveys of Kaczorowski [20] and Perelli [42, 43], and the monographs [38, 54]
of M.R. Murty & V.K. Murty and the author, respectively. Basic knowledge in Real and
Complex Analysis is expected, and a background from Number Theory is useful, although
we have added several appendices in order to present a self-contained introduction.
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1. CLASSICAL THEORY OF ZETA- AND L-FUNCTIONS

Since Dirichlet’s proof of the prime number theorem for arithmetic progressions from
1837 and Riemann’s famous path-breaking paper in 1859, zeta and L-functions play a cen-
tral role in Analytic Number Theory. Being generating functions formed out of local data
associated with either an arithmetic object or with an automorphic form, these functions
possess a Dirichlet series and an Euler product representation (if the underlying object is
of multiplicative nature). The famous Riemann zeta-function

o) 1 1 —1
(1) C(S)_;E_I;I(I_E> (Res > 1)

may be regarded as the prototype. Here the product is taken over all prime numbers and
the identity between this product and the series is an analytic version of the unique prime
factorization of the integers (which becomes obvious by expanding each factor). According
to their inventors, any product over primes is called an Euler product and any series of
the above type is called a Dirichlet series. L-functions encode in their value-distribution
information about the underlying arithmetical or algebraic structure, e.g. the infinitude
of prime numbers follows immediately from (1) and the divergence of the harmonic series;
a more advanced study yields the celebrated prime number theorem (which we discuss
more detailed in §3). Another example is Dirichlet’s analytic class number formula which
measures the deviation from unique prime factorization in the ring of integers of quadratic
number fields. Actually, two of the seven millennium problems are questions about L-
functions: the famous Riemann hypothesis on the zeros of ((s) and the conjecture of Birch
& Swinnerton-Dyer that the rank of the Mordell-Weil group of an elliptic curve is equal
to the order of the zero of the associated L-function Lg(s) at s = 1.

In order to deduce information on the value-distribution of zeta- and L-functions, first
analytic continuation beyond the abscissa of convergence of the defining Dirichlet series is
needed. In many arithmetically interesting examples this can be realized by a functional
equation. In the case of the Riemann zeta-function this functional equation takes the form

1

of a point symmetry with respect to s = 5:

Theorem 1 (Riemann’s Functional Equation). The Riemann zeta-function ((s) has
an analytic continuation to the whole complex plane except for a simple pole at s = 1 with
residue 1, and satisfies the identity

i (3) e = () -

Proof. The Gamma-function plays an important part in the theory of the zeta-function
(see [56], §1.86 and §4.41, for a collection of its most important properties); for Rez > 0,
it is defined by Euler’s integral

s 1 o S
r (f) T — = / 2 Lexp(—mn’z) dz.
0

Summing up over all n € N, yields

=1 = [
n 2T (g) ngl = 7;/0 z2 bt exp(—mniz) dr.
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On the left-hand side we find the Dirichlet series defining ((s); hence the latter formula
is valid only for Res > 1. On the right-hand side we may interchange summation and
integration, which is allowed by absolute convergence. Thus we obtain

n7:l (g) ¢(s) = /000 z31 i exp(—mn’z) dz.
n=1

We split the integral at x =1 to get

) w1 (3) o) = {/01+/1°°}x%1w<x> ar,

where

(6(z) — 1)

N =

w(x) == Zexp(—wn%:) =
n=1

can be expressed in terms of Jacobi’s theta-function 6(z) := > 07 exp(—mn?z). Next

we shall use the functional equation for the theta-function,

®) o) = =0 (1),

valid for any & > 0; this formula will be proved in Appendix B as an application of Poisson’s
summation formula. Hence, we find

(D)= 1 (0(2) 1) =t 5

By the substitution 2 — = the first integral in (2) equals

x

< 1 s 1 1
/ z72 (—) dz = / x_#w(:v) dz + - -
1 x 1 s—1 S

Inserting this in (2) yields
_s S - 1 o _ s+l s_1
(4) ™ 2F(§) C(s)—m—l—/l (:17 T 42 )w(x)da:.

Since w(z) < exp(—mnz), the last integral converges for all values of s, and thus (4) holds,
by analytic continuation, throughout the complex plane.* The right-hand side remains
unchanged by s — 1 — s which proves the functional equation for zeta. It easily follows

from (2) that ¢(s) — 5 is an entire function; we leave the details to the reader. e

The given proof is one of the two proofs Riemann found. It relies heavily on the functional
equation (3) of the theta-function, which is an easy consequence of the Poisson summation
formula (Theorem 30 in Appendix B). In the sequel we shall see how Riemann’s approach
via the theta-function allows interesting generalizations. Other proofs of the functional
equation for {(s) can be found in [56].

Before we continue to consider further examples of L-functions we shall discuss the im-
pact of the functional equation on the values of {(s) at the integers and on the distribution
of zeros. By the Euler product representation (1) the zeta-function does not vanish in the
half-plane of convergence Re s > 1 of its Dirichlet series. In view of the functional equation
the only zeros in the left half-plane Res < 0 occur at the poles of the Gamma-factor I'(3);
those zeros lie at s = —2n, n € N, and are said to be trivial. All other zeros are called
nontrivial and, consequently, they appear inside the so-called critical strip 0 < Res < 1,

*We write f(z) < g(z) or f(z) = O(g(x)) with a positive function g if limsup,_, . |f(z)|/g9(z) < oo;
in this case there exists a positive constant C such that |f(z)| < Cg(x) for all sufficiently large z.
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symmetrically distributed with respect to the so-called critical line % + iR and the real
axis. In §3, we shall show that there are no zeros on the boundary of the critical strip.

Exercise 1. Show that, for Res > 0,

00 _1)n—1
5 — (1 —9ol-5)-1 (
) G(6) = (=277 3

and deduce that ((s) does not vanish for s € (0,1).

It was Riemann’s great contribution to number theory to point out the relevance of the
zeta zeros to the distribution of prime numbers. In this context he formulated that very
likely all nontrivial zeros lie on the critical line % + iR which is now widely known as the

Riemann Hypothesis. ((s) # 0 for Res > 3.

It is amazing that already in the 18th century Euler had partial results toward the
functional equation for ((s), namely, formulae for the values of ((s) for integral s (and
even for half-integral s) relating s with 1 — s:

Theorem 2 (Euler’s Theorem). For k,n € N,
_ k-1 (2m)*" _ 1 _
C(2k) = (~DF B, (0= —4 and ((m) = -

where the Bernoulli numbers B, are defined by the identity

z = 2" 1 1
—_— = B,—=1-—= —22F.. ..
expz — 1 7;3 n! 2Z+ 12° +

Nearly nothing is known about the values of zeta at the positive odd integers; in 1979,
Apéry proved that ((3) is irrational but the arithmetic character of {(5) is still unknown.

Exercise 2. Prove Theorem 2 as follows: First show

o mF _d ., sin(r2)
;(—1) k)] Bokz —wzcot(wz)—l—zalog —

then use the product representation for % to evaluate ((2k). Next apply the functional
equation to obtain the values ((1 —n). Why is it impossible to deduce information about

¢(5) this way? How did Euler obtain his formulae? For this and advice see [55].

Next we consider Dirichlet L-functions which are defined by

o~ X(1) X))\
(6) L(s,x) = e H (1 - ?> (Res > 1);

n=1 P
here x denotes a Dirichlet character, i.e., a group homomorphism from the group of prime
residue classes modulo some positive integer ¢ into C*; see Appendix A for a short introduc-
tion to these useful tools in Number Theory. Since characters are completely multiplica-
tive, L(s,x) may be represented both, as Dirichlet series and as Euler product (similarly
to (1)). In fact, the Riemann zeta-function may be considered as the Dirichlet L-function
to the unique character yo mod 1. By analytic continuation, L(s, x) extends to a mero-
morphic function in the complex plane with a single pole at s = 1 if x is a principle
character (i.e., x(n) = 1 for all n coprime with some ¢g). Of special interest are Dirich-
let L-functions associated with primitive characters x (that means y is not induced by a

character of smaller modulus), since any non-principle character is induced by a uniquely
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determined primitive character and the corresponding L-functions differ from one another
only by a finite Euler product which extends to an entire function with a very regular
value-distribution. In a similar manner as above one can prove the functional equation
for Dirichlet L-functions L(s,x) with a primitive character y mod ¢. Here we have to
distinguish the cases x(—1) = +1 and x(—1) = —1. In the first case we find

= n) exp(—mn’x = @ l X
) bax) = 3 x(mep(omna/s) = S0 (%),

nez

where 7(X) 1= 3", 1h0a ¢ X(@) exp(27i{) is the Gaussian sum which satisfies

T(X)7T(X) = x(=1)|I7() > = x(~1)q.

The second case, x(—1) = —1, is slightly more difficult. Here we make use of
~ T(X) (1
0 b0 = X xtmexp(-mno/a) = 005 (1)
neZ Z\/a$2 r

Also the proofs of these functional equations rely on the Poisson summation formula and
basic facts from character theory. Formulae (7) and (8) lead by more or less the same
method as for the zeta-function to

Theorem 3 (Functional Equation for Dirichlet L-Functions). Let x be a primitive
character mod q. Then, L(s,x) extends to an entire function and satisfies

(B (57 se0=3 () (F) e

where § := (1 — x(-1)).

Exercise 3. Prove the latter theorem as well as all identities for the involved theta-
functions, that are (3), (7) and (8). What can be said about zeros and zero-free regions?

It should be noticed that, previous to Riemann, already in 1846 Malmstén and a little
later Schlomilch obtained among other identities
L(1—s,x-4)= (g)7 sin 7%Sl"(s)L(s, X—4)
with the unique character x_4 modulo 4 defined by x_4(—1) = —1. In fact, this functional
equation is a special case of the latter theorem (as follows from some properties of the
Gamma-function). In 1849, Eisenstein derived an even more general functional equation
(cf. Bombieri [2]; see also Weil’s treatise [60] for details).

Next we shall briefly investigate an interesting example. The Davenport-Heilbronn
zeta-function is given by
_1—ik 1+ik

L(s) = 5 L(s,x) +

L(5,%),
\/10—2v/5—
1

where k 1= 2 and y is the character mod 5 with x(2) = i. It is an easy conse-

quence of Theorem 3 that the Davenport-Heilbronn zeta-function satisfies the functional

equation \ .
()32 0- (2) o0

Davenport & Heilbronn introduced this function as an example for a Dirichlet series having
infinitely many zeros on the critical line and also infinitely many zeros in the half-plane

Re s > 1 in spite of satisfying a Riemann-type functional equation. The localization of these
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zeros is not too easy (see also [57]). Following Balanzario [1], we give another example:
consider of a Dirichlet series satisfying a Riemann-type functional equation for which the
analogue of the Riemann hypothesis does not hold. Consider the following functions with
5-periodic Dirichlet coeffcients:

1 1 1+\f

145275 = 14+—=—+—=—+— .
+58700(s) = T4 bgetpt et
1 1 1 0
L S T T T
(5,x) 5 3 Tt T
where x is the unique character mod 5 with x(2) = —1. Both functions satisfy the same

functional equation,
(9) F(s) =527%2(21)*'T(1 — s) sin 7F(1 —5).
Now let z be an arbitrary complex number, then the function

L(z,x) (1 +557)¢(s) — L(s,x)(1 + 52 *)¢(2)

vanishes for s = z, satisfies the functional equation ( ) which can be rewritten as an
identity with a point symmetry with respect to s = 2, and possesses a Dirichlet series
expansion for Res > 1. Thus, we observe that a functional equation of Riemann type is
not sufficient for having all complex zeros on a straight line! It is expected that the Euler
product is responsible for the location of the nontrivial zeros on the critical line although

the Euler product does not converge inside the critical strip.

Now we shall prove Hecke’s important correspondence between Dirichlet series with a
Riemann-type functional equation and modular forms of the upper half-plane. Roughly
speaking, these modular forms are analytic functions defined on the upper half-plane which
satisfy a bunch of functional equations similar to (3) for the theta-functions above. A
precise definition of modular forms will be given in the next section; for the first just notice
that the following theorem is not about the empty set; actually, with Ogg’s monograph
[41] there is a whole book on this topic, and the proof reflects some ideas from Riemann’s
proof of the functional equation for zeta as well.

Theorem 4 (Hecke’s Converse Theorem). Let A and k be fized positive real num-
bers. Given two sequences {a(n)},en, and {b(n)},en, of complex numbers satisfy-
ing a(n),b(n) < n° for some positive constant c, define ¢(s) = >.>° a(n)n™* and
P(s) => 07 b(n)n~*, as well as
A\° AN°
26 = (52) T ad W)= (55 ) T

™

The functions ¢(s) and (s) are analytic in the half-plane Re s > ¢+ 1, while the functions
given by

flz)= Z a(n) exp(2minz/\) and g(z) = Z b(n) exp(2minz/\)
n=0 n=0

are analytic in the upper half-plane H := {z := x+iy € C : y > 0} satisfying the boundary
condition f(z +iy),g(x +iy) <y~ as y — 0+. Furthermore, the following statements
are equivalent:
(i) The function ®(s) + @ + % is entire and bounded on every vertical strip and
satisfies the functional equation

D(s) = eV (k — s);
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o= (2) (2)

This correspondence provides plenty of examples of L-functions associated with automor-
phic forms. An important generalization is due to Weil [59].

(ii) for any z € H,

Proof. First of all, we observe that the statement concerning the convergence of the
Dirichlet series is trivial. In order to derive the holomorphy and the boundary condition
it suffices to consider the function f(z) only. By Stirling’s formula,

nf—c—1\  T(c+1+n) .
(_1)< n >_1"(c+1)1"(n+1)N01n

with some positive constant ¢;.T Hence, the series for f(z +1y) is dominated term-by-term
by

oo

> (=" (_cn_ 1) exp(—2mny/A) = (1 — exp(—2my/N) " <yt

n=0
By the way, given the boundary condition, we can conversely bound the coeflicients
a(n) by using their integral representation

1
a(n) = / f(z + iy) exp(—2min(z + iy) /) da;
0
using this with y = %, we get

a(n) = /01 f (w + %) exp (—2m'n (x + %) /)\) dz < n°.

It remains to show the equivalence of (i) and (ii). We start with the implication (ii)=(i).
We note that, for sufficiently large Re s,

D(s) = g a(n) /000 <%>S 25 exp(—nz) dz = i /000 a(n)y* " exp(—2mny/\) dy

as in the proof of the functional equation for {(s). Now interchanging summation and
integration (justified by absolute convergence), we get

B(s) = / T a(n)yt exp(~2mny /) dy = / Ty (f i) — a(0)) dy.

The integral is improper for y — 0+ and y — oo; we consider the contributions of the
intervals (0, 1) and (1, 00) separately. Since f(iy) — a(0) < exp(—cy) as y — oo for some
positive constant ¢, it follows that

/1 Ty (f i) — a(0)) dy

converges uniformly on vertical strips, and so it defines an entire function which is bounded
on vertical strips. For the integral taken over (0, 1) we make use of (ii). We have

a(0)y* |t /°° 1—s <l> dy
7 + — ) =Z.
y=0 1 v s y) y?

S
fWe write f(z) ~ g(x) with a positive function g if the limit limg— 00 f(z)/g(z) exists and is equal to

1
/0 v (i) — a(0)) dy = —

1. Sometimes this notation is also used for other limiting processes than x — oco.
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Now by (ii) we get
1 0o
s— . a(0 e _ b(0
| vt = oy = =2 e [T gla) — b)) dy - e
0 s 1 k—s
(In view of (3) we may understand Jacobi’s theta-function appearing in Riemann’s proof
of Theorem reffunctional as a modular form of weight £ = 1/2.) Hence,

a(0) b0

0(s) + 2 4 O [T 1) = al0) + e~ glin) = 50D} dy

is an entire function bounded on vertical strips. Furthermore, we observe that (i) holds.
Now we assume (i) and deduce (ii). We shall use the formula

1 a—+100
exp(—z) = / x°T'(s) ds,

211 —ico

where @ > 0 and = > 0. The latter formula is the Mellin inversion of Euler’s integral
representation of the Gamma-function; Mellin transforms are important tools in zeta- and
L-function theory and will appear several times later on. It follows that

) 1 a+1i00 .
(10) )=o) =5 [ e as
however, here we have to choose the abscissa a > k such that the path of integration
lies inside the half-plane of absolute convergence for ¢(s). We shall move the path of
integration over the origin to the left. Incorporating the residues at s =0 and s = k, we
obtain

1 —a+i0o
(11) fliy) — a(0) / y *®(s)ds + {Ress—o + Res s=r } y *®(s).

2mi —a—100

In view of (i) we find Res s—oy~*®(s) = —a(0) and Res sy *®(s) = eb(0)y~*. Thus, we
may replace (11) by

. B 1 —a+i00 .
fliy) = eb(0)y™" = o— y = D(s)ds.
T J _a—ico
Taking into account (i), we get
1 —a+ico € k+a+ioco
fliy) — eb(0)y % = — y eU(k—s)ds=— y~ )W (s) ds,

2mi —a—1i00 2mi k+a—ico

by substituting s by k — s. The right-hand side above is equal to

() -w)

(by the same argument as for (10)). This gives (ii) and the theorem is proved. e

There are only a few methods known to obtain analytic or meromorphic continuation
for a Dirichlet series. The proof of a functional equation is probably the most elegant way
to extend an L-function to the whole complex plane. However, for so-called symmetric
power L-functions such functional equations are only conjectured (see [38, 54]). Moreover,
from a functional equation we can sometimes only deduce that the underlying L-function is
meromorphic, for control of possible poles more subtle information is needed. Here Artin L-
functions are examples (and more information concerning them can be found in Appendix
D). A good reading on other techniques for analytic continuation is the survey [13] of
Gelbart & Miller. On the contrary, many functions defined as Dirichlet series or Euler
products in some half-plane have somewhere a vertical line consisting of densely packed



THE SELBERG CLASS OF ZETA- AND L-FUNCTIONS 9

singularities such that there is no analytic continuation beyond this natural boundary
possible.

2. THE SELBERG CLASS: AXIOMS, EXAMPLES, AND STRUCTURE

In 1989, Selberg [47] defined what is now widely known as the Selberg class. His aim
was to study the value-distribution of linear combinations of L-functions. In the meantime
this class became an important object of research for various reasons. In this section we
give the precise definition, discuss important examples, and do first investigations of its
structure.

The Selberg class S consists of Dirichlet series

(12) £(s) =y 20
n=1

satisfying the following hypotheses:

(i) Ramanujan Hypothesis: a(n) < n¢ for any € > 0, where the implicit constant
may depend on €.

(ii) Analytic Continuation: there exists an integer k > 0 such that (s — 1)¥£(s) is
an entire function of finite order.

(iii) Functional Equation: L(s) satisfies a functional equation of type
Ar(s) =wArs(1—73), where Ag(s) = L(s)Q? H T(Ajs + 1)
j=1

with positive real numbers @, \;, and complex numbers p;,w with Re u; > 0 and
lw| = 1.

(iv) Euler Product: L(s) has a product representation

o gk
L(s) = Hﬁp(s), where L,(s) = exp <Z bl )>

ks
k=1 p

with suitable coefficients b(p*) satisfying b(p*) < p*? for some 6 < 1.

Recall the notion of the order of a meromorphic function. Assume that £(s) is analytic
in some strip o1 < Re s < g9 except for at most a finite number of poles. Then £(s) is said
to be of finite order in this strip if there exists a positive constant ¢ such that the estimate

(13) Lo +it) < |t|° as |t| — oo

holds uniformly for o7 < Res < o3; here and in the sequel we shall sometimes write the
complex variable as s = o + it (which is tradition since Landau). Similarly, one defines
the notion of finite order for half-planes Re s > o7. Clearly, a function given by a Dirichlet
series is of finite order in its half-plane of convergence. Given Re s, define (o) to be the
lower bound of all ¢ for which (13) holds:

log |L(o +it)|

)

o) = limsu
pc(o) m sup ==

this quantity is called the order of L(s) on the vertical line o + iR. One can show that the
function pe (o) is convex downwards (in particular, it is continuous). Moreover, pz (o) =0
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for any o strictly greater than the abscissa of absolute convergence. Conversely, the Dirich-
let series is convergent in the half-plane where £(s) is regular and pz (o) = 0. Exploiting
the functional equation for £ € &, it is not difficult to prove that

0 if o>1,
(14) pe(o) <9 2de(l-0) if 0<o <1,
(3 —0)de if o<O.
Exercise 4. Prove Formula (14). For this purpose rewrite the functional equation as
f
L(s) =Ar(s)L(1—73), where  Ap(s) = wQ' 2 H

Jj=1

PN =) +15)
L(Ajs + wy)

Applying Stirling’s formula and using the so-called Phragmén-Lindelof principle (for both
see Appendiz B), show that

(15) Lo +it) =< [t|Z=D%|L(1 = 5 +it)),
uniformly in o, as |t| — co.* Finally, deduce (14).

In view of the functional equation, resp. the convexity of ur (o), the value for o = % is
essential. In particular, we obtain ,ug(%) < %dg or, equivalently,

1
(16) L (5 + it) & |3 dete

for |t| > 1; this bound is known as the convexity bound. The best known upper bound for
the Riemann zeta-function is p¢(3) < 5=, due to Huxley [16].

The most simple examples of elements of the Selberg class are the Riemann zeta-function
and shifts L(s + 6, x) of Dirichlet L-functions attached to primitive characters x with
0 € R. To verify this one just needs to recall Theorem 1 and 3 from the previous section.
More advanced examples are L-functions associated with certain modular forms which we
introduce now.

Denote by H the upper half-plane {z := z+iy € C : y > 0}, and let k and N be positive
integers, k being even. Recall that the modular group SLy(Z) is the set of all 2 x 2-matrices
with integer entries and determinant 1; this group is generated by the matrices ( é i) and

(701 10) The subgroup

To(N) := {(Z 2) € SLy(Z) : ¢ =0 mod N}

of SL2(Z) is called Hecke subgroup of level N or congruence subgroup mod N. A holo-
morphic function f(z) on H is said to be a cusp form of weight k and level N, if

F(E5) =it

cz+d

for all z € H and all matrices (Z 3) € I'g(N), and if f vanishes at all cusps. The vanishing
of f at the cusps is equivalent with

dimatiy - PGP
is bounded on H. Then f has for z € H a Fourier expansion

(17) f(z) = Z c(n) exp(2minz).

n=1

#We write f(z) < g(z) with some positive function g if both, f(z) < g(z) and g(z) < |f(z)|-
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The cusp forms on I'g(V) of weight k£ form a finite dimensional complex vector space,
denoted by S (T'o(N)), with the Petersson inner product, defined by

_ — & drdy
(f. ) = /H o T

for f,g € Sk(To(N). Suppose that M|N. If f € S;(To(M)) and dM|N, then z — f(dz)
is a cusp form on I'o(N) of weight k too. The forms which may be obtained in this way
from divisors M of the level N with M # N span a subspace S99 (T'g(N)), called the space
of oldforms. Its orthogonal complement with respect to the Petersson inner product is
denoted SV (T'o(NV)). For n € N we define the Hecke operator T'(n) by

T =+ 3 a ¥ ()

ad=n 0<b<d

for f € Sk(To(N)). The operators T'(n) are multiplicative, i.e., T'(mn) = T(m)T'(n) for
coprime m,n, and they encode plenty of arithmetic information about modular forms.
The theory of Hecke operators implies the existence of an orthogonal basis of Sp(I'o(V))
made of eigenfunctions of the operators T'(n) for n coprime with N. By the multiplicity-
one principle of Atkin & Lehner, the elements f of this basis are in fact eigenfunctions of
all T(n), i.e., there exist complex numbers A;(n) for which T'(n)f = As(n)f and c(n) =
Ar(n)e(1) for all n € N. Furthermore, it follows that the first Fourier coefficient ¢(1) of
such an f is non-zero. Such a simultaneous eigenfunction is said to be an eigenform. A
newform is defined to be an eigenform that does not come from a space of lower level and
is normalized to have ¢(1) = 1. The newforms form a finite set which is an orthogonal
basis of the space Spe¥(I'g(N)). For instance, Ramanujan’s cusp form

(1 — exp(2minz))?*

3

(18) A(z) = Z T(n) exp(2minz) := exp(2miz)
n=1

n=1

is a normalized eigenform of weight 12 to the full modular group, and hence a newform of
level 1.

To see that we fix a positive even integer £ > 2 and define the Eisenstein series of weight
k by

! 1
Gr(2) = S amyF 2 (mz + n)F

(m,n)#(0,0)

(the condition k£ > 2 is needed to guarantee absolute convergence). The action of M =
(¢ Z) € SL2(Z) on this function replaces (m,n) by (am + cn,bm + dn) and therefore

permutes the terms of the sum. We obtain

(19) e (jfl) = ez + d)*Cil2).

Ccz

Using Lipschitz’ formula,

1 o)k S, )
2 (z+n)F ((k; — 1))1 > d* ! exp(2midz),

T d=1
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we find by splitting the Gg-defining sum into terms with m = 0 and the terms with m # 0
that

|

k-1 [ (B—1)! 1

m=1

(_1)§  — 1;3'C(k) + Z de_l exp(2mwidmz).

(27T) m=1d=1

In view of the values of the zeta-function at the integers in terms of the Bernoulli numbers
By, Theorem 2 from §1, we get the Fourier series expansion

Br |« ,
Gr(2) = —2—2 + Z op—1(n) exp(2winz);
n=1

here oj,_1(n) denotes the sum of divisors of n in the power k—1. The so-called discriminant
is defined by
2 12
Az) = &0
1728

(the name discriminant comes from the theory of elliptic curves). In view of (19) it follows

that
az+b\  (2m)!? az+b\\" az+b\\>
A (cz + d) = s (\M0% o)) PN
12 (2m) "2

1728
= (cz+d)"A(2)

((240G4(2))* — (504G¢(2))?)

= (cz+d) {(240G4(2))® — (504G6(2))*}

for all M = (¢ Z) € SL3(Z). The proof of the product representation (18) can be found
in Koblitz [26]). The Fourier series expansion for A(z) in (18) defines Ramanunajan’s
7-function for which he conjectured multiplicativity and that they satisfy the estimate
IT(p)| < 2p2 for every prime number p. The multiplicativity was proved by Mordell, in
particular by the beautiful formula

T(m)T(n) = Z dr (%) .

d|(m,n)

The estimate was shown by Deligne who proved for the coefficients of any newform f of
weight k the estimate

(20) le(n)] < n="d(n),

where d(n) := 3, 1 is the divisor function.

In the 1930s, Hecke started investigations on modular forms and Dirichlet series with
a Riemann-type functional equation (see his Converse Theorem 4). His studies were com-
pleted by Atkin & Lehner for newforms. Here we shall focus on newforms. Given a
newform f with Fourier expansion (17), we define the associated L-function by

1) YIRS s
n=1

In view of the classic bound d(n) < n€ it follows from Deligne’s estimate (20) that the

series (21) converges absolutely for Res > k—;rl By the theory of Hecke operators, the
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Fourier coefficients of newforms are multiplicative. Hence, in the half-plane of absolute
convergence, there is an Euler product representation and it is given by

(22) L(g,f):]‘[(l—@)_l 11 (1—C(p)+lﬁ>_l.

S S
p|N p p AN p

Hecke, resp. Atkin & Lehner, proved that L(s, f) has an analytic continuation to an entire
function and satisfies the functional equation

N#(27)~*T(s)L(s, f) = w(~1)5N"2" (27)**T(k — s)L(k — s, f),

where w = £1 is the eigenvalue of the Atkin-Lehner involution (01 7]87 ) on Sg(Io(N)). This
follows more or less from the Converse Theorem 4 with f = g and A = 1. For congruence
subgroups I'o(N) a similar converse theorem is due to Weil; however, for identifying an
L-function associated with a modular form of T'g(/V) one has to consider sufficiently many
twists with primitive characters and their analytic behaviour (see Iwaniec [17] for details).

In the context of the Selberg class we shall normalize these L-functions as follows.
Suppose that f is a newform of weight k to some congruence subgroup I'g(N) with Fourier
expansion (17). Writing

a(n) = c(n)n#

we find via (22) the Euler product representation
k-1 ap)  x(@)\"'
H(er i) oI Y
< 2 1;[ ps p2S

where x(p) = 0 if p | N, and x(p) = 1 otherwise. In the latter case, i.e., p | N, the
corresponding Euler factor can be rewritten as

) )

where a1 (p), az(p) are complex numbers satisfying

a1(p) + aa(p) =alp)  and  ai(p)aa(p) = 1;

Deligne’s estimate (20) translates to

a1 (p)| = lea(p)| =1,  ie, oa(p) =az(p).

Thanks to the transformation s — s+ % the critical strip is normalized to 0 < Res <1

(as for ((s), independent of the weight). In the sequel we shall assume that L-functions to
modular forms are normalized in this way, and we denote them again by L(s, f). Further
examples of S of similar type are Rankin-Selberg convolution and L-functions and sym-
metric power L-functions, however, we do not give their definition here but refer to the
monographs of Iwaniec & Kowalski [18], M.R. Murty & V.K. Murty [38], and Kaczorowski’s
survey [20]. The elements in the Selberg class are automorphic or at least conjecturally au-
tomorphic L-functions, and it is conjectured that S consists of all automorphic L-functions.

In view of the Euler product representation it is clear that any element L£(s) of the
Selberg class does not vanish in the half-plane of absolute convergence Res > 1. This
gives rise to the notions of critical strip and critical line s = % + iR (as in the theory
of the Riemann zeta-function). The zeros of £(s) located at the poles of gamma-factors
appearing in the functional equation are called trivial and they all lie in Res < 0. All
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other zeros are said to be nontrivial. It is expected that for every function in the Selberg
class the analogue of the Riemann hypothesis holds:

Grand Riemann Hypothesis. If £ € S, then L(s) # 0 for o > %

There are only a few attempts towards the Riemann Hypothesis and its generalizations.
An old idea due to Hilbert and Poly4 is to find a self-adjoint operator in some Hilbert space
whose spectrum coincides with the zeros of an L-function. Weil found generalizations and
expressed the truth of the Riemann hypothesis in the positivity of a certain hermitian form
(cf. [2]). Recently, Mazhouda & Omar [31, 32] extended an approach of Li [29] for the
Riemann zeta-function (which is not unrelated to Weil’s criterion) to the whole Selberg
class.®

The zero-distribution is essential for the Selberg class which is also manifested in each of
the defining axioms. Following Conrey & Ghosh [7] we motivate the axioms defining S. We
have already seen that the Ramanujan hypothesis implies the regularity of £(s) in Res > 1.
The assumption that there be at most one pole, and that this one is located at s = 1, is
natural in the theory of L-functions. It seems that the point s = 1 is the only possible pole
for an automorphic L-function and that such a pole is always related to the simple pole
of the Riemann zeta-function in the sense that the quotient with an appropriate power of
((s) is another L-function which is entire (examples for this scenario are Dedekind zeta-
functions). The restriction Rep; > 0 in the functional equation comes from the theory
of Maass waveforms. If one assumes the existence of an arithmetic subgroup of SL(R)
together with such a non-analytic cusp form that corresponds to an exceptional eigenvalue,
and if one further supposes that all local roots are sufficiently small (more precisely, that
the Ramanujan-Petersson conjecture holds), then the L-function associated with the Maass
cusp form has a functional equation where the u; satisfy Rep; < 0, but this L-function
violates the analogue of Riemann’s hypothesis; see Kaczorowski [20] for more details. The
axiom on the Euler product representation will be discussed later in this section.

Of special interest is the structure of the Selberg class. The degree of £ € S is defined
by

;
de = 22 Aj.
j=1

Although the data of the functional equation is not unique, the degree is well-defined as
follows from an asymptotic formula for the number of zeros in analogy to the classical
Riemann-von Mangoldt formula for Riemann’s zeta-function which we state as

Theorem 5 (Riemann—von Mangoldt Formula). If N (T) counts the number of zeros
of L €S in the rectangle 0 < Res < 1,|[Ims| < T (according to multiplicities), then

d
N, (T) = leogT +0(T),

Sketch of Proof. We apply the principle of the argument from the Theory of Functions.
For this aim we integrate the logarithmic derivative of the left-hand of the functional
equation,

f
Ac(s) = L(s)Q* [[T(N\js + my),

j=1

81t is legend that Hardy said that if the Riemann Hypothesis for the zeta-function will be proved some
day, the analogue for Dirichlet L-functions will be shown the following day at latest.
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along the rectangular contour R given by the vertices —1 + 4T, 2 + 4T in counterclockwise
direction; here we may assume that 7" is not the ordinate of a zero of L(s) so there are no
zeros on the contour. Then

Ne(t) = 5 [ $E)ds+ o),

where the error term results from the possible pole at s = 1. Taking into account the
principle of the argument, we may compute N(T') as the variation of the argument of
Az (s) along R. Using the functional equation, we may replace that part of R which is
lying to the left of the critical line by another change in the argument such that

Ne(T) = 2 arg Ac(s) +0(),

where A denotes the variation along the line segments from 2 to 2447 and from 2+iT to
% + ¢T'. We observe that Aarg is additive and that the main contribution comes from the
Gamma-factors which is computed by Stirling’s formula (Theorem 32 from Appendix B);
this explains the appearance of the degree d, as factor in the main term. The estimate
of the argument of £(3 + iT) is the most difficult part and can be made via Jensen’s
formula (as in the case of the zeta-function; see [57, 55]). A precise evaluation leads to the
asymptotic formula of the theorem (or even a more precise one with another main term

cT', where the constant ¢ contains data from the functional euqation, and an error term
O(logT).

A different proof of Theorem 5 is given in Chapter 7 of [54] (based on a method of Levinson).

Exercise 5. Fill all gaps left in the sketch of proof of Theorem 5. See [57] for the special
case of the zeta-function; [18] might offer some help for the case that all weights in the
aziom on the functional equation are \j; = % Study the method of proof in [54]. What are
advantages and disadvantages of either approach?

We shall give an example: the following identity is equivalent to the form of the func-
tional equation we obtained in §1:

T "% S s 1 T\~ 1—s 1-s 1
T I‘(—)I‘ Sz :(—) r r S) e —s).
(2) 1 <4+2><(5) 2 1 T T3)=9)
This functional equation can be transformed into the one of Theorem 1 by the duplication
formula for the Gamma-function. From both functional equations we deduce the degree
d¢ = 1. As a matter of fact, the study of invariants defined in terms of the data of £ € S is

an important tool in deeper studies of the Selberg class. For further reading on invariants
we refer to [43].

Another class of examples of elements of the Selberg class are L-functions of number
fields K (i.e., finite algebraic extensions of Q. For example, the Dedekind zeta-function of
a number field K over Q is given by

—1
(23) Ck(s) = Za: ﬁ = ];[ (1 - ﬁ) (Res > 1),

where the sum is taken over all non-zero integral ideals, the product is taken over all prime
ideals of the ring of integers of K, and N(a) is the norm of the ideal a. The Riemann zeta-
function may be regarded as the Dedekind zeta-function for Q. Note that, by the splitting
of primes, the above Euler product representation over prime ideals can be rewritten in
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the form of axiom (4) (as we shall indicate below in the case of quadratic number fields).
The functional equation for (x(s) was found by Hecke in 1917 and takes the form
1-s\"

S) I'(1—s)"¢k(1—s)

S

AT (2) I(s)Cie(s) = AT (

with A := 2_T27T_"|AK|%, where 71 is the number of real embeddings, ro is the number of
pairs of conjugate complex embeddings, n = r; + 2r; = [K : Q] is the degree of the field
extension, and Ag is the discriminant of K. It follows that the analytic degree of (x(s)
coincides with the algebraic degree of the field extension K/Q, that is, d¢, = [K: Q]. In
particular, we see that there exist elements in S of arbitrary large degree.

We shall briefly discuss the example K = Q(v/D). We write for short d := Aov/b)
(since now there is no confusion with the degree), which is equal to D if D = 1 mod 4,
and equal to 4D if D = 2,3 mod 4. In view of the splitting of the primes one easily finds

1\ 2 1\! 1\' 1\!
e = T () T (5) T (-5) ()
(3)=+1 (3)=0 (3)=—1
(24) = ((s)L(s; xa),
with the Jacobi symbol, defined by
d [ d
w1
n 1 pj
=
where n = p; -...-p, is the factorization of the integer n into prime factors (not necessarily
distinct). An excellent reading in Algebraic Number Theory is Narkiewicz [40].

The following important conjecture is based on the above and further examples of
elements of the Selberg class and its solution would provide a lot of structure:

Degree Conjecture. All L € S have integral degree. Moreover, all \; appearing in the
Gamma-factors of the functional equation can be chosen to be equal to %

Recently, Kaczorowski & Perelli proved the degree conjecture for the range (0,2). Here,
we shall prove

Theorem 6 (Structure Theorem — Small Degrees). If L € S has degree 0 < dp < 1,
then dz =0 and L(s) = 1.

It should be noted that the statement proved above is implicitly contained in the works
of Bochner, Richert, and Vignéras on classifying the solutions of Riemann-type functional
equations. In some sense Theorem 6 may be considered as a converse theorem similar to
Hecke’s Theorem 4. In the sequel we shall present further results of this type; the case of
degree [1,2) will be considered in Sections §4 and §5.

Proof. We consider the coefficients a(n) of the Dirichlet series representation of £. Let
B be a constant such that a(n) < n?. By Perron’s formula (Theorem 31),

1 c+iT 5 IchB
Z“(”):%/ _ E(S)?d5+0( T >7

n<z c—iT

where ¢ > 1 is a constant. Shifting the path of integration to the left, yields, by the
Phragmén-Lindel6f principle (Theorem 33), the asymptotic formula

dp—1
Z a(n) = zP(logx) + O (.’L'(1+B)dﬁ+1+5> 7

n<zx
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where P(z) is a computable polynomial according to the principal part of the Laurent
expansion of £(s) at s = 1. By subtraction, this implies

dpy—1
(25) a(n) < ntHP e

where the implicit constant depends on B. For d, < 1 the exponent is negative, and we
may choose B arbitrarily large. Then £(s) is uniformly bounded in every right half-plane.
This is a contradiction for £ € S with positive degree since the functional equation implies
a certain order of growth (see (15)). This shows that S is free of elements having degree
0<d<1.

It remains to consider the case that dz = 0. Then the functional equation takes the
form:

Q°L(s) =wQ' L1 -73)

(there are no Gamma-factors). By (25) the a(n) are so small that the Dirichlet series for
L(s) converges in the whole complex plane. Thus we may rewrite the functional equation
as

(26) ;a(n) <%2) _;wQ@ns.

We may regard this as an identity between absolutely convergent Dirichlet series. Thus,
if a(n) # 0, then Q?/n is an integer. In particular, ¢ := Q2 € N. Moreover, since ¢ has
only finitely many divisors, it follows that £(s) is a Dirichlet polynomial. If ¢ = 1, then
L(s) =1 and we are done. Hence, we may assume ¢ > 1 from now on.

Since the Dirichlet coefficients a(n) are multiplicative, we have a(1) = 1 and via (26)

a(1)Q* = wQ™'a(Q?)Q*;

thus, |a(g)| = Q. In particular, there exists a prime p such that the exponent v of p in the
prime factorization of ¢ is positive and, by the multiplicativity of the a(n)’s,

la(p”)| = p%.
Now consider the logarithm of the corresponding Euler factor:
v a m o0 b k
EE RN
m=1 p k=1 p

Viewing this as a power series in X = p~*°

, we write

log P(X) =Y BpX*  with By =b(p").
k=1

Since a(1) = 1, we find

Now

and thus the maximum of the values |C}| is greater than or equal to p%. We have
1
®

. 1 . 1 <&
lim |b(p")|* :kli}ngo EZCJk = max |Cjl;
j=1

k—o0 1<<v
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by our foregoing observations the right-hand side is greater than or equal to p%. This is
a contradiction to the condition b(p*) < p*? with some 6 <  in the axiom on the Euler
product. Hence, ¢ = 1 and L(s) = 1. This proves the theorem. o

Now let us consider the axiom concerning the Euler product. It is well-known that the
existence of an Euler product is a necessary (but not sufficient) condition for Riemann’s
hypothesis. On first sight the condition 6 < % seems to be a little bit unnatural. However,
for 6 = %, there are examples violating the Riemann hypothesis: the function

(-2 = 30
n=1 n’
has zeros off the critical line; the latter representation follows from (5). As we have seen in
the proof of Theorem 6, the bound for 8 rules out non-trivial Dirichlet polynomials from
S as for example
(1—-29"%)(1-2"%)  with a+b=1.

The extended Selberg class S* is defined as the set of all Dirichlet series (12) which
converge for Res > 1 and satisfy axioms (ii) and (iii). This larger class is of minor
arithmetical interest. To illustrate this please notice that the Davenport-Heilbronn zeta-
function is an example of an element in S* (of degree one) which violates the analogue of
the Riemann hypothesis; lacking an Euler product representation, this example is not in
the Selberg class S. We conclude with an easy

Exercise 6. Reviewing the proof of Theorem 6, prove that any element L € S* of degree
zero is a Dirichlet polynomial of the following form:

L(s) = Z agz) with a(n) = w% a(Q?/n).
Q2

For another characterization of the small degree elements of the extended Selberg class see
[53].

3. THE SELBERG CONJECTURES AND APPLICATIONS TO ARITHMETIC

The Selberg class is multiplicatively closed. A function £ € S is called primitive if it
cannot be factored as a product of two elements non-trivially:.

L=L1Ly with EjGS — L1=1 or Ly=1.

The notion of a primitive function is fruitful for studying the structure of S. The central
claim concerning primitive functions is part of

Selberg’s Conjectures. Denote by ar(n) the coefficients of the Dirichlet series repre-
sentation of L € S.
A) For all 1 # L € S there exists a positive integer ng such that

2
Z lac )" =ngloglogz + O(1),
p<z p
where the summation is over prime numbers.
B) For any primitive functions L1 and Lo € S,

3 ag, (pac,(p) _ { loglogz +O(1) if L= Ly,

p<z p o(1) otherwise.
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The stronger Conjecture B reflects a certain kind of orthogonality and is therefore also
called Selberg’s Orthogonality Conjecture.

In some particular cases it is not too difficult to verify Selberg’s Conjecture A. For
instance, ((s) satisfies Selberg’s Conjecture A which is basically due to Euler who wrote

l—i—l—i—l—i— = loglog oo
5 T3+t =loglogoo.

By the Prime Number Theorem 11 for arithmetic progressions (below) it is easy to show
that
R { loglogz +O(1) if ged(a,q) =1,
¢(q) p O(1) otherwise,

p=a mod ¢q
where (q) is Euler’s totient; hence the same asymptotics hold for Dirichlet L-functions.
Taking into account the orthogonality relations for characters, one can also verify Conjec-
ture B for pairs of Dirichlet L-functions. The Rankin-Selberg convolution method shows
that L-functions associated with holomorphic modular forms satisfy some kind of orthogo-
nality (in terms of regularity at s = 1) which is related to Selberg’s conjectures. Liu, Wang
& Ye [30] proved Conjecture B for automorphic L-functions L(s,7) and L(s,n’), where
m and 7’ are automorphic irreducible cuspidal representations of GL,,(Q) and GL,,/(Q),
respectively; their result holds unconditionally for m,m’ < 4 and in other cases under the
assumption of the convergence of

a kY|2
Z' 71';12 )l (10gp)2

for k > 2, where the ar(n) denote the Dirichlet series coefficients of L(s,m). The latter
hypothesis is an immediate consequence of the Ramanujan Hypothesis.

An important feature about prime numbers is the unique prime factorization of integers
(or rationals). This important concept from arithmetic has a functional analogue: The
notion of degree already permits to prove factorization into primitive elements! An im-
portant consequence of Selberg’s conjectures, due to Conrey & Ghosh [7], is the stronger
concept of unique factorization into primitive elements:

Theorem 7 ((Unique) Factorization Theorem). FEvery function in the Selberg class
has a factorization into primitive functions. If Selberg’s conjecture B is true, then this
factorization into primitive functions is unique.

Proof. Suppose that £ is not primitive, then there exist functions £1 and £y in S\ {1}
such that £ = £1L,. Taking into account the Riemann-von Mangoldt formula, Theorem
5, from

Ne(T) = Ng, (T) + Neo(T)

we find dg = dg, + dg,. In view of Structure Theorem 6, both £; and L9 have degree at
least 1. Thus, each of dg, and dg, is strictly less than dz. A continuation of this process
terminates since the number of factors is < d, by Theorem 6, which proves the first claim.
In order to prove the second claim suppose that £ has two factorizations into primitive

functions:

m n N

c=1]ci=1] %L
j k=1

Jj=1
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and assume that no Ly, is equal to £1. Then it follows from

> ac,(p) = az (p)
=1 k=1
that

ZZ% 20 ZZG"“ o)

j=1p<z k=1p<z
By Selberg’s conjecture B, the left-hand side tends to inﬁnity for x — oo, whereas the
right-hand side is bounded, giving the desired contradiction. e

The same argument gives a characterization of primitive functions in terms of the quantity
ng from Selberg’s Conjecture A: if the Selberg Conjecture B is true, then £ € § is primitive
if and only if n, = 1. However, in connection with Theorem 6 it follows much easier
that Riemann’s zeta-function and Dirichlet L-functions are primitive. A more advanced
example of primitive elements are L-functions associated with newforms is due to M.R.
Murty [36]. On the contrary, Dedekind zeta-functions to cyclotomic fields # Q are not
primitive.

Exercise 7. Assuming Selberg’s Conjectures, show that any function L € S which has a

pole of order m at s = 1 is divisble by ((s)™ in the sense that L£(s)/((s)™ is an entire
function in S.

Our next application has purely arithmetical character. Recall the celebrated Prime

Number Theorem,
x

")~ e U)o

where 7(x) counts the number of primes p <z and (z) := >, ., A(n). The analogue in
the Selberg class of this deep result is

Theorem 8 (Prime Number Theorem for the Selberg Class). For L € S,
(27) be(e) =3 Aen) ~ ke,

n<zx
where ke = 0 if L(s) is regular at s = 1, otherwise kr 1is the order of the pole of L(s) at
s =1, and Az(n) is the von Mangoldt-function, defined by

,C/ > Ag(n)
“TW=2L
The asymptotic formula (27) is unconditionally true for polynomial Euler products L;
otherwise it holds true subject to the truth of Selberg’s Conjecture B.

Here an Euler product is said to be polynomial if it is of the form

(28) @ =TI (1-22) ",

p j=1

where m is a fixed positive integer and for each prime p and 1 < j < m the o;(p) are
certain complex numbers (it is easily seen that they have absolute value less than or equal
to one subject to the Ramanujan hypothesis). Substituting X = p~* each Euler factor is
the reciprocal of a polynomial in X of degree m which explains the name polynomial Euler
product.

For polynomial Euler products in the Selberg class one can prove this equivalence by
standard arguments. We illustrate this by using the following Tauberian theorem.
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Theorem 9 (Wiener—Ikehara Theorem). Let F(s) = > ° a(n)n™* be a Dirichlet
series with non-negative real coefficients and absolutely convergent for Res > 1. Assume
that F(s) can be extended to a meromorphic function in Res > 1 such that there are no
poles except for a possible simple pole at s = 1 with residue r > 0. Then

A(z) := Z a(n) ~ rz.
n<zx
The proof of this theorem can be found in Appendix C.
As an application of this Tauberian theorem we shall prove Dirichlet’s prime number

theorem for arithmetic progressions.¥ Let y mod ¢ be a character. We consider the loga-
rithmic derivative of a Dirichlet L-functions L(s, x), given by

r _ v Amx(n)

f (Sa X) - 7; Ta
where

logp if n=p* with k € N,
A =
() { 0  otherwise
is the von Mangoldt-function. We define
dlaix) =Y Amx(n) and  P(ziamod )= Y A(n).

n<x n<z
- n=a mod g

By the orthogonality relation for characters (Theorem 26 in Appendix A), we find

1 ~ .
Y(aamod 9 =~ > Xy ().

x mod ¢q

Now suppose that a and ¢ are coprime (otherwise the functions in the latter identity are
all bounded). We want to apply Theorem 9 with the functions

F(s)=— Z Y(G)%(S,X) and A(z) = ¢¥(x;a mod q).
x mod ¢q

Notice that the left-hand side has a Dirichlet series representation for Re s > 1 with non-
negative coefficients. It is well-known that L(s,x) is analytic for Res > 1 if y is not a
principal character. In the case of the principal character it follows from (6) that

(29) s =@ [T (1- )

pS
plg
By partial summation (Theorem 28 in Appendix A),

1  Nt=s lul —u

n<N N

Hence, ((s) has a simple pole at s = 1 with residue 1 (which we already noticed in Theorem
1). Moreover,
L 1
—— =——40(1).
= (5,x0) = —— +0(1)
Finally, we have to assure that any of the appearing L(s, x) has no zero on the line 1+ iR.

The hardest part is the value at s = 1:

YThe reader who is not familiar with characters and Dirichlet L-functions may follow the reasoning
with ¢ = 1 and replace everywhere L(s,x) by the zeta-function; this leads to the classical prime number
theorem 9 (z) ~ z.
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Theorem 10 (Dirichlet’s Theorem). For any character x, we have L(1,x) # 0.

In the sequel we give Mertens’ proof from 1897; Dirichlet’s original proof from 1837 was
a detour through the theory of quadratic forms and led him to his analytic class number
formula.

Proof. We may assume that x is not the principal character. Let s > 1. In view of the
Euler product (6) and the orthogonality relation for characters, Theorem 26, it follows

that
= Y K@) log Ls. ) = Z Z 20

vla) 2 kp

k:a mod q

In particular, for a =1,

(30) H L(s,x)>1

Since L(s,x0) has a simple pole at s = 1 (inherited from ((s), see (29)) and all other
L(s,x) are regular, it follows from (30) that there is at most one character y for which
L(1,x) = 0. Since

L(1,X) = L(1,x)
such a character has to be real, i.e., x =.
Now suppose x is real. Then we define f = x 1, resp. f(n) = Zd‘n x(d). Obviously, f
is multiplicative. We find f(p*) = 1 if p divides ¢; otherwise, if p does not divide g, then

k+1 if x(p) = +1,

fF) = 1 if x(p)=-1 and k=0mod 2,
0 if x(p)=-1 and k=1mod 2.

(Actually, this construction defines a Dirchlet series Ly(s) := ((s)L(s, x) which shares
many features with, and in some instances is equal to a Dedekind zeta-function of a
quadratic number field; see (24).) It follows that f(n) >0 and f(m?) > 1. Therefore,

5 L8 >y

n<N?2 m<N

which diverges, as N — oco. On the contrary, partial summation (Theorem 28) implies
1 d

S - ST gy XA

n<N2 n: d<N b N2 b<N V% nogenz O

(31) = 2NL(L,y)+ O(1).

The left-hand side diverges to +o0o which implies L(1, x) # 0 and thus proves the theorem.

Next we shall show that Dirichlet L-functions do not vanish at any other point of the
line 1 +¢R. For an arbitrary point s = 1 + it with ¢ # 0 we find via the Euler product (6)
that

/

—Lf(o +it,x) = n;l W exp(—itlogn).

Since 17 + 24 cos a + 8 cos(2a) = (3 + 4cosa)? > 0, it follows that

/ / /

L L L
(32) —171(0, Xo) — 24Re f(a +it,x) — 8Re f(a + 2it, x?) > 0.
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Assuming that L(1 4+ it, x) vanishes for t =ty # 0 of order m, it would follow that
i

Re Lf(a + itg, x) = o +0(1),

o—1

which leads to
17 24m
o—1 o-1

/

L L L
+0(1) > —173(0, Xo) — 24Re f(a +it, x) — 8Re f(a + 2it, x?),

contradicting (32) as ¢ — 1+4. Thus, the Dirichlet L-function has no zeros on the line
14 R:

L(1+idt,x) #0 for teR.
Thus, applying Theorem 9, we obtain ¢ (x;a mod ¢) ~ ¢(q) "' as in the Prime Number
Theorem 8. By partial summation, we may further deduce

Theorem 11 (Prime Number Theorem for arithmetic progressions). Let a and g
be coprime integers. Then, as x — 00,

1 T
v(q) logz
It is not difficult to show that the non-vanishing of L(s, x) on the line 1 + iR is equivalent
to the prime number theorem in arithmetic progressions (see [55]). We did not use any

information about the behaviour of the involved Dirichlet L-functions from inside the
critical strip. Therefore, we do not get an error term. In our situation one can easily prove

m(x;a mod q) ~

an asymptotic formula with error term. For this purpose we briefly discuss the case of
the Riemann zeta-function. For the beginning we may move the path of integration in
Perron’s formula: for x ¢ Z and ¢ > 1,

1 c+ioco CI s

(33) W(a) = ()5 ds

27 Jolioo €
to the left and apply calculus of residues as Hadamard and and de la Vallée-Poussin (in-
dependently) in 1896 when they achieved the first proof of the Prime Number Theorem.
Since any zeta zero corresponds to a pole of the logarithmic derivative and hence a con-
tribution to the sum of residues, the error term in the Prime Number Theorem depends
heavily on the location of the zeta zeros:

rd
77(33)—/ ] Y« gt — C(s)#0 for Res>0,
2 logu

where the logarithmic integral is asymptotically equal to @. Similar formula hold for
the prime number counting function for arithmetic progressions. For applications one
often wants to have a result which is uniform in the modulus; for instance, for bounds of
the least prime in an arithemtic progression. For this purpose one can extend Riemann’s
approach for the zeta-function to Dirichlet L-functions as sketched above, and the theorem
of Page-Siegel-Walfisz provides such an asymptotic formula which is uniform in a small
region of values q. As a matter of fact, the character analogue is more delicate than for
the zeta-function, since one cannot exclude that certain L(s, x) have real zeros on the real
axis inside the critical strip. These so-called exceptional zeros (or Siegel zeros) are difficult
to deal with. For the explicit formulae and more information on this topic we refer to
Davenport [8], resp. [55].

Although the above method via a Tauberian theorem is pretty powerful, it does not
imply the Prime Number Theorem 8 for the Selberg class in its full generality. The
Selberg conjectures refer to the analytic behaviour at the edge of the critical strip. Conrey
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& Ghosh [7] proved the non-vanishing on the line Re s = 1 subject to the truth of Selberg’s
Conjecture B.

Theorem 12. Let L € S. If Selberg’s Conjecture B is true, then
L(s)#0 for Res>1.

Proof. With regard to the Euler product representation, in the half-plane Re s > 1 zeros
can only occur on the line Re s = 1. In view of Theorem 7 it suffices to consider primitive
functions £ € S. In case of ((s) it is known that there are no zeros on Res = 1. Recall
Exercise 7: if Selberg’s conjecture B is true and if £ € S has a pole at s = 1 of order m,
then the quotient £(s)/¢(s)™ is an entire function. Hence we may assume that £(s) is
entire. Then L£(s + i« is for any real « a primitive element of S. Selberg’s Conjecture B
applied to £(s + ia) and ((s) yields

(34) > aclp) oy

1+t

p<z
Now suppose that £(1 + ia) = 0. Then

L(s) ~c(s — (1 +ia))” as s=o+ia—1+ia
for some complex ¢ # 0 and some positive integer k. It follows that
(35) log L(o + ia) ~ klog(o — 1) as o —1+4.

Since
log £(s) = aﬁ—(sm +0(1)
P
for Res > 1, we get by partial summation

log Lo +i0) ~ 30 28 = gy [T 30 2D
1

P p<z

By (34) the right-hand side is bounded as ¢ — 14, which contradicts (35). The theorem
is proved. e

As we have seen above, the non-vanishing of L-functions on the edge of the critical
strip is closely related to Prime Number Theorems. As a matter of fact, the statement of
Prime Number Theorem 8 is unconditionally equivalent to the non-vanishing of £(s) on
the 1-line. It is not too difficult to verify this statement (by application of a Tauberian
theorem) for polynomial Euler products in the Selberg class. In view of Theorem 12 it
follows that

Corollary 13. Assume Selberg’s Conjecture B. Then the Prime Number Theorem 8 holds
for elements of the Selberg class of the form (28).

Exercise 8. Generalizing the above reasoning for Dirichlet L-functions, prove the Prime
Ideal Theorem, that is, the Prime Number Theorem in the case of Dedekind zeta-functions.
Moreover, prove Corollary 13. (See [38] for an appropriate Tauberian theorem.)

For a Prime Number Theorem with remainder term one may consult Iwaniec & Kowalski
[18] (although their reasoning is slightly more restrictive than the Selberg class).
However, Conjecture B might be a rather strong condition if we are interested in a prime
number theorem for a single L-function. Recently, Kaczorowski & Perelli obtained a more
satisfying condition. For this aim they introduced a weak form of Selberg’s Conjecture A:
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Normality conjecture. For all 1 # L € S there exists a non-negative integer ke such
that

2
> lac®)P _ kcloglogz + o(loglog z).

p<z

Assuming this hypothesis, they proved the claim of Theorem 12, namely the non-vanishing
of any £(s) on the line Re s = 1, and that this statement is equivalent to the Prime Number
Theorem for the Selberg class. It should be noted that their proof of £(1 + iR) # 0 for
a given L involves the assumption of their normality conjecture for several elements in
S. As already mentioned above, it is conjectured that the Selberg class consists only of
automorphic L-functions, and for those Jacquet & Shalika [19] obtained an unconditional
non-vanishing theorem.

Exercise 9. Assuming the Selberg Conjectures, prove Dedekind’s conjecture: if K is a
number field and (k(s) is the associated Dedekind zeta-function (see (23)), then

L(s) := Cx(s)/¢(s)

is an entire function in S (compare with Ezample (24)). For this purpose it might be
helpful to recall Exercise 7.

The Dedekind conjecture is known to be true for normal extensions (as a consequence of
the Aramata-Brauer theorem).

The observation of the latter exercise is due to Conrey & Ghosh [7]. Another related
important application to arithmetic deals with Artin L-functions. Assuming Selberg’s con-
jecture B and applying deep results on Artin L-functions from Algebraic Number Theory,
M.R. Murty showed that Artin L-functions are entire elements of the Selberg class which
leads to a conditional proof of

Artin’s Conjecture. Let L/K be a finite Galois extension with Galois group G. For any
irreducible character x # 1 of G the Artin L-function L(s,x,L/K) extends to an analytic
function on C except a possible pole at s = 1.

Appendix D contains an exemplary introduction to Artin L-functions. For Murty’s work,
which is beyond the scope of this course, we refer to [38].

4. CLASSIFICATION OF DEGREE ONE ELEMENTS

We start with a classical theorem for the Riemann zeta-function. In 1921, Hamburger
[14] proved that ((s) is characterized by its functional equation (see Theorem 1):

Theorem 14 (Hamburger’s Theorem). Let G(s) be an entire function of finite order,
P(s) a polynomial, and suppose that

f(s) =

Gls) _ 5~ alo
P(s) = n* ’
the series being absolutely convergent for o > 1. Assume that

(36) i (5) 50 = (157 a1 - )
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where

o1 -5 =y A,

the series being absolutely convergent for Res < —a for some positive constant o.. Then
f(s) = ¢C(s), where ¢ is a constant.

We shall give here a simplified proof due to Siegel [48] (see also [57]).
Proof. By Perron’s formula (see Theorem 31 in Appendix B), we find, for = > 0,

24100
0@ = g | f<s>r(§) (ma)# ds
24ico o . o0
(37) Z 27” - F(i) (mn?z)"2d Z n) exp(—mn’z).

In view of (36) we also have

2+1i00
gb(x):L/Q g(l—s)F(I;S)ws2lx3 ds.

211 —ico

Next we move the line of integration to Res = —1 — a. Obviously, f(s) is bounded on the
vertical line Res = 2 and g(1 — s) is bounded on Res = —1 — . By Stirling’s formula
(Theorem 32 from Appendix B),

P et
L (5*)
as |t — co. Thus, g(1—s) < |t|2 on Res = 2 as |t| — oo, and, justified by the Phragmén-
Lindelof principle (see Theorem 33 in Appendix B), we can apply Cauchy’s theorem. It
follows that

—1l—a+ico _ . . k
69 o) =y | s-or (L) w et as e Yo,

2mi —1l—a—ioco =1

for s=oc+it

where Ry, ..., Ry are the residues at the poles, say si,...,si. It is easily seen that the
sum of residues is of the form
k

ZR —Zx 4p P;(logz) =: R(z),

where the Pj(logz) are polynomlals in log xz. We rewrite (38) and find as above

. s—1
1 —1—a+ico 1—s 7.‘.,,12 2
b(n)— r — ds+ R
1 (n) 2mi /;l—a—ioo < 2 ) ( T ) o (I)

b(n) exp(—mn?/z) + R(x).

¢(r) =

n

o &‘H
NE

I
HMS

7
7); w

Comparing with (3 arrive at
Z a(n) exp(—mn’z) — —R \/_ Z n) exp(—mn?/x).
n=1

Multiplying with exp(—mt2x) with ¢t > 0 and integrating over (0, 00) with respect to =, we

get
%Z (tza_(,_ni2) - %/0 P(z) exp(—mt’z) dz = g b(n) exp(—2mnt).
n=1

n=1
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The integral can be evaluated as a finite sum of terms of the form
o0
Q(t;a,b) = / 2% (log ) exp(—mtz) dz,
0

where the 0’s are integers and Rea > —1; thus, Q(¢;a,b) is a sum of terms of the form
t*(logt)®. Hence,

S 1
g {t—m t—l—in}_t Q(t;a,b) —WZb n) exp(—2mnt).

The left-hand side is a meromorphic function in ¢ with poles at t = +in for n € N. The

right-hand side is periodic with period ¢ and, by analytic continuation, the function on
the left-hand side is also periodic. Hence, the residues at in and i(n + 1) are equal. Thus,
a(n) = a(n+ 1) for all n € N and the theorem is proved. e

Exercise 10. Compare the proof with Riemann’s proof for Theorem 1. Try to extend
Hamburger’s Theorem to the case of Dirichlet L-functions.

Hamburger’s Theorem 14 has been the motivation for Hecke’s Converse Theorem 4. One
can find quite a few similar converse theorems in the literature (starting from Dirichlet
L-functions to higher degree L-functions). We are interested to classify all degree one
elements of the Selberg class. Since the degree is defined via the data of the functional
equation, we are in a similar position as Hamburger was, however, in our situation we have
the additional difficulty that there are infinitely many functional equations associated with
degree one (as follows immediately from Theorems 1 and 3).

Theorem 15 (Structure Theorem — Degree One). If L(s) = Y .2 a(n)n™* has
degree one in S, then there exists a positive integer q and a real number 0 such that
a(n)n=% is g-periodic. Moreover, L(s) equals either ((s) or a shifted Dirichlet L-function
L(s+ 16, x) with a primitve character x mod q. For short:

L£LeS with dg=1 = L(s)=¢(s) or =L(s+16,x).
There are different proofs of this result; we follow Soundararajan [49].

Sketch of proof. For ¢ > %, we consider the integral

1 c+ioco
— L(3 +it+2)X*T'(2)dz.

2mi c—100

If we expand L into its Dirichlet series and integrate term by term, the integral equals
> a(n)n~z it exp(—% ). Moving the line of integration to z = —1+4+€+iR, the pole at
z = 0 yields the residue £(% 5 +it) and the possible pole at z = 5 1 —it leaves a residue bounded
by XzT€exp(—|t|) by Stirling’s formula. Using the latter formula, we may estimate the
integral on the vertical z = —1 + € + iR by X ~'*¢(1 + |¢|)}*¢. Hence, we have shown

(39) i +it) Z 1 exp(—%) + O((1+ [t) T X~ e L X2 oxp(—|t]),

2

where X > 1 is arbitrary.
Now define

1 2aT 1 ) ) t 'ﬂ'
o, T) = — L(5 +it)exp | itlog 5om " 17 dt,
aT
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where « is positive and T' > 1. Next we use the functional equation for £ in the form

f
A(s) = Q°G(s)L(s) with  G(s H T(Ajs+ uy)

Jj=1

such that A(s) = wA(1 —3) (where all involved numbers satisfy axiom (iii)). It follows
that

o= [ EET T T o

1 . —2it
Va o FE T EA Ty

t
itlog —— — z—> dt.
2
Again by Stirling’s formula (Theorem 32 in Appendix B) we may rewrite the last but one

2meq 4

formula as
. 2T L
w exp(iB) / L(S+it)(xCQ%a) " (1 +0(%>>df

Ja

with certain real numbers 0, B and C > 0. Now, using (39) with X = T3, we find

T

B wexp (iB) [*T Oo a(m) m m " 0 1
o, T) = / e (<) (sagm ) ©70+0G)a+
+O(T§+€)
D e e T
- P Lexp x/) /), \xCQ% '

Integration by parts shows, for z # 1,

2aT o
/ 20 dt <
[0

T |log x|’
while
oT 1 7
[ gy Qo oty
aT 1 + 719
Now define

U a) = Tlim T, T)
Using our computations of the oscillatory integral in (40), we are led to

- ' ) m21+i9_1
l(a) = wexp(iB)i(rCQ ) (rC):Q 1+i0

O lim T+ bexp (- )
4 ( im_ Z la(m |m exp <)
where §(z) = 1 if x € N and equals zero otherwise. Since the error term vanishes, we have
a(rCQ2a) 21+ — 1
(rC)2zQ 1416

This proves in particular the existence of the limit.
Next we evaluate Z(a, T) in another way. Using again (40) with X = T3, we find

(41) {(a) = wexp(iB)§(rCQ*a)

( n ) /20¢T - t
exp | ttlo
X/ Jor P & orea

We may evaluate the oscﬂlatory integral above by standard methods for exponential inte-
grals, namely Theorem 29 in Appendix B. First, the integral is < 1 for 2n > 37T which

(42) (o, T)

- z—) dt + O(T3+€)
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yields the contribution O(T§+€) for such n. In the range T < 2mn < 2T, the integral

equals
Tt Tt
log—‘ }—l—min{Té, }
2mn

log —
™
For 27mn < T or between 27T and 37 the integral is bounded by the error terms above.
Hence,

2my/naexp(—2mina) + O(T% + min {Té,

Ua,T) =21 Y a(n)exp(—2mina) + O(T16+),
T<2rn<2T

We deduce that
La)=4(a+1).
It follows from (41) that
§(mCQR%a)a(rCQ2a)a" = §(rCQ*(a + 1))a(rCQ%(a + 1)) (o 4 1)%.

Recall the definition of §. We immediately deduce that 7CQ? = ¢ has to be a positive
integer and that a(n)n' is g-periodic which proves the first part of the theorem.
So far we have not used the arithmetic axioms. In view of the Euler product (iv) the

coefficients a(n) are multiplicative. Together with the periodicity it follows that
a(n)n™" = x(n)

for a Dirichlet character x mod ¢ (see Theorem 27 in Appendix A). If ¢ = 1, we are done
and L(s) is the zeta-function. Otherwise, if x’ mod ¢’ denotes the primitive character
that induces x, the quotient £(s)/L(s+146, x’) is a finite Euler product (over those primes
which divide ¢). It follows from the Euler product axiom that the logarithm of this Euler
product converges absolutely for Res > & for some § < 1. Setting a = (1 — x/(—1)), we
find that

QG(s)L(s)

f(s) = (L) (=H0te) I (s + if), ')

is analytic in the half-plane Res > §; obviously, the same is true for f(3) and both
functions are zero-free in this region. It follows from the functional equations for £(s) and
L(s +i6,x’) that both, f(s) and f(3) are analytic and zero-free in Res < 1 — §. Since
§ < 3, it thus follows that both, f(s) and f(3) are entire functions of order one with no

(
zeros. By Hadamard’s Product Theorem 34 (see Appendix B), we find

f(8) = c1 exp(cas)

for some constants ¢y, c2. The functional equation linking f(s) and f(1 —3) implies that
co = 0 and f is constant. Examination of f(4+it) for large t shows that £(s) = L(s+if, ).
The theorem is proved. e

Reviewing the proof we observe some ideas from Siegel’s proof of Hamburger’s theorem.
Conrey & Ghosh [7] gave a proof for the subclass of all elements which have necessarily
weights \; = % in the Gamma-factor of their functional equation, that is even more close
to Siegel’s reasoning.

Exercise 11. Fill in all details left in the sketch of proof of Theorem 15. In particular,
prove the estimates for the oscillatory integral (42). Why does this approach not work to
classify degree two elements?
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Kaczorowski & Perelli [22] gave a characterization of th degree one elements of the
extended selberg class S* which is more delicate. They proved that any element in £ € S*
of degree one has a unique representation of the form

L(s)= Y P(s+i0)L(s+i,x"),
Xx mod ¢
where 6 is a real number and the summation is over all characters x mod ¢ and x* denotes
the unique primitive or principal character which induces x mod ¢, and P, is a Dirichlet
polynomial of degree zero in S*. Their approach relies on the theory of hypergeometric
functions.

5. POWERFUL ToOOLS: LINEAR AND NON-LINEAR TWISTS

For investigating the structure of the Selberg class beyond Theorem 6 Kaczorowski &
Perelli introduced linear and non-linear twists. Given an element £(s) = > o2 a(n)n™%,
a linear twist is obtained by twisting with an additive character:

o0

L(s,a) = Z % exp(—2mian) for some o € R.

n=1
For the Riemann zeta-function this leads to the so-called Lerch zeta-function which has
been studied for more than a century sstarting with Lerch, Lipschitz, and Hurwitz; see
the monograph [11] of Garunkstis & Laurin¢ikas for details. Recall that twisting the zeta-
function with a multiplicative Dirichlet character leads to Dirichlet L-functions, and in §3
we have seen that their value-distribution contains information about the prime number
distribution which with ¢(s) alone would not have been accessible.

Exercise 12. Prove the formula

@ = X e (2% ),

a mod ¢

where T(x) denotes the Gaussian sum associated with x (see [8, 55] for help). Use this
and related formulae to express Dirichlet L-functions in terms of Lerch zeta-functions and
vice versa. Deduce information about Lerch zeta-function from your knowledge of Dirichlet
L-functions and compare with [11].

Kaczorowski & Perelli introduced more advanced twists by replacing the additive char-
acter an with a linear combination of different a’s with weights (see (43) below). For the
first, the prototype suffices: given £ € S of degree d, the standard non-linear twist is given
by

o0

L(s,a) = Z aln) exp(—2miant/ ) (Res > 1),

nS

n=1
where o > 0. It is remarkable that those twists carry much information about the Selberg
class theory although they are not elements of S. Recently, Kaczorowski & Perelli [25]
succeeded in extending Theorem 6 to

Theorem 16 (Structure Theorem — Larger Degrees). If L € S has degree 1 < dp <
2, then d, = 2.
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Thus, the Degree Conjecture is true for [0, 2]. We can give only a sketch of the lengthy and
technical proof. Our poor approach cannot replace a detailed study of their deep work.
We start with the most simple twist. Given £ € S of degree d, the standard non-linear
twist is given by

nS

L(s,a) = Z aln) exp(—2miant/ ) (Res > 1),
n=1

where @ > 0. We further define the conductor of £ in terms of the data from the functional
equation by

f
qc = 2m)'Q* [ A3

j=1
in what follows we shall write ¢ in place of g, for short. The conductor is besides the
degree another important invariant. We briefly note d = ¢ = 1 for the zeta-function, and
d =1 and ¢ equals the conductor, resp. the modulus for Dirichlet L-functions L(s, x). In
the case of Dedekind zeta-functions to a number field K we have d = [K: Q] and ¢ = |Ag]|
equals the absolute value of the discriminant of K.

Exercise 13. What are degree and conductor of L-functions to newforms? What are
degree and conductor of Artin L-functions, assuming that they belong to S (see Appendiz
D)?

We further define the quantity

4.4 [ a(n) ifn,=neN,
Mo = gqd e and - afna) = { 0  otherwise.

We call
Spec(L) :={a >0 : a(n,) # 0}

the spectrum of £. Obviously, the spectrum is an unbounded subset of the positive real
numbers if £ has positive degree, i.e., it is not identical 1 what we shall assume for the
sequel. Moreover, we shall from now on suppose that 6 := 25:1 1y = 0, where the p; are
data from the functional equation; this is no restriction of generality but allows a more
convenient presentation. The following theorem due to Kaczorowski & Perelli [24] provides
the main analytic properties:

Theorem 17 (Standard Non-Linear Twists). Let £ € S be of degree d > 1 (and
0 =0)and a > 0. Then L(s,a) extends to a meromorphic function on C. If o & Spec(L),
then L(s, ) is entire; otherwise, If o € Spec(L), then L(s, ) has at most a simple poles

at

d+1 &k
sk::%—a for k=0,1,2,...

with residue equal to cca(ng) at s = sg, where ¢ is a non-zero constant.

The point s is always a simple pole if a & Spec(L); the other points s; need not be poles
(as follows from the example £ = ().

Sketch of Proof. Let X be a positive large parameter. Starting with Mellin’s transform
(as we already did in the proofs of Theorems 1, 4 and 15) and shifting the line of integration
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to the left, then applying the functional equation and making use of the Dirichlet series
expansion for £(1 — ), one finds

g a(n) exp(—2miant/?) exp(—Xn'/9)
ns
n=1

> a(n) nt/d

— 1-2s
- RX(S5Q) “FWQ Z nl—SH <Q2/d(2ﬂ_za+X_l)7S7)\hLL) 3

n=1

where Rx (s, ) is a sum of residues and the incomplete hypergeometric function

1 et Ly —s) + 5 — M)
Aj

2mi —c—%—ioo =1 F()\jS + i + ?W)

H(z,s8,\ p) =

INw)z* dw;

here z = x 4 iy is complex and c is a positive large integer, and A, u stand for the data
ALy s Afs i1, ..., oy from the functional equation. One wishes to let X — oo in order to
obtain analytic continuation for £(s,«). However, the integral converges absolutely only
for z > 0. To solve this problem a subtle study of H(z,s, A, ) as a function of the two
variables z and s is required and finally allows to perform the limit X — oco. Moreover, it
turns out that H(—iy, s, A, 1) is analytic in s if

s
1 2N,
Y # H H A] Jv
j=1
while otherwise it has at most simple poles at s = si. @

Exercise 14. Fill all gaps in the sketch of proof; good reading for this aim are [24, 20].

Theorem 17 already allows to show how linear (and later non-linear) twists may be used
to show that certain real numbers cannot appear as degree of an L-function in the Sleberg
class. For this purpose we give now a short proof of Theorem 6: Assume £ € S has degree
d € (0,1). If o € Spec(L), then L(s, ) has a pole at so = St which is > 1 for d < 1,
giving the desired contradiction.

If d =1, then L(s, ) is a linear twist of £ and hence periodic with respect to a.. This
allows a very simple proof of Hamburger’s Theorem 14 as follows: if additionally ¢ = 1,
then n, = « and, choosing « as a positive integer m, say, it follows that the residue of
L(s,m) at so equals

cea(m) for m=1,2,....

In view of the a-periodicity it follows that a(m) is constant, hence L£(s) = ¢((s).
This simple reasoning to obtain a rather deep result gives hope. We continue with
another application:

Theorem 18 (Q-Theorem for Coefficient Sums). Let £ € S be of degree d > 1 (and
60 =0) and o > 0. Then, for any polynomial P,

3" a(n) = xP(logz) + Qa T,

n<z

where a(n) is, as usual, the n-th coefficient of the Dirichlet series for L(s).

We write f(z) = Q(g(z)) with a positive function g(z) if f(z) = o(g(z)) is not true or, alternatively,
liminfy o | f(2)|/g(z) > 0.
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Sketch of Proof. For the sake of simplicity we may suppose that L£(s) is an entire
function. Moreover, we may assume that P vanishes identically (otherwise the statement

Z a(n) =o (x%) .

n<z

is trivial). Now suppose that

It follows from partial summation that

- d+1
Z%zo(y%_ms) for Res>%.

n>y

For a € Spec(L) we have
L(s, ) — exp(2mia) L(s)

2miae [ a(n) d—1\""
= _T/l nz>y ?yl/d_l exp(—2miay'/ V) dy = o (Res — W)

d+1

as Res — od

+, contradicting the pole at s = so by Theorem 17.

Exercise 15. Fill the gaps of the latter sketch of proof. How to argue if L is not entire?
Further deduce that the abscissa of convergence of the L defining Dirichlet series is > %.

Here is another type of converse theorem:

Theorem 19. Assume that L € S is not identically 1. If its Dirichlet series
o0
a(n)
>
n=1
converges for Res > L — ¢ with some positive €, then L(s) has degree one and equals a

5
shifted Dirichlet L-function L(s+ i6,x) with real 6 and a primitive character x.

Proof. In Exercise 15 we have seen that the abscissa of convergence of the £ defining

Dirichlet series is > dfd;l. In view of the assumption we find 3d,; < 5+ 10dze, hence

dy =1 and the statement follows from Theorem 15. e

The latter theorem is due to Kaczorowski & Perelli [24]. There is also an analogue for the
Riemann zeta-function:

Exercise 16. Assume that L € S is not identically 1. If a(n) denotes the coefficient of
the Dirichlet series expansion of L and the series

L a(n) —1

> T

n=1
converges for Res > % — € with some positive €, then L(s) = ((s).

Now we proceed in direction of Theorem 16. We assume that £ € S has degree d €
(1,2). Our aim is to arrive at a contradiction. The idea is to find a twist that has a pole
at the wrong place.

In the sequel we consider the linear twist

oo

L(s,a) = Z a(n) exp(—2mian),

nS

n=1
so we drop the exponent at n in the exponential from the previous notation. Moreover,
with the data from above we put

k=—— A=(d—1)¢", s* =k(s+3d—-1).
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However, to go further more complicated twists are needed. For real numbers «; and
Ko > K1 >...>kny >0let

oo N
(43) L(s, f)= Z a};z) exp (—2mif(n,a, K)) with  f(§,a) = Zajﬁ’"”;
n=1 7=0

here the set of x;’s is fixed whereas «; are considered as variable. The analytic properties
of L(s, f) depend heavily on the leading exponent xg. In fact, L(s, f) is

e entire if 0 < drg < 1,
e meromorphic over C with control on the poles if dkg =1,
e satisfies a transformation formula if drkg > 1.

This can be shown by means of the theory of hypergeometric functions. By a similar
reasoning as for Theorem 17, one can show

(44) L(s,a) = exp(as +b) i C;(Z) exp (2m'A (g)n) +G(s,a)

n=1

with certain constants a,b, and where G(s, «) is analytic for Res* > 1 — k. This yields
a first glimpse of the general transformation formula of Kaczorowski & Perelli which is
to complicated to be given here. Representation (44) transforms the linear twist £(s, a)
into a non-linear twist plus an analytic function. Since the non-linear twist converges
in a larger half-plane, this yields an analytic continuation for L(s,«). It follows from
d € (1,2) that Res* > 1 for Res > 4, hence the right-hand side of (44) is analytic
for Res > %; in particular, £(s) = L(s,1) is regular at s = 1 which shows that any £
with degree d € (1,2) must be entire. One can exploit the above transformation formular
further. Using Fourier Analysis and Rankin-Selberg convolution besides (44), Kaczorowski
& Perelli [23] succeeded to prove that there are no elements of degree d € (1, 3).

For the full proof of Theorem 16 Kaczorowski & Perelli [25] introduced a recursive
process in which they apply certain operators T and S acting on f in L(s, f) in order
to generate appropriate twists with a pole in a wrong place. The operator S is the shift
operator given by

f(gva)'_)sf(gaa):f(&a)'i_ga

which acts trivially on the twist: L(s, S f) = L(s, f). The operator T is self-reciprocal
and defined by a complicated algebraic manipulation of the a;’s. Starting with fo(§, @) :=
a&'/ 4 they construct explicitly expressions as

STITS™TS fo(& ) = ca(m)§ " + eala,m)et/ d + ..

with certain coefficients ¢;. Suitable choices of & € Spec(L) lead via the general tarnsforma-
tion formula to impossible poles, and hence to the desired contradiction. The construction
is too complicated to be reproduced here.

We conclude with a brief look into the future: if we put (formally) d = 2 in (44), some
kind of modularity in o appears which matches the expectation that the set of degree
elements in the Selberg class consists of analytic and non-analytic modular forms. If we
consider the larger extended Selberg class S¥, it is completely open what kind of elements
to expect. We may ask which functions lie in S* \ S. The descriptions of these classes are
complete for degree d < 2 thanks to the method of Kaczorowski & Perelli which actually
applies to the extended Selberg class. For degree two Kaczorowski et al. [21] gave examples
with Dirichlet series associated with cusp forms of certain Hecke groups. Note that for
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a positive real number A, the Hecke group G()) is defined as the subgroup of PSL(R)

generated by the matrices
1 A 0 1
d .

Kaczorowski et al. showed that the associated Dirichlet series are elements of S* or a
related class of Dirichlet series where the axiom on the functional equation is appropriately
adjusted. Moreover, they showed that the Dirichlet series associated to newforms for G(\)
have an Euler product representation if and only if G(A) can be arithmetically defined,
ie, if A € {1,\/5, \/3,2}. Their result is based on Hecke’s Converse Theorem 4. For
A < 2, Molteni & Steuding [34] proved that all these Dirichlet series are almost primitive
(i.e., primitive up to factors of degree zero) and primitive if A ¢ {v/2,/3,2}; if the latter
condition is not fulfilled, there are examples of non-primitive functions.

6. A COLLECTION OF OPEN PROBLEMS

Selberg (unpublished) proved that the values taken by an appropriate normalization
of the Riemann zeta-function on the critical line are normally distributed: let R be an
arbitrary fixed rectangle in the complex plane whose sides are parallel to the real and the
imaginary axes, then

1 log ¢ (3 + it 1 24P
lim —meas <t e (0,7] : MER :2—// exp (_w ty ) dz dy.
™ JJIR

T=oo T \/ 3 loglog T 2

In [47], Selberg outlined that if £ € S has not too many exceptional zeros of the critical
line (more precisely, the Grand density hypothesis) and his Conjecture A, then the values
of

log £ ( % + it)

Vncloglogt
are distributed in the complex plane according to the normal distribution, where n, is the
positive integer appearing in Selberg’s Conjecture A. Furthermore, Selberg investigated the
value-distribution of linear combinations of independent elements of S. His argument was
streamlined and extended by Bombieri & Hejhal to independent collections of L-functions
having polynomial Euler products with the emphasis just on probabilistic convergence and
the goal of applications to the zero-distribution. For this aim they introduced a stronger
version of Selberg’s conjecture B. Their theorem shows the statistical independence of
any collection of independent L-functions in any family of elements of S. Furthermore,
Bombieri & Hejhal [3] applied their result to the zero-distribution of linear combinations
of independent L-functions. Assuming in addition the Grand Riemann hypothesis and
a weak conjecture on the well-spacing of the zeros, they proved that almost all zeros of
these linear combinations are simple and lie on the critical line. Bombieri & Perelli [4]
considered for the same class of functions the distribution of distinct zeros. They proved,
for two different functions L1, Lo of the same degree,

Z max{mz, (p) —mc,(p),0} > TlogT,
0<7<T

where the sum is taken over the nontrivial zeros p = §+iv of £1L5(s) and m, (p) denotes
the multiplicity of the zero p of £;(s). An unconditional result with T'/loglog T as lower
bound was obtained by Srinivas [50].



36 JORN STEUDING

We quote from M.R. Murty & V.K. Murty [38] an interesting point which relates unique
factorization and zeros: if it could be shown that for any family of primitive L-functions
Li,...,L in S there exist complex numbers sq,..., s such that £;(s¢) = 0 if and only
if j = £, then the factorization into primitive elements would be unique, and Theorem 7
would hold unconditionally. Unfortunately, this seems to be out of reach by present day
methods.

These lines of investigation are not unrelated to the following rather general

Question: How to distinguish L-functions?

A first answer might be: By the coefficients of their Dirichlet series expansion (since
Dirichlet series are uniquely determined by their coefficients). It is remarkable, and by
no means trivial, that one can identify L-functions already by their Dirichlet coefficients
restricted on the set of prime powers. In fact, M.R. Murty & V.K. Murty [37] proved

Theorem 20. If £1,L5 € S have the same Fuler factors

oo k
Lp(s) = exp <Z s )>

ks
k=1 p

in their Euler product representation for all but finitely many primes p, then they are
identical.

The proof follows from the observation that the quotient £1(s)/L2(s) has to be entire
and non-vanishing (thanks to the functional equation), and Hadamard’s theory of entire
functions (see Appendix B) is applicable. However, we expect more than that:

Strong Multiplicity One — Conjecture : If L1, L5 € S have the same Dirichlet coef-
ficients ar, (p) = ac,(p) for all but finitely many primes, then they are identical.

Another way to distinguish L-functions is with respect to their value-distribution.

Recall the famous five value theorem of Rolf Nevanlinna which states that any two
non-constant meromorphic functions that share five distinct values are identical. Here
two meromorphic functions f and g are said to share a value ¢ € CU {oo} if the sets of
preimages of ¢ under f and under g are equal, for short

FTHe)={seC: f(s) =c} =97 (0)

Furthermore, f and g are said to share the value ¢ counting multiplicities (CM) if the
latter identity of sets holds and if the roots of the equations f(s) = ¢ and g(s) = ¢ have
the same multiplicities; if there is no restriction on the multiplicities, f and g are said
to share the value ¢ ignoring muliplicities (IM). Since the functions f(s) = exp(s) and
g(s) = exp(—s) share the four values 0, +1, oo, the number five in Nevanlinna’s statement
is best possible. If multiplicities are taken into account, Nevanlinna proved that any two
meromorphic functions f and g that share four distinct values ci,...,cqy CM are identical
or can be transformed into one another by a Moebius transformation M in such a way
that g = M o f and M fixes two of the points c¢; while the other two are interchanged.
Also the number four of values shared CM is best possible.

In [54], it was shown by means of Nevanlinna Theory that in the special case of L-
functions better estimates are possible than those which Nevanlinna’s theorems provide
(since there is additional information about the functions available):
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Theorem 21 (Uniqueness Theorem — CM). If two elements of the extended Selberg
class S* share a complex value c # oo CM, then they are identical.

Recent joint work with Garunkstis et al. [10] provides a uniqueness theorem for L-
functions from the Selberg class for small degrees where the rather restrictive condition on
sharing a value CM is dropped:

Theorem 22 (Uniqueness Theorem — IM — Degree One). If two elements of the
Selberg class S, both of degree one, share a complex value ¢ # 0o IM, then they are identical.

In view of Theorem 15 this shows that if L(s, x1) and L(s, x2) are L-functions associated
with primitive Dirchlet characters x; mod ¢; and

L(s+1i61,x1) =c¢ — L(s+ib2,x2) =c

for some fixed ¢ € C, then 6; = 65 and x; = x2; hence, the Dirichlet L-functions are
identical. Moreover, the same statement holds if one of the shifted Dirichlet L-functions is
replaced by the zeta-function. The idea of proof relies on Voronin’s universality theorem
which states, roughly speaking, that any non-vanishing analytic function can be uniformly
approximated by certain shifts of the Riemann zeta-function: for suitable functions f
defined on compact subsets IC of the right half of the critical strip and any € > 0, there
exists a real number 7 such that

max |((s +i7) = £(3)] < .

Actually, we need Voronin’s extension to a simultaneous approximation theorem for a fam-
ily of Dirichlet L-functions associated with non-equivalent characters which we formulate
here in a slightly more general form (according to [54]):

Theorem 23 (Joint Universality for Dirichlet L-functions). Let xi,...,x¢ be
pairwise non-equivalent Dirichlet characters, ICi,...,K¢ be compact subsets of the strip
% < Res < 1 with connected complements. Further, for each 1 < j < £, let f;(s) be a
continuous non-vanishing function on K; which is analytic in the interior of K;. Then,
for any € > 0,

| .
l%1£ffmeas {7’ €10,7] : Joax, gxé%)jw(s—i-m', X;) — fi(s)] < e} > 0.

For the sophisticated and lengthy proof see Voronin [58], resp. [54].

Proof of Theorem 22. Let us consider two shifted Dirichlet L-functions L(s + 6, x;)
associated with either primitive characters or the principal character mod 1, where the
6; are real numbers and 6; = 0 if x; = xo mod 1. Now assume that L(s + 61, x1) and
L(s + i02, x2) share a complex value c¢. If x1 = x2, then L(s + i61,x1) = ¢ whenever
L(s + ib2,x1) = ¢, and it follows that either 6; = 02 or the c-points of L(s,x1) are
periodically distributed with period (67 — 62) which is absurd. Therefore, we may assume
that x1 # Xx2; hence, being primitive, they are non-equivalent.

Now suppose ¢ # 0 and that ¢’ is another non-zero complex number different from c.
We shall show the existence of some complex number s’ such that

L(s' +i01,x1) = ¢ # L(s' + 02, x2)-

For this purpose let K be the closed disk centered at % of radius r € (0, %) Moreover,
define target functions by setting fi(s) = ¢+ (s — if1 — 2) and fa(s) = ¢’ on sets K,
where

(45) ’CJ:’C‘FZQJ:{S—F’LHJSEK:}
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and X is a positive real number for which A\r < |c|. By the latter condition fi(s) does not
vanish on I;. Thus, an application of Theorem 15 with 0 < € < min{Ar,|c — ¢/|} yields a
real number 7 such that

(46) Jpax, max [L(s +i7,x;) — fi(s)| <e.

We first deduce that
max |L(s +i01 + i1, x1) — fi(s +i61)| <e.

Since the absolute value of fi(s 4+ if1) — ¢ = A(s — 2) on the boundary of K equals Ar
which is strictly larger than e, it follows that

max |L(s + 01 + 7, x1) — ¢ = {fi(s+01) — e}l < e < min |fi(s +i61) — ],

and an application of Rouché’s theorem gives the existence of a c-point of L(s + 61, x1)
inside K + 47 := {s+i7 : s € K}. Secondly, we deduce from (46) that

max |L(s + 6 + i7, x2) — | < e.
seK

Consequently, L(s + 62, x2) does not assume the value ¢ in K + i7 since € < |c — ¢/|. This
already shows that L(s+1461,x1) and L(s+i62, x2) do not share any complex value ¢ # 0.

Since Dirichlet L-functions are expected to have no zeros to the right of the critical line
% + 7R, universality is not an appropriate tool to discuss the remaining case of a shared
value ¢ = 0.

To conclude let us assume that L(s + 61, x1) and L(s + 62, x2) share the value ¢ = 0.
In view of the trivial zeros of Dirichlet L-functions on the negative real axis it follows that
61 = 05. Next we may use a formula due to Fujii [9], resp. its unconditional version [52],

s 1
lim S L) =1 ———— > (xxe)),
T—oo T'logT eTer o(lq1, q2]) o mod [a1.42]

(a,[q1,92)=1

where ¢; is the modulus of x;. It follows from the orthogonality relation for characters
(Theorem 26) that the right-hand side does not vanish for x; # x2. Hence L(s + 61, x1)
and L(s + i02, x2) do not share the value 0. This proves Theorem 22. o

Alternatively, we could have used a joint universality theorem due to Sander & Steuding
[45] which applies to a family of Dirichlet series with periodic coefficients and analytic
continuation beyond the abscissa of absolute convergence. This theorem covers indeed the
degree one case of the extended Selberg class S¥; however, since elements in S* may be
linearly dependent, they cannot be jointly universal in general without any restriction.
In fact, the joint universality theorem of Sander & Steuding is conditional subject to a
linear independence condition on the target functions. Moreover, since ((s) and A((s) for
some complex A # 0 are both elements of S of degree one and therefore the statement of
Theorem 22 does not hold for the extended Selberg class.

Problem: Eztend the above Uniqueness Theorem 22 to elements of the Selberg class of
higher degree.

It is reasonable to expect that independent L-functions cannot share any complex value.
However, it is not clear what the correct meaning of independence should be. Joint uni-
versality seems to be an interesting approach to this question. Hence, it might be an
interesting line of investigation to consider universality phenomena generalizing Voronin’s
Universality Theorem.
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Theorem 24 (Universality Theorem for the Selberg Class). Assume L € S satisfies

. 1 2
ggﬁgz}wﬂ—ﬁ
for some positive constant k, where the a(p) are the Dirichlet series coefficients of L on the
primes. Furthermore, let IC be a compact subset of the strip max{%,l — dic} <Res <1
with connected complement, and suppose that g(s) is a non-vanishing continuous function
on K which is analytic in the interior of K. Then
lim sup 1 meas {7 € [0,T] : max|L(s +iT) — g(s)| < e} > 0.
Tooo I seK
This universality theorem is due to Nagoshi & Steuding [39]; it improves upon a previous
one for polynomial Euler products in S (see [54]). It should be noticed that the range for
the approximation is restricted to the mean-square half-plane. If £ € S, then existence of
the mean-square is, by Carlson’s theorem, equivalent to
1 /T
lim sup — |L(o +it)|> dt < oo,
T—o0 2T =T
which is known to be true only for o > max{3,1 — diﬁ} This follows from [54], resp.
classical work of Chandrasekharan & Narasimhan [6] on Dedekind zeta-functions. In this
context we shall mention recent work of Mazhouda & Omar [33] who proved asymptotics
for the mean-square of £(s) on and to the right of the the critical line. For instance, they
obtained the unconditional bound

T
/|a%mW@<Tﬂﬁf
0

for any positive €, where the implicit constant depends on € and £, and a conditional
improvement subject to an estimate for Y _ az(n)|?.

Furthermore, we may ask for generalizations of Voronin’s Universality Theorem. For
example, if £(s) is universal, is the standard linear twist also universal? In the case of the
Riemann zeta-function, this twist (s, «) is a Lerch zeta-function and is indeed universal
if « is rational or transcendental, however, the case of algebraic irrational « is unsettled;
see the monograph [11] of Garunkstis & Laurincikas.

What about generalizations of the Joint Universality Theorem for Dirichlet L-functions
from above? The known methods fail to prove, for example, joint universality for {(s) and
an arbitrary L-function from the Selberg class. More generally, we ask for a necessary and
sufficient condition that a given finite family of L-functions is jointly universal? In the con-
text of the Selberg class we expect that Selberg’s Conjecture B (or a suitable quantitative
extension) could be used to answer this question. By Selberg’s Conjecture B, primitive
functions are expected to form an orthonormal system. Recall that Bombieri & Hejhal
[3] proved, assuming a stronger version of Selberg’s conjecture B, the statistical indepen-
dence of any collection of independent L-functions in any family of independent elements
of §. With regard to this statistical independence, predicted by Selberg’s Conjecture B,
we recall from [54] the following

Joint Universality Conjecture: Any finite collection of distinct primitive functions in
the Selberg class is jointly universal. Moreover, any two functions L1,Lo € S are jointly
uniwversal, if and only if

E:g@@@:Om,

p<z p
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as x — 00, where the Dirichlet series coefficients of L;(s) are denoted by a;(n).

In the example of ((s) and ((s)? the latter asymptotics does not hold; needles to say that
this pair is not jointly universal. For more details to this question and how it is related to
other results in this direction we refer to [54].

We conclude with an interesting number field-analogue of the Selberg class, proposed
by M.R. Murty [36]. Let K be a number field. The Dedekind zeta-function (23) satisfies
the following axioms:

(i’) Dirichlet Series & Ramanujan Hypothesis: for Res > 1,
> c(a)
E =
(8) . N(CL)S ’

where the summation is over all integral ideals a and the coefficients satisfy ¢(1) = 1
and c(a) < N(a)°.

(ii) Analytic Continuation: there exists a non-negative integer k such that (s —
1)*L(s) is an entire function of finite order.

(iii) Functional Equation: L(s) satisfies a functional equation of type
— j’
Ar(s) =wAp(1—73), where Ar(s) = L(s)Q° H T'(N\js + 115)
j=1

with positive real numbers @), \;, and complex numbers p;,w with Re y; > 0 and
lw|] = 1.

(iv’) Euler Product: L(s) has a product representation

_ _ ~ _b(p")
L(s) = Hﬁp (s), where L,(s) =exp Z NOE
p k=1

with suitable coefficients b(p*) satisfying b(p*) < N(p)*? for some § < 1, where p
is a prime ideal.

Observe that the arithmetic axioms (i’) and (iv’) are more restictive than the corresponding
axioms (i) and (iv) in the definition of the Selberg class S. M.R. Murty [36] showed that one
can find Artin L-functions £ (see Appendix D for an exemplary introduction) associated
with the splitting field of the polynomial X® + 9X6 + 23X* + 14X? + 1 which satisfy the
above properties but

c)* _ 1
NZ NOBE 410g10gz+0(1).
(p)<z

Hence, the analogue of Selberg’s Conjecture A fails. For this purpose M.R. Murty [36]
imposed as further axiom

(v’) Rankin—Selberg Property:* for some positive integer n,

2
Z |;§2|) =nloglogx + O(1).
N(p)<a

*These names are in honour of the inventors of the so-called Rankin-Selberg convolution which is closely
related to this type of asymptotics and the Selberg Conjectures in particular.
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The set of all functions £ satisfying the above axioms is said to be the Selberg class over
K and will be denoted as Sk. Generalizing from the Selberg class, we call an element £ a
K-primitive function if all factorizations of £ in Sk are trivial. Following M.R. Murty, we
introduce the

The Number Field-Analogue of Selberg’s Conjecture B: Let K be a number field.
For any K-primitive functions L1 and Ly € Sk,

Z e, (P)ee,(p) { loglogz +O(1) if L= Le,
N B O(1 otherwise,
Nipza (p) (1)

where c,(p) denotes the Dirichlet coefficient of L; at the prime ideal p,

Then it is not difficult to see that also the anaologue of Theorem 7 holds true:

Theorem 25. FEwvery function in Sk has a factorization into primitive functions. If the
analogue of Selberg’s conjecture B is true, then this factorization into K-primitive functions
1S UNIquUe.

Problem: Develop a theory for the Selberg class over K. What is the analogue of the
Degree Conjecture?

Further problems and questions can be found in the excellent surveys of Kaczorowski
[20] and Perelli [42, 43]. We conclude with a last task which may take a while:

Exercise 17. Prove any of these open problems or any of the many other conjectures. =)

In the following appendices we have tried to provide apart from standard results all
mathematics necessary to make these course notes self-contained. For some results we
have decided to present their proofs; for others we only refer to literature which contains
a proof.

APPENDIX A: CHARACTERS AND OTHER TOOLS FROM NUMBER THEORY

A character x is a non-trivial group homomorphism from a finite (for the sake of sim-
plicity) abelian group G onto C*. By the structure theorem for finite abelian groups any
such group G is the direct product of cyclic groups. Often we will be concerned with
the the multiplicative group of the ring of residue classes mod ¢, i.e., the group of prime
residue classes modulo g,

(Z/qZ)* := {amod q : gcd(a,q) = 1}.

By the chinese remainder theorem,

(Z/qz)" = [[(@/p" P 2)",
plg
where v(g; p) denotes the exponent of the prime p in the prime factorization of the integer
q. In this case the decomposition into a product of cyclic groups is much easier to obtain.
Gauss proved that the group of residue classes modulo ¢ is cyclic if and only if ¢ = 2,4, p”
or 2p”, where p # 2; a generator of such a cyclic group (Z/qZ)* is called a primitive root
mod g. In the case ¢ = 2” one has (Z/2"Z)* = (—1) x (5) (which leads to a cyclic group
if v = 1,2, since then —1 = 5mod 22). In any case, the group of prime residue classes
mod ¢ is a product of finitely many cyclic groups.
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For the first, however, we shall argue more generally. Assume that
kA
G= H Gj with Gj = <gj>.
j=1
In particular, any g € G has a unique representation of the form
T
g:Hg;j with 0<t; <Y,
j=1

where ¢; = §G; is the group order of G;. Since a character on G is a group homomorphism,
ie.,

x(a-b) = x(a) - x(d) forall a,be€ G,
it follows that

T

x(9)=[Ixten)t  for  g=]]g;-
=1 j=1

Therefore, a character is uniquely determined by its values on the generators. Since the
order of any element of a finite abelian group is a divisor of the group order, we find

£ .
1=x(1) = x(g;") = x(g,)"
and thus x(g;) is an £;-th root of unity, i.e.,

x(g;) = exp (272%) for some k; € Z with 0<k; <.
J
Consequently, there are at most ¢1 - ... - £, many characters y on G. On the contrary,
any choice of k1, ..., k, with 0 < k; < ¢; defines via x(g;) = exp(27ri§—j) such a character.
Hence, the number of characters x on G is equal to the group order G =¢; - ... - ¢,. We
may define the product of two characters mod ¢ by setting (x - ¥)(g9) = x(g) - ¥(g); this
gives the set of characters x mod ¢ the structure of a group, the character group (resp.
dual group) of G, for short G. Its unit element, the principal character, is the character
constant 1 and is denoted by xo. Since |x(g)| = 1, the inverse of a character x € G is given
by conjugation:

Given

@) exp 2m}) it =k,
Xk g = J
! 1 otherwise,

the mapping ¢g; — x; is an isomorphism between G and its character group G. We illustrate
these observations with the example G = (Z/5Z)*:

| Xo X1 X2 X3
1=20]4+1 +1 +1 +1
2=2'|4+1 -1 +i A
4=22|+1 41 -1 -1
3=23 | 4+1 -1 - H

We find (2) 2 (x2) (of course, here we can also replace 2 by 3 or x2 by x3).

Now we switch to the group of prime residue classes (Z/¢Z)* and state the important
orthogonality relations for characters. Via the natural embedding of (Z/qZ)* in Z we can
define characters x mod ¢ on the whole of Z by setting

_ [ x(n+qZ) if ged(n,g) =1,
x(m) = { 0 otherwise.
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The new objects are called Dirichlet characters y mod g. The function n — x(n) is
completely multiplicative; moreover, it is a g-periodic function on Z, i.e., x(n + q) = x(n)
for any n € Z. Notice that §(Z/qZ)* = ¢(q).

Theorem 26 (Orthogonality Relation For Characters). Ifa and g are coprime, then

1 _ _J1 if n=amod g,
(47) v(q) . I; qx(a)x(n) N { 0 otherwise.

A proof can be found in almost any book on Number Theory, e.g., Davenport [8], resp. in
[65]. With this tool one can sieve prime residue classes from the set of positive integers
as we did in the proof of Theorem 11. Hence, characters are at the heart of Dirichlet’s
approach to prove the infinitude of primes in arithmetic progressions.

An arithmetical function f : N — C is said to be multiplicative, if f(mn) = f(m)f(n)
for all coprime integers m, n; if the latter condition on the coprimality can be dropped, then
f is said to be completely multiplicative. Dirichlet Characters are examples of completely
multiplicative functions.

Theorem 27. A multiplicative function f is periodic if, and only if, there exists an integer
q and a Dirichlet character x mod q satisfying the following properties:
o f(p¥) =0 if p is a prime divisor of q;
e if p is prime and p J q, then the function k — X(p*)f(p*) is constant and # 0;
e there are at most finitely many primes p for which X(p*)f(p*) # 1 for some expo-
nent k.

This result is due to de Bruijn and (independently) Leitmann & Wolke [28] (cf. Schwarz
& Spilker [46]). Tt follows immediately, that a completely multiplicative function which is
g-periodic, is a Dirichlet character mod q.

Another very important tool in Number Theory is

Theorem 28 (Abel’s Partial Summation). Let A1 < A2 < ... be a divergent sequence
of real numbers, define for a, € C the function A(u) := 32y ~, an, and let F' : [A,00) —
C be a continuous differentiable function. Then

x

> anF (M) = A(@)F(z) — / A(u)F' (u) du.
A<z A1
The proof is by rewriting the difference between the integral and the sum by using the
fundamental theorem of analysis or, simply, by Stieltjes integration.
As an easy application we find

o [T
—TE)=s | e

(48)

with the summatory function i (x) = > . A(n) of the Dirichlet coefficients.

n<z

We conclude this appendix with estimates for exponential integrals:

Theorem 29. i) Let f(x) be a real differentiable function with monotonic derivative which
satisfies either f'(x) > m > 0 or f'(z) < —m < 0 throughout the interval [a,b] for some
constant m. Then

4
< —.
m

[ esplise oo
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ii) Let f(x) be real differentiable with derivatives up to the third order such that | f""'(z)| <
e and either 0 < A\ < f"(x) < e\ or 0 < Ay < —f"(x) < cA1 throughout the intervall
[a,b] for some constants A\, c. Moreover, let f'(§) =0 for some & € [a,b]. Then

1exp(&7F +if(€))
AV UAGIE
+O (min{ng, (@)1} + min{A; 2, |f’<b)l‘1}) ,

where the sign + is according to the sign of f"; if ' does not vanish in [a,b], then the

4
5

FON PG +

b
/exp(if(a:))dx = (2m)1

latter formula holds without leading term.

For the elementary proof see Lemmas 4.2 and 4.6 in Titchmarsh’s monograph [57].

APPENDIX B: POISSON SUMMATION FORMULA AND FURTHER RESULTS FROM
ANALYSIS

Suppose f : R — C is an integrable function satisfying f(z) < |z|72 as |2| — o
(actually, this is a strong restriction but it allows to do the next step). Then we may
define its Fourier transform by

+oo
fly) = / f(2) exp(—2miyz) dz.

— 00
The Poisson summation formula is a useful tool in Fourier theory with many applications
in real and complex analysis.

Theorem 30 (Poisson Summation Formula). Let f : R — R be a twice continuously
differentiable function with f(z) < |z|72 as |z| — oco. Further, assume that the integral

+oo
[ e

exists. Then, for any o € R,

Z fln+a) = Z f(m) exp(2miam).
nez meZ
Proof. It suffices to prove the formula in question only for « = 0. In fact, writing
g(z) = f(z+ a) for fixed a € R, we have §(y) = f(y)exp(2miay). Therefore, we may
assume « = 0.
First of all, for r > 0, define

o0

Py,r) = Z Il exp(2mimy).

m=—o00
This series is the sum of the term for m = 0 plus two infinite geometric series, one for
m < 0 and one for m > 0, both being absolutely convergent for r € [0,1). Hence, we can
compute the value of the infinite series P(y,r) by

r exp(2miy) rexp(—2mwiy) 1—1r2

P =1 = :
(v,7) + 1 —rexp(2miy) 1—rexp(—2miy) 1—2rcos(2my) + r2

This implies P(y,r) > 0 for any y (since the denominator is equal to (r — cos2my)? +
(sin 27y)?). Using

/1ex (2mimy) dy = L if m=0,
0 P PY= 0 otherwise,
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1
/ P(y,r)dy =1
0

for all » € [0,1). Further note that P(y,r) is 1-periodic with respect to y. Hence,
2

we find

1—1r
P < -
(y,r) < (sin 270)?
for0<6§|y|§%.

Since f(z) < 272, we have

+oo . +00 +oo
OROR R ULED N B Y OL

m=—00 - m=—00 m+2]
interchanging summation and integration is justified with respect to the absolute conver-
gence. We want to show that the right-hand side converges to > f(m) as r — 1—. For
this purpose we note that
/ Plun)f@)dy < max |f()] / Py, r
[m—3,m+3] m*iﬁySme

< omax  [fy)l<m,

m—3<y<m+i
as |m| — co. Hence, given € > 0, there exists M > 0 such that
> [ Penfdy<e amd S jfm)<c
im|>ar Y Im—3m+3 ] |m|>M

Now assume |m| < M. Of course,

/ Py r)f(y) dy — f(m) = / Py, r)(f(y) — F(m))dy.
[m—3%,m+3] [m—3%,m+3]

Take some § > 0 for which [f(y) — f(2)| < 357 for all m with [m| < M and all y, z with
ly — z] < 6. Then

(49) >

|m|<M

> (Ji(m) + Jao(m)),

|m|<M

/ Ply,r)f(y) dy — f(m)| <
[m 3 ,m—i—%]

where

m-+90
Jim) = / Py, 7)|f(y) — £(m)| dy,

m—40
Jim) = /W( PRI ) ~ S0 dy

with W(m) := {y € R : § < |y —m| < 3}. By construction,

€ m+é €

< & <
Jl(m)_gM - P(y,r)dy < YYi

Moreover,
1—r? 11—
J. < — — d
200 = gy o 10— SOy <
where the implicit constant depends only on ¢, € and f. Thus, the right-hand side of (49)
can be made less than 2¢ for some r sufficiently close to 1. Hence, letting ¢ — 0, we obtain

+oo
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Partial integration shows f (m) < m~2. Consequently, the series on the left-hand side of
(50) converges absolutely and uniformly for € [0,1) and we may interchange summation
and take the limit. This proves the theorem. o

The (most simple) theta-function is given by the infinite series

0(x) = Z exp(—mzn?).
nez
We apply Poisson’s summation formula, Theorem 30, to the function f(z) := exp(—m2?2/x)
with £ > 0. We compute the Fourier transform by quadratic substitution:

+o0
f(y) = / exp(—m(2%/x + 2iyz)) dz

NS o
(51) = zexp(—mzy?) / exp(—mz(w + iy)?) dw.

— 00

Next we consider the integral

+o00
I(\) = / exp(—mz(w + \)?) dw,

o0

where A is any complex number. Consider the integral

/ exp(—2w?) dw,
R

where R is the rectangular contour with vertices +r, +r 4 iIm )\, where r is a positive real
number. By Cauchy’s theorem, the integral is equal to zero. On the line Rew = r, the
integrand tends uniformly to zero as r — co. Hence, I(A) = I(0), and thus the integral
I()) does not depend on A. This gives in (51)

~ JFOO
fly) = :Cexp(—mcyz)/ exp(—mzw?) dw = Cv/x exp(—mry?),

where
—+o0
C:= / exp(—m2?) dz.
Applying Poisson’s summation formula leads to
Z exp(—7(n +a)?/z) = CVx Z exp(—man? 4 2mina);
nez ne’
here we have introduced the parameter o by the trick from the proof of Theorem 30.

Choosing @ = 0 and = = 1, both sums are equal; thus, C' = 1 and we have just proved the
functional equation (3) for the theta-function: for any x > 0,

1 1
Olz)y=—0—-].
W=7 (m)
Another important analytic tool is

Theorem 31 (Perron’s formula). For positive real numbers ¢,y, T, define

1 [eHT s 0 i 0<y<1,
I(y,T):%/ . y?ds and d(y) = % if y=1,
eil 1 if y>1.
Then
y°min{l, (T[logy)~'} if y#1,
c/T otherwise.

10y, T) — 5(y)] < {
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The proof follows from Cauchy’s theorem and can be found in Tichmarsh’s monograph
[56], resp. [55].

We shall apply this with the logarithmic derivative of the zeta-function in order to
obtain, for z € Z and ¢ > 1,

etice 220 A(n) z* S erioe s ds
e 2 s Y= 2 AW LG

here interchanging integration and summation is allowed by the absolute convergence of
the series. In view of Theorem 31 with T'— oo it follows that

1 [t & An) o
;A(n)_%/c_m g_n = as,

resp. Formula (33) which is also known as Perron’s formula. Please notice that this gives
in some sense the inversion of Formula (48).

The Gamma-function plays a central role in the analytic theory of L-functions. We shall
not give a full account of all properties needed, since they can be found in any textbook
on Complex Analysis, but state a convenient asymptotic formula for its growth:

Theorem 32 (Stirling’s formula). We have

1 1  [u] —u+ 3
logT(z) = (z—§>—z+§10g2w+/o [u]u#du
= z—1 —z+110g2ﬂ'+0(|z|71)

2 2 ’

uniformly in z with —m+e < argz < T —e€.

A proof can be found in Titchmarsh [56].
The next statement is a maximum principle for unbounded domains:

Theorem 33. Let f(s) be analytic in the strip o1 < Res < o9 with f(o+it) < exp(elt|).
If

floy +it) < [t and  f(og +it) < |,
then f(s) < [t|*9) uniformly in o1 < o < o9, where (o) is linear with c(o1) = ¢1 and

c(og) = ca.

A proof can be found in Titchmarsh [56]. Note that there are counterexamples if the
growth condition f(s) < exp(e|t]) is not fulfilled.

Weierstrass proved that any non-zero entire function can be factored into a product over
its zeros (times an exponential function). In the case of polynomials this is just another
formulation of the fundamental theorem of algebra (that any polynomial over C has a root
in C) and is known since Gauss’ first proof in his doctorate. However, a generic entire
function has infinitely many zeros and hence its so-called Weierstrass product is infinite
and the analysis much more difficult. As part of his theory of entire functions, Hadamard’s
Product Theorem 34 obtained for entire functions of finite order a more explicit form for
Weierstrass’ products. For our purpose it suffices to consider only functions of order one.

Theorem 34 (Hadamard’s Product Theorem). Let f(s) be an entire function of
order one with zeros pg = 0 with multiplicity mo and p1, pa, ... arranged so that 0 < |p1| <
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lp2] < ... and repeated according their multiplicities. Then there are constants A, B such
that

£(s) = s™ exp(A + Bs) ﬁ (1 - i) exp (pi) .

j=1 Pj J

A proof of this theorem can be found in many textbooks, e.g., Titchmarsh [56], as well as
in [55].

It should be noticed that all the above results were introduced with respect to investiga-
tions in Number Theory. It is amazing how Complex Analysis was pushed forwards in the
second half of the nineteenth century thanks to the Riemann zeta-function and attempts
to prove the Prime Number Theorem!

APPENDIX C: THE WIENER-IKEHARA TAUBERIAN THEOREM

Around 1825, Abel proved » . ° ja(n)z™ tends to 1 as ¢ — 1— provided that
Yoo pa(n) = 1. In 1897, Tauber proved that the converse implication holds if na(n) = o(1)
as n — oo. After Tauber plenty of similar results were proven, many of them with direct
applications to number theory (created with number theoretical motivation in mind). Here
we shall prove

Theorem 35 (Wiener—Ikehara Theorem — original version). Let A(z) be a non-
negative, non-decreasing function of x € [0,00). Suppose that the integral

/000 A(x) exp(—sz) dx

converges to the function f(s) and that f(s) is analytic in the half-plane o > 1, except for
a simple pole at s = 1 with residue 1. Then

lim A(z)exp(—z) = 1.

xr—00

Proof. Define B(x) = A(x) exp(—z). First we shall prove that, for any positive A,

. 2
2 YR [COREE
For ¢ > 1, we have
f(s) = /000 A(x) exp(—sx) dzx and . i 1= /000 exp((1 — s)z) dz.
Thus, after a short computation,
F) = 1)~ -2 = [ (B) = Dexpl(1 - )

By assumption F'(s) is analytic for o > 1. Now define F,(t) = F(1 + € + it) for ¢ > 0. For
A > 0, we obtain

2X
F.(t) ( - %) exp(iyt) dt

—2A

(53) = / - < - %) exp(iyt) ( /0 T (B(z) — 1) exp(—(c + it)a) dx) dt.

2\
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Next we want to interchange the order of integration on the right-hand side. Since A(x)
is non-negative and non-decreasing, for real s and > 0,

)2 Aw) [ explsn)du = ADPE),

m s
resp. A(z) < sf(s)exp(sz). Since f(s) is analytic for ¢ > 1, this implies A(z) =
O(exp(sx)) for any s > 1 and

B(z)exp(—dz) = A(z) exp(—(1 + 0)z) = o(1)
for every § > 0. It follows that the integral
/ (B(x) — 1) exp(—(e + it)x) dx
0

converges uniformly for —2X < ¢ < 2\. Thus, we can interchange the order of integration
in (53) and obtain

[e%S) 2\ ) |t|
/0 (B(z) — 1) exp(—ex) </2)\ exp(i(y — x)t) ( - ﬁ) dt) dz.
This leads with (53) to
2 |t| '
/_2)\ F.(t) ( — 2—/\) exp(iyt) dt
Oy —a)?

(54) = 2/000(3(96) — 1) exp(—ex) Ny —2)?

Since F(s) is analytic in o > 1, it follows that F,(¢) tends to F'(1 +it) as € — 0, uniformly
for —2X <t < 2)\. Moreover,

00 : . 2 00 [ . 2
iny [ nploca) SR o, [ 00— ) ,
<~0Jo Ay — ) 0 My — )
Applying the theorem on monotone convergence, we deduce
N (sin(A(y — 2)))? /°° (sin(A(y — 2)))?
lim B(z)exp(—ex)———————F—dx = B(zr)————Fdx.
A TR A TR
By (54),
(55 ” F(1+it) ( i ) exp(iyt) dt /OO(B(x) 1y (S = D) 4,
— _ — X = — - .
2 J ax 2A P 0 Ay — z)?
The Riemann-Lebesgue lemma states that
lim f(z)exp(izy)dx =0
y—oo J_ o

for any absolutely integrable function f. Thus, letting y — oo, the left-hand side of (55)
tends to zero while

(56) lim /Ooowdx: lim " <Sinv)2dv:7r.

y—00 My — x)? y—oo J_ o\ w

Hence,
o] : )\ _ 2
lim B@)M dz = T
5 Jy Ay — o)
this proves (52).
In order to prove the theorem we have to show

(57) 1 < liminf B(z) < limsup B(z) < 1.

L—00 T—00
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Clearly, this implies the existence of the limit lim, ., B(z) and that this limit is equal to
1. For given positive numbers a and A let y > §. By (52),

a . 2
limsup/ B(y—g) (va) dv <7
Yy—00 )\ v

—a

(the integrand is non-negative). Since A(u) = B(u)exp(u) is non-decreasing, we have, for

B(r-3)ew(s-5) <8 (- F)ew(o-5)
Br-5) 28 (- )ew (50) 2B (- 5)ew (-3)-

a 2 @ /sinoe) 2
I B( - —) _ / MUY g
13:3;p Y 3 exp< )\> » » v
@ v sinv 2
= 1imsup/ B(y——) < ) dv < 7.
Yy—00 _ )\ v

a

—a<v<a,

This implies

Hence,

For fixed a and A we have limsup,,_, ., B(y — §) = limsup,_,, B(y). Thus,

9 a s 2
exp (—;) limsupB(y)/ (s12v> dv <,
y—o0 —a

being valid for all @ > 0 and A > 0. Since the right-hand side is independent of a and A,
letting a, A — oo such that § — 0, we deduce

o /o 2
lim sup B(y)/ (va> dv < .
v

Yy—o0 —0o0

Now (56) implies the desired upper bound for limsup,,_, ., B(y). The just proved inequality
yields the existence of a constant ¢ such that |B(z)| < ¢. Hence, for fixed positive a and
A and a sufficiently large vy,

[ (%) o
o = L) e Lo ()

As above, we have By — 2) < B(y + %) exp(32) for —a < v < a. Therefore,

[ n-2) (22 o 2)om (2) [ (2 o

From (52), (58) and the latter inequality it follows that
- Y (sinv)>
T < c{/ +/ } ( ) dv +
— 00 a v
a 2a @ /sinv)®
+liminf B (y + —) exp | — / dw.
y—00 A A D

Here we may replace liminf, .o, B(y+ %) by liminf, .. B(y). Then, after sending a, A —

oo such that ¢ — 0, we get the desired lower bound for liminf, .. B(y). The theorem is
proved. e
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Now we shall derive Theorem 9 to which we also refer to as the Theorem of Wiener &
Ikehara. For the sake of convenience, we recall its formulation: Let F'(s) =Y.~ ; a(n)n™*
be a Dirichlet series with non-negative real coefficients and absolutely convergent for Re s >
1. Assume that F(s) can be extended to a meromorphic function in Res > 1 such that

there are no poles except for a possible simple pole at s = 1 with residue r > 0. Then
Ax) = Z a(n) ~ rx.
n<zx

Proof. Without loss of generality we may suppose that the residue is positive, r > 0,
since otherwise we consider the function F(s) + ((s) (which then has residue r +1 = 1).
Furthermore, we may assume that r = 1 simply by replacing a(n) by a(n)/r. By partial

summation,
* A(x)
F(s):s/l perEE) dzx,

resp.
@ = /Ooo A(exp(y)) exp(—ys) dy
with z = exp(y). Taking all assumptions on F'(s) into account it follows from Theorem 35
that
lim A(exp(y)) exp(—y) = 1.

y—00
Re-substituting « = exp(y) we get the assertion. e
Our presentation followed Chandrasekharan [5]. The standard reference for Tauberian

theorems is Korevaar’s book [27]. Another interesting approach is offered by M.R. Murty
& V.K. Murty [38].

APPENDIX D: ARTIN L-FUNCTIONS

We have included Artin L-functions for several reasons. Firstly, they are important
objects in Algebraic Number Theory, resp. the analytic theory of algebraic numbers.
Secondly, they are related to certain elements of the Selberg class in a rather sophisticated
way. Exploiting these deep relations, one may hope to prove that they themselves are
elements of the Selberg class too. Our approach, however, is exemplarily, and follows the
articles of Heilbronn [15] and Stark [51].

Already the definition of Artin L-functions is non-trivial. Let L/K be a Galois extension
of number fields with Galois group G. Further, let p : G — GL,,(V') be a representation
(group homomorphism) of G on a finite dimensional complex vector space V. Then the
Artin L-function is defined by

s _ e . P(Up) -
(59) L(s, p,L/K) _I;Id t (1 N(p)s> ,

where p runs through the prime ideals of the ring of integers in K, and oy is the Frobenius
automorphism; for a precise definition of Artin L-functions we refer to [38]. To give an
idea about these objects, let us briefly consider an example due to Stark. Assume that
L/Q is normal with Galois group equal to the symmetric group S3 on three letters:

G == {1, (aB), (ayB), (aB), (ay), (B7)}
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say. For instance, one may consider the cubic field K = @(2%) and its normal closure

27i

L = Q(a %) = Q(a §,7), where
1 2mi 1 ami
a =23, 6:63257 y=e3 23,

Wl

Since automorphisms of I are determined by their action on «,3 and v, we find G =
Gal(L/Q) for the Galois group of L. The splitting of primes from Q to K, and likewise from
K to L, is ruled by the Frobenius automorphisms. The conjugacy classes of the symmetric
group on «, 3,7 are precisely the conjugacy classes of Frobenius automorphisms arising
from prime numbers; that are

1: {1}a Co: {(aﬁ'}/)v (a'}/ﬁ)}a Cs: {(056)7 (O"Y)v (67)}

For each of them we associated Euler factors corresponding to the splitting of the prime
numbers. Since the field extension K/Q has degree 3, there are the following possibilities
to consider.

e The prime p splits completely into three different prime divisors; e.g., (31) = p1paps
with
pi=0GBLa—4), pr=Bla-7), ps=(31,a—20).
In this case the local Euler factor at p is of the form

_ 10 0
1\7* 1

(1——5) =det[1-{ 0 1 0 |—=
p 00 1

Obviously, the appearing matrix has the eigenvalue +1 with multiplicity three.
This Euler factor corresponds to the class Cy.

e The prime p can be factored into a product of two factors, one of first degree and
one of second degree; for example, (5) = p1p2 with

p1= (5,0 —3), pa=(50a°+3a+9).
Here we have
1\ 1\ 1\
(1__> (1__> _det(l_M_> ,
p* p*s p*

for any of the matrices

010 0 0 1 1 00
M={1 0 0 |, 01 0], and 0 01|,
0 0 1 1 0 0 01 0

corresponding to Cs. The eigenvalues of the (similar) matrices are —1 and +1 with
multiplicities one and two, respectively.

e The prime p is a prime ideal of third degree; e.g., (7) = p. In this case we have

(7)
(5) maa(owg)

for the matrices associated with Cs:

01 0 0 0 1
M = 0 0 1 and 1 0 0
1 00 01 0

Here the eigenvalues of the (similar) matrices are the third roots of unity.
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To find a more convenient notation of Artin L-functions, for any representation p of G,
we associate a character x of G by setting

x(g) = trace(p(g))

for g € G. The degree of a character is defined by degx = x(1). These characters x of
G are constant on the conjugacy classes. Two representations are said to be equivalent if
they have the same character. If p; and po are representations of G with characters x;

ols) = ( pl(()g) p:()g) )

and x2, then

also defines a representation of G with character x1 + x2, and in this case p is said to be
reducible; any representation which is not reducible is called irreducible. We shall use the
same attributes for the associated character. It turns out that any conjugacy class of G
corresponds to an irreducible representation and there are not more; of course, distinct
irreducible representations are non-equivalent (these observations are analogous to the case
of Dirichlet characters and the group of residue classes of Z). In our example we find for
the the three conjugacy classes of G:

Cy Cs Cs
X1 +1 +1 +1
X2 +1 +1 -1
X3 +2 -1 0

Hence, for G = Sg, there are three irreducible characters (in some literature ‘simple char-
acters’). For simplicity, we write L(s, x) for the Artin L-function (59). One can construct
more characters from the irreducible characters listed above, for example, a third degree
character x related to the permutation representation (o). Taking the character relations
into account we find x = x1 + x3. For the related Artin L-functions we note that

L(s,x) = L(s,x1 + x3) = L(s, x1)L(s, x3)-

For the field L = Q(«, 3,7) there are four subfields up to conjugacy: firstly, the field Q
itself, fixed by all of G, secondly, Q(v/—3) fixed by G2 := {1, (a37), (ay3)} (corresponding
to the conjugacy class Cy), thirdly, K = Q(27) fixed by Gs := {1, (87)} (corresponding to
the conjugacy class C3), and finally L fixed just by {1}.

K= Q(2%) G3 (aB7),(avB)

X3 Q(\/__3) Go

P _

Q Gal(L/Q) = S3
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We obtain the following factorizations of the associated Dedekind zeta-functions into prod-
ucts of Artin L-functions to L/Q:

C(s) =Cals) = L(s,xa),
C@(\/—_s)(s) = L(s,x1) L(s,x2)s
Gty (&) = Lo x0) Lo ),
CL(s) = L(s,x1)L(s,x2)L(s, x3)-

We observe that any of the Dedekind zeta-functions on the left-hand side is divisible by the
Riemann zeta-function. It follows from these factorizations and the analytic behaviour of
Dedekind zeta-functions that each of the involved Artin L-functions with y # x(o possesses
a meromorphic continuation to the whole complex plane; the only possible poles can occur
at zeros of other Artin L-functions. Furthermore, one can deduce functional equations
of the Riemann-type. For instance, in our example we may deduce directly from the
functional equations for the Dedekind zeta-function

a’T(s)L(s,x3) = a' *T(1 — s)L)1 — s, %)

with some constant a which can be computed by means of Algebraic Number Theory; in a
similar manner further identities hold for the other Artin L-functions. This is a remarkable
way to deduce analytic properties for L-functions! If /K is abelian, then it follows from
Artin reciprocity law that L(s,L/K, p) coincides with a suitable Hecke L-function. With
(24) we have seen a toy example of this phenomenon in §2 where the Dedekind zeta-
function to a quadratic number field split into the product of the Riemann zeta-function
and a Dirichlet L-function.

The Langlands program has emerged in the late 1960s of the last century in a series
of far-reaching conjectures tying together seemingly unrelated objects in number theory,
algebraic geometry, and the theory of automorphic forms. These disciplines are linked by
Langlands’ L-functions associated with automorphic representations, and by the relations
between the analytic properties and the underlying algebraic structures. There are two
kinds of L-functions: motivic L-functions which generalize Artin L-functions and are de-
fined purely arithmetically, and automorphic L-functions, defined by transcendental data.
In its comprehensive form, an identity between a motivic L-function and an automorphic
L-function is called a reciprocity law. Langlands’ reciprocity conjecture claims, roughly,
that every L-function, motivic or automorphic, is equal to a product of L-functions at-
tached to automorphic representations. One instance is Wiles’ et al. celebrated proof of
the Shimura-Taniyama conjecture on the modularity of elliptic curves with Fermat’s last
theorem on the integer solutions of the diophantine equation X™ + Y™ = Z™ as corollary;
see . For an introduction to the Langlands program we refer to the excellent surveys of
Gelbart [12] and M.R. Murty [35]. This is the universe of the Selberg class S and the
general converse problem whether S is built exactly from the automorphic L-functions
may be regarded as an analytic version of the Langlands program.
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