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MATRIX ULTRASPHERICAL POLYNOMIALS: THE 2 x 2
FUNDAMENTAL CASES

INES PACHARONI AND IGNACIO ZURRIAN

ABSTRACT. In this paper, we exhibit explicitly a sequence { Py} of 2 x 2 matrix
valued orthogonal polynomials with respect to a weight Wy », for any pair of
real numbers p and n such that 0 < p < n. This weight reduces if and only
if p = n/2, and the entries of P, are expressed in terms of the Gegenbauer
polynomials Cg‘. Also the corresponding three-term recursion relations are
given and we make some studies of the algebra D(W). The development of
this work was motivated by results on spherical functions of fundamental type
associated with the pair (SO(n + 1),SO(n)).

1. INTRODUCTION

The theory of special functions is closely connected with the theory of the har-
monic analysis on homogeneous spaces. Among the classical (scalar valued) families
of orthogonal polynomials with rich and deep connections to several branches of
mathematics the Jacobi polynomials occupy a distinguished role.

On the two dimensional sphere S? = SO(3)/SO(2), the harmonic analysis with
respect to the action of the orthogonal group is contained in the classical theory
of the spherical harmonics. In spherical coordinates the spherical functions are
the Legendre polynomials P, (cosf). Also the zonal spherical functions of the n-
dimensional sphere S™ are given, in spherical coordinates, in terms of Gegenbauer
(or ultraspherical) polynomials C;}(cos ), with A = ”Tfl More generally, the zonal
spherical functions on a Riemannian symmetric space of rank one can always be
expressed in terms of the classical Gauss hypergeometric functions. In the compact
case we have Jacobi polynomials.

This fruitful connection between special functions and representation theory of
Lie groups is also present in the matrix case: the matrix valued spherical functions
of any K-type are closely related to matrix valued orthogonal polynomials. In this
way several examples of matrix orthogonal polynomials with a differential operator
have been obtained by focusing on a group representation approach. See for example

The examples of matrix orthogonal polynomials introduced here are motivated
by the spherical functions of fundamental K-type associated with the n-dimensional
sphere S™ ~ G/K, where (G,K) = (SO(n + 1),SO(n)). These matrix valued
spherical functions were studied in [30] and [32].
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Given an integer n > 3, we consider the irreducible representations 7 of K with

fundamental highest weights, which are parameterized by the ¢-tuples

m,; =(1,...,1,0,...,0) € Z*, (=1[n/2], 0<p<n/2—1.
—— ——
P L—p

For each w € Ny and § = 0,1, we have an irreducible spherical function ®,, 5, of
type my,. In [31] these functions are studied in detail. The restriction of ®,, 5 to
the subgroup A, corresponding to the Cartan decomposition G = K AK gives rise
a vector valued function P,, 5, which is an eigenfunction of a certain second order
differential operator with matrix coefficients, the restriction of the Casimir operator
of G. The spherical functions {®,, s}w,s are orthogonal with respect to a certain
natural inner product among these functions.

In [25], the spherical functions of any K-type were considered in the particular
case of n = 3. See also [I7] and [I§] for the pair (SU(2) x SU(2),SU(2)), which is
closely related to the pair (SO(4),SO(3)).

In the present paper, we introduce the following sequences {Py }w>0 of 2 X 2
matrix valued polynomials on [—1, 1] whose entries are given in terms of the classical
Gegenbauer polynomials:

n+1 n+3 n+3

nLH sz (I) + ;ﬁ Owi2(x) [H»Lw Cwil(x)

P,(x) =

n+3 n+1 n+3
2

Hﬁ Cy24(2) %H Cw® (2) + Hﬁ Cy2o(z)

for real parameters p and n such that 0 < p < n.
We shall prove that { P, }.,>0 are orthogonal with respect to the weight matrix

2
_ —1_ 2%,1 prs+n-—p —nx B
Wa) = W = (LB (PEE070 o)L el
We will see that the weight reduces to scalar cases if and only if p = n/2. On
the other hand, it is easy to verify that, by changing p by n — p, the weights are
conjugated, namely

((1) (1)) Wp.n ((1) (%)* =Wnh_pn-

Now we discuss briefly the content of the paper. In Section[2we recall the general
notions of matrix valued orthogonal polynomials and some results from [15] about
the differential operators having the matrix valued orthogonal polynomials P, as
eigenfunctions. In Section [B] we introduce some background about matrix valued
spherical functions for a pair (G, K) and the particular case (SO(n + 1),SO(n)).

In Section F] we prove that our polynomials P, satisfy P,D = A, P,, where D
is the (right-hand side) hypergeometric differential operator

o= (&) 0 (&) (mearsa 1) G0

and the eigenvalue is the diagonal matrix
_(~ww+n+1)—p 0
AUJ(D)_( 0 —w(w+n+1)—n+p>'

In Section [l we prove the three-term recursion relation satisfied by {Py }w>o0-
We also consider the sequence of monic orthogonal polynomials {Q,,} and exhibit
its corresponding three-term recursion relation.
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Section [Glis focused on the study of the algebra D(W). The first attempt to go
beyond the issue of the existence of one non trivial element in D(WW) and to study the
full algebra is undertaken in [2]. In the example considered in [29], the conjecture
set forth in [2] is proved and the structure of the algebra is studied in detail. In
our case D(W) is a noncommutative algebra. We give a basis {D1, Do, D3, D4, I}
of the subspace of the differential operators in D(W) of order at most two. The
differential operators Dy and Ds are symmetric operators, while D3 and Dy are
not. We conjecture that, the full algebra D(WW) is a polynomial algebra in these
four differential operators of order two.

2. BACKGROUND ON MATRIX VALUED ORTHOGONAL POLYNOMIALS

The theory of matrix valued orthogonal polynomials, without any consideration
of differential equations, goes back to [19] and [20]. In [3], the study of the matrix
valued orthogonal polynomials that are eigenfunctions of certain second order dif-
ferential operators was started. The first explicit examples of such polynomials are
given in [12], [I1], [I3] and [5]. See also [6], [7], [8], [1], [2], [4] and the references
given there.

Let W = W(x) be a weight matrix of size N on the real line, that is a complex
N x N matrix valued integrable function on the interval (a,b) such that W (zx)
is positive definite almost everywhere and with finite moments of all orders. Let
Matn(C) be the algebra of all N x N complex matrices and let Maty (C)[z] be
the algebra over C of all polynomials in the indeterminate x with coefficients in
Maty(C). We consider the following Hermitian sesquilinear form in the linear
space Mat y (C)[x]:

b
(P,Q) = (P,Q)w :/ P(z)W(2)Q(x)* dx.

The following properties are satisfied, for all P,Q, R € Maty(C)[z], a,b € C, T €
MatN((C)

(1) (aP +bQ,R) = a(P,R) + b(Q, R),

(2) (TP, R) = T(P.R),

(3) (P,Q)" = (Q, P),

(4) (P, P) > 0. Moreover, if (P, P) =0, then P = 0.

Given a weight matrix W one can constructs sequences of matrix valued orthog-
onal polynomials, that is sequences { P, },>0, where P, is a polynomial of degree n
with nonsingular leading coefficient and (P, P,,) = 0 for n # m.

We observe that there exists a unique sequence of monic orthogonal polynomials
{Qn}n>0 in Maty (C). Moreover, any other sequence of orthogonal polynomials in
Maty (C)[x] is of the form P, (z) = A, Q. (z), for some A4,, € GLy(C).

By following a standard argument, given for instance in [I9] or [20], one shows
that the monic orthogonal polynomials {@Q,},>0 satisfies a three-term recursion
relation

IQn(x) = Ananl + BnQn(x) + QnJrl(I)a n >0,
where Q1 = 0 and A,,, B,, are matrices depending on n and not in z.

Two weights W and W are said to be similar if there exists a nonsingular matrix
M, which does not depend on z, such that

W(z) = MW (z)M*, for all z € (a,b).



4 INES PACHARONI AND IGNACIO ZURRIAN

Notice that if {P, } >0 is a sequence of orthogonal polynomials with respect to W,
and M € GLy(C), then {P,,M~'},>¢ is orthogonal with respect to W = MWM*.
A weight matrix W reduces to a smaller size if there exists a nonsingular matrix
M such that

Mmet«Wy)WiQ, for all z € (a,b),

where W7 and W5 are weights of smaller size.

In the study of matrix valued orthogonal polynomials it is important the study
of differential operators having them as eigenfunctions.

Let D be an right-hand side ordinary differential operator with matrix valued
polynomial coefficients F;(z) of degree less than or equal to ¢ of the form

s ] d

with the action of D on a polynomial function P(x) given by
PD =Y "0'(P)(x)F(x).
i=0

We say that the differential operator D is symmetric if (PD, Q) = (P,QD), for all
P,Q € Maty(C)[z]. Tt is matter of a careful integration by parts to see that the
condition of symmetry for a differential operator of order two is equivalent to a set
of three differential equations involving the weight W and the coeflicients of the
differential operator D.

Proposition 2.1 ([I3] or [B]). Let W(z) be a weight matriz supported on (a,b).
Let D = §*Fy(z) + OF1(z) + Fy as in (). Then D is symmetric with respect to W
if and only if
RBW = WE;
ARWY — LW = WE;
(BW)' — (AW + FoW = WE;
with the boundary conditions
lim Fp(z)W(z) =0, lim (Fi(z)W(z) - WF;(z)) = 0.
r—ra,b x—a,b

3. SPHERICAL FUNCTIONS ASSOCIATED WITH THE n-DIMENSIONAL SPHERES

Let G be a locally compact unimodular group and let K be a compact subgroup
of G. Let K denote the set of all equivalence classes of complex finite dimensional
irreducible representations of K; for each § € K , let & denote the character of §,
d(9) the degree of 4, i.e. the dimension of any representation in the class §, and
Xs = d(6)&s. We shall choose once and for all the Haar measure dk on K normalized
by [ dk=1.

We shall denote by V' a finite dimensional vector space over the field C of com-
plex numbers and by End(V') the space of all linear transformations of V' into V.
Whenever we refer to a topology on such a vector space we shall be talking about
the unique Hausdorff linear topology on it.

Definition 3.1. A spherical function ® on G of type § € K is a continuous function
on G with values in End(V') such that
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i) ®(e) = I (I= identity transformation),
i) ®(x)®(y) = [ xs(k™1)®(xky) dk, for all 2,y € G.

The reader can find a number of general results in [27] and [9]. For our purpose
it is appropriate to recall the following facts.

A spherical function ® : G — End(V) is called irreducible if V' has no proper
subspace invariant by ®(g) for all g € G.

If G is a connected Lie group, it is not difficult to prove that any spherical
function ® : G — End(V) is differentiable (C°°), and moreover that it is analytic.
Let D(G) denote the algebra of all left invariant differential operators on G' and let
D(G)X denote the subalgebra of all operators in D(G) that are invariant under all
right translations by elements in K.

In the following proposition (V,7) will be a finite dimensional representation of
K such that any irreducible subrepresentation belongs to the same class § € K.

Proposition 3.2. A function ® : G — End(V') is a spherical function of type §
if and only if
i) @ is analytic,
i) ®(k1gks) = w(k1)®(g)m(k2), for all ki,ke € K, g € G, and ®(e) =1,
iii) [D®](g) = ®(g)[D®](e), for all D € D(G)X, g € G.

This result is a combination of results from [27], the reader can also see Propo-
sition 2.3 in [25].

Spherical functions of type J arise in a natural way upon considering represen-
tations of G (see Section 3 in [27]). If g — 7(g) is a continuous representation of
G, say on a finite dimensional vector space E, then

P(;:/KX(;(k_l)T(k)dk

is a projection of E onto PsE = E(d). If Ps # 0 the function ® : G — End(FE(9))
defined by

®(g)a = Ps(g)a, g€ G, ac E9),

is a spherical function of K-type §.

If the representation 7 is irreducible then the associated spherical function ® is
also irreducible. Conversely, any irreducible spherical function on a compact group
G arises in this way from a finite dimensional irreducible representation of G.

The spherical functions that motivated this paper are those of fundamental K-
type associated with the n-dimensional sphere S™ ~ G/ K, where (G, K) = (SO(n+
1),SO(n)). These matrix valued spherical functions were studied in [30] and [32]
and that, due to results obtained in [31], they also corresponds to spherical functions
of the pair (SO(n + 1), 0(n)). See also [25] and [I7] for the spherical functions of
any K-type in the particular case of n = 3.

The fundamental representations m of K are parameterized by the {-tuples

m,; =(1,...,1,0,...,0) € Z*,
—— ——
p £—p

with £ = [n/2], and 0 < p <n/2 — 1.
Given a nonnegative integer w and § = 0, 1, we can consider ®,, s, the irreducible
spherical function of type m associated with the irreducible representation 7 €
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SO(n + 1) of highest weight of the form

m, = (w+1,1,...,1,6,0,...,0) € Z*,  with ¢ = [2£1].
——  ——
p—1 0 —p—1

From the representation theory of Lie groups we know that the spherical func-
tions {®@y 5}w,s are orthogonal with respect to a certain natural inner product
among spherical functions. Therefore, after an accurate conjugation, one obtains
vector-valued functions {P,, s}w.s that are orthogonal with respect to a matrix-
weight W. The very well known fact that the spherical functions are eigenfunctions
of the Casimir operator on GG makes the function P, s into an eigenfunction of a
certain differential operator D.

4. MATRIX VALUED ORTHOGONAL POLYNOMIALS ASSOCIATED WITH THE
n-DIMENSIONAL SPHERES

Motivated by the results obtained in [30] we introduce the following family of
polynomials, for w € Ny

Lot 1 A 1 A"
71 Ow® (@) + 57 Oy 2a(@) 77w Cuta ()
(2) Pu(z)=
e Cuta () 5 Gt () + b Cuta (o)
n—ptw ~w—1 n+l W n—ptw ~w—2

with parameters p,n € R such that 0 < p < n. Here C)(z) denotes the n-th
Gegenbauer polynomial

Cn(I)——n! o A+1/2 T ) x € [—1,1],
as usual, we assume C)(z) = 0 if n < 0. We recall that C) is a polynomial of

degree n, with leading coeflicient Tlfl—A,)"

Let us observe that the deg(P,) = w and the leading coefficient of P, is a
nonsingular scalar matrix
2w (ntl) 1

2 /W _ _~ ow—1/n43
(n+1)w! Id_w!2 (*5")w-11d,

(3)
where (a),, = a(a+1)...(a 4+ w — 1) denotes the Pochhammer’s symbol.

We start by proving that the polynomials P, given in (2] are eigenfunctions of
the following differential operator D.

Theorem 4.1. For each w € Ny, the matriz polynomial P, is an eigenfunction of
the differential operator

D=3*(1-2?) -0 ((m+2e+2(38)) = (5.5,).
with eigenvalue

_(—ww+n+1)—p 0
Aw(D)_< 0 —w(w—l—n—l—l)—n—l—p)'
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Proof. We need to verify that
P,D = A,P,.

We will need to use the following properties of the Gegenbauer polynomials (for the

first three see [16] page 40, and for the last one see [26], page 83, equation (4.7.27))
2

(4) (l—xz)d—C’)‘ x

L OM@) — @A+ V- O (&) + mlm + 22O () = 0,

() M) =2ACXA @)
(6)  2m+NaC(2) = (m+ 1)Chp (@) + (m + 20 = 1)y (),

@ B @) = G e o)
Also we have (combining (@) and (7))
(8) (m+ N2 (@) = A= 1)(Chn (@) = €)1 (@)

The entry (1,1) of the matrix P,D — A, P, is
(1- $2)(Pw)/1ll —(n+ 2)$(Pw)/11 - 2(Pw)112 +w(w +n+1)(Py)nn

n41 n+3\ 7 n+1 nt3\ "’/
=(1-2a% (%ﬂcﬁ m%%) —(n+2)x<%+10w2 m%%)
nt3 ntl nt3
-5 (Cw31> +w(w+n+1) (TC 2 +pJ+wa32).
From (@) we get
n+1 n+1l n+1
(1—:1:)(0 2 ) —(n+2 (O 2 ) +w(w+n+1)Cy? =0,
n+3 n+3 n+1
(1-2?) (CwEQ) (n+4)z (€, 2% ) —)(w+n+1)0,2%, =0,

and from (&)
n+3 n+5
(C 2 ) (TL + 3)sz2 .
Therefore the entry (1,1) of P, D — Ay Py, multiplied by (p + w)/2 is
n+5 n+5 n+3
—(n+3)C,2 +2C 2 + (w+n+1)C,2, =0.

This last identity follows from equation () with A = ”T% and m = w — 3.

From the previous verifications, by changing p by n — p, it follows that the entry
(2,2) of P,D — Ay Py, is zero.

The entry (1,2) of P, D — Ay Py, is
(1= 2®)(Pu)y = (n+2)z(Py)iz — 2(Pu)iy + (w(w +n+1) —n+2p) (Py)12,

if we multiply it by (p + w) we get

nt3 . nt3.\
(1-2%)(C,2 ) = (n+2)a (C,2,) +(wlw+n+1)=n+2p)C,2
) ntly n+3.
—2l (7)) —2(c,2, ).
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From @) with A = %2 and m = w — 1 we get

2
n+3 n+3. n+3

(1 —2?%) (CE)N =(n+4)z Cz) —(w—-1)(w+n+2)C,2%.
ntl. g n+3 nt3. s n+5
From (@) we have 5 (Cw2 ) =C,2%, and (szz) = (n+3)C,2;. By replac-
ing in @) we get

nt3. s n+3 n+b5
(10) 2x(cw31 ) —2(w—1)C, 2, —2(n+3)C,,2,.
Now from (B) and (@) we have the following identity

n+3 ., n+5 n+5 n+3

x(CE) = (n+3)C,2% =(n+3)C,2, —(w+n+2)C,2% .
Thus ([I0) becomes
n+5 n+5 n+3

2(n—|—3)(C’E - C’E) —2Q2w+n+1)C, 2%, =0,
which follows from (B) with A = 242 and m = w — 2.

To complete the proof of the theorem we need to verify that the entry (2,1)
of P,D — AP, is zero. This leads us to made exactly the same computation by

changing p by n — p. (I
We introduce the weight matrix
2
. - o221 (pT +n—p —nx _
(11) W(z) =Wy, =(1—2°)2 ( o (n—p)x2+p> , w€e[-1,1].

Proposition 4.2. For n # 2p the weight W (x) does not reduce to a smaller size.

Proof. Assume that there exists a nonsingular matrix M such that

MW (z)M* = (wléx) w;éx)) .

The entry (1,2) of MW (x)M* is
a? (pm11m21—|—(n—p)m12m22)—(mumgg—l—mlgmgl)naz—l—(n—p)mumgl—l—pmlgmgg.

From here we see that

(12) mi1maoz + miamar = 0,
(13) pmiimar + (n — p)mizmaz = 0,
(14) (n — p)mi1may + pmiamag = 0.

By combining equations (I3]) and ([I4]) we have that (n—2p)mi1ma; = 0. If p # n—p,
by using ([[2)) we obtain that det M = 0, which is a contradiction. O

Remark 4.3. For n = 2p the weight matrix W reduces to a scalar weights. In fact

by taking M = ( 1} 1) we have that

. ) n_q (1 — 117)2 0
MW (z)M* =2p (1 —2x°)2 ( 0 (1+2)2)
Remark 4.4. We have that the weight matrices W, ,, and W,,_, , are conjugated
to each other. In fact, by taking M = (9 }) we get

MWy M* =Wy
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From Proposition 2.1l and following straightforward computations, we can prove
the following result.

Proposition 4.5. The differential operator

D=*(1-a%) -0 (mn+2e+2(33)) - (5.2,)

is symmetric with respect to the weight function W (x).

Remark. Let us mention that the result in Proposition [£5, for group parameters p
and n, is also a direct consequence of the representation theory of Lie groups. This
is because the Casimir operator is symmetric with respect to the L2-inner product
for matrix valued functions on G, and the differential operator D and the weight
W are closely related with them.

In the scalar case, if D is a symmetric differential operator with respect to W
and {P,} is a family of eigenfunctions of D with different eigenvalues, then the
sequence { P, } is automatically orthogonal with respect to W. In the matrix case
this is not always true because

does not imply that (P,, P,,) = 0, for n # m.

Theorem 4.6. The matriz polynomials { Py }w>o are orthogonal polynomials with
respect to the matrix valued inner product

1
(P.Q) = / P(a)W (2)Q(x)" do.

-1
Proof. We know that P, is a polynomial of degree w and its leading coefficient is
a nonsingular diagonal matrix (see @))). We only have to verify that for w # w’,
(P, Py )w = 0. Since P, is an eigenfunction of the differential operator D, which
is symmetric with respect to W, we have that

Aw<Pw7Pw’> = <PwD7Pw’> = <Pwan/D> = <Pwan/>Aw/

Therefore, for 4, j = 1,2 we have Ay ;(Puw,i, Pw ;) = A’ j{Puw,is Puwj), where Py ;
is the i-th row of the matrix polynomial P,,

w1 =—-ww+n+1)—p, Apy2=-ww+n+1)—n+p

and
1

<Pw,i7Pw’,j> = / Pw)i(l') W(,T)P;}/J(JJ) dx € C.
—1

It is not difficult to verify that Ay ; # Aw j, for w # w’ or ¢ # j. Then we have
(15) (Py.iy Py j) =0 for w#w ori+#j.
Therefore (P,,, Py) = 0, for w # w’, which concludes the proof of the theorem. [

Remark 4.7. When we consider the polynomials P,, given by the spherical functions
on S™ ~ SO(n + 1)/SO(n), the parameters p and n are integers such that 0 < p <
[n/2]. The sequence defined by (2] has a larger set of parameters.

For the case p,n € Nand 0 < p < [n/2], the §-th row of P, is a scalar multiple of
the polynomial P, 5 related to the the spherical function ®,, s (see last paragraph
in Section B)). In fact, from Theorem (1] we have that the J-th row of P, is a
polynomial eigenfunction of the differential operator D and from [30, Theorem 6.3]
we know that such eigenfunction is unique up to scalar.
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5. THREE-TERM RECURSION RELATION

The main result of this section is the obtaining of a three-term recursion relation
satisfied by the sequence of orthogonal polynomials studied in this paper. We give
a proof of it by using some properties of the Gegenbauer polynomials.

We would like to point out that it would be also possible to obtain this kind
of result, for integers parameters p and n, from the representation theory of Lie
groups. See for example [22] and [24] for the cases of the complex projective plane
and the complex hyperbolic plane.

Theorem 5.1. The orthogonal polynomials { Py }w>o satisfy the three-term recursion
relation

x Py(x) = AwPy—1(x) + ByPy(x) + Cyp Pyt (),

where

(ntw) (p+w—1)(n—ptw+1) 0

A, = (pF+w)(n—p+w) w+n+1)

v 0 (ndw)(p+w+1)(n—p+w—-1) | »
(ptw)(n—p+tw)Rw+n+1)
0 s

Bu = —(n—p) ety ) Cuw = 2wujrtl];rl I

(n—p+w)(n—p+w+1) 0

Proof. We recall that the three-term recursion relation for Gegenbauer polynomials
C (z) is
(16) 2(m + NaCo (z) = (m + 1)Ciy 1 () + (m +2X = 1)Cin, 1 (2).
Let A = "TJF?’ To verify the (1,1)-entry of the equation in the statement of the
theorem we need to prove that
2 (700 @) + O a(@))

a = (REERETEe) (A CUTke) + iaCl-a(r)

)03—1(33)

p
- o) prwtD(n—ptw
ot (O @) + i O ().

From (I6) we have

nt+l n+1 n+1
Quw+n+1)zCy? () =(w+1)C,2, (z) + (w+n)C,2, (x),

nt3 nt3 n+3
Quw+n—1)xC,2 (z) = (w—-1)C,2% () + (w+n)C, %5 (z).

By replacing these identities in ([I7), it is enough to verify that
(wtn) (_1 + (p+w—1)(n—p+w—l)> C{}]:ll (2)

() CwtntT) (oFw)(n=ptw)
w1 w—1 A
18+ (_(Hw)(p*wil)(”*p*w) T @urn D FwrD (ZDer)(Qernfl)) Co(x)
(n+w) n—ptw—1 1 A B
+ ptw (((2W+nfl)(n—p+w) - 2w+n—1) Co_3(x) =0.

Thus, by using the relation (§) among Gegenbauer polynomials

(19) O (@) = a5t (On(@) = Cp 5 (@)

m4+A—1
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with A = "TJF?’ and m = w— 1, the identity in ([I8) follows after some straightforward
computations.

Now we will verify that the (1,2)-entry of the equation in the statement of the
theorem holds. We need to verify

(20)
by (n+w)(n—p+w+1) by
515 2 Cu1(®) = Graseetnt e Cu—2(®)
1 A—1 A w+1 A
~ GrmtrE (100 (@) + i Co2@)) + i Ca @)

with \ = 243

P
From ([4) we have =5 Cy™ " =
@D is

(n+w)(n—p+w+1) P ((n*p+w)7(2w+n+1)) A
((P+w)(2w+n+1)(n—iﬂ+w) + (p+w)(p+w+1)(2w+n+1)(n—p+w))C _2(ZE)

m (C —C2_1). Thus, the right-hand side of

( p+(ptw)(w+1) )
+w)(2w+n+1) (p+w+1)

C)\ ( ) n4+w41 C)\

A
5 o eorr Co-2(®) + Grogerern Cu (@)

From the recursion relation (I6) with A = 242 and m = w — 1, we obtain

n+w-+1 A
o @etntn Cu—2(®) + GroygerarD

which proves (20).

For the entries (2,2) and (2, 1) we proceed in a similar way, by observing that we
need to do the same computations that in the cases (1,1) and (1,2) respectively,
changing p by n — p. This concludes the proof of the theorem. 0

Cola) = H—wxcfl} 1(@),

The monic sequence of matrix orthogonal polynomials is given by

wl(n +1)
—P w > 0.
+1 wH -
2v (2,
From Theorem [5.J] we easily obtain the corresponding recursion relation for the
monic sequence of orthogonal polynomials.

(21) Qw =

Corollary 5.2. The monic sequence of orthogonal polynomials {Q.} satisfies the
following three-term recursion relation

wa(JJ) = ngw—l(‘r) + Ewa(‘r) + Qw-i—l(w)a

where
N w(ntw)(prw—1)(n—ptw+t1) 0
A = (p+w)(n—p+w)(nt+2w—1)(n+2w+1)
w 0 w(n+w)(ptw+1)(n—p+w—1) ’
(p+w)(n—p+w)(n+2w—1)(n+2w+1)
_ 0 I
B, = (pFw)(p+w+1)
w — (nfp) 0 :
(n—p+w)(n—pt+w+1)

We conclude this section with the first polynomials of the sequence of monic
polynomials {Q }w. We recall that our original polynomials P, are a multiple of

Quw, see ([2I)).
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T 1
QO = Id7 Ql = ( 1 p;l) )

n—p+1
2 _ P 2
T et Mk
QQ = 5 )
2 2_ _ p
nprrQ:I; € (n+3)(n—p+2)
3 3(pt+l) 3 .2 3
T sy )Y 3L T T3
Q3 =
3 2 3 3 _ _ 3(m—p+l)
npi3’ T mm—pt3) T T A5 (n-pi3) "

Remark 5.3. Observe that from ([[H) and @I)) we have that (Q.,, Q. ) is always a

diagonal matrix. Moreover one can verify that

B B 7T2[w/2]r(n/2+1+[w/2]) [(w=1)/2]
(Qu, Qu) = 1Qull® = wl(n+ 2w+ 1)I'((n+3)/2) I£I1 (n+2k+1)

p(n—ptw+1) 0
X ptw
0 (n=p)(ptw+1) | -

n—p+w
6. THE ALGEBRA D(W)

The theory of matrix valued orthogonal polynomials, without any consideration
of differential equations, goes back to [19] and [20]. The study of the matrix valued
orthogonal polynomials that are eigenfunctions of certain second order differential
operators started in [3].

We consider right-hand side differential operators

S
- d
22 D= 0'F; 0= —
( ) Z 7 (./L'), dx 9
=0
with the action of D on the polynomial P(x) given by

(PD)(a) = >0 (P)(a)F(@).

We consider the following subalgebra of the algebra of all right-hand side differ-
ential operators with coefficients in Mat (C)[z],

D={D=>%7_,0F : F; € Maty(C)[z],deg F; < i}.

Proposition 6.1 ([15], Propositions 2.6 and 2.7). Let W = W (x) be a weight matriz
of size N and let {Qn}n>0 be the sequence of monic orthogonal polynomials in
Maty (C)[z]. If D is a right-hand side ordinary differential operator of order s, as
in 22), such that

QnD = ApQy, for all n >0,
with A, € Maty(C), then F; = Fi(z) = Zi‘:o @/ Fj, F} € Maty(C), is a polyno-
mial and deg(F;) < i. Moreover D is determined by the sequence {Ay}n>0 and
(23) A, = Z[n]lFZ, for all n >0,

i=0



MATRIX ULTRASPHERICAL POLYNOMIALS: THE 2 x 2 FUNDAMENTAL CASES 13

where [n]; =n(n—1)---(n—i+1), [n]o = 1.
Given a matrix-weight W the algebra
DW)={DeD: P,D=T,(D)P,, I',(D) € Maty(C), for all n > 0}

is introduced in [I5], where {P,},>0 is any sequence of matrix valued orthogonal
polynomials with respect to W.

We observe that the definition of D(W') depends only on the weight matrix W
and not on the particular sequence of orthogonal polynomials, since two sequences
{Py} and {Q,} of matrix orthogonal polynomials with respect to the weight W
are related by P, = A, Qy, for some invertible matrices A,, for w > 0 (see [15]
Corollary 2.5]).

Proposition 6.2 ([15], Proposition 2.8). The mapping D +— T',(D) is a represen-
tation of D(W) in CN for each n > 0. Moreover the sequence of representations
{Tw}n>0 separates the elements of D(W) .

We remark that the result in Proposition [6.2] says that the map
D (FQ(D),Fl(D),FQ(D), ...... )

is an injective morphism of D(W) into Maty(C)Yo, the direct product of infinite
copies, indexed by Ny, of the algebra Maty(C). In particular, if Dy, Dy € D(W)
then

(24) Dy =Dy ifandonlyif T,(D;)=T,(D2) foralln >0.

For any D € D(W) there exists a unique differential operator D* € D(W), the

adjoint of D in D(W), such that
(PD,Q) = (P,QD"),
for all P,@ € Maty(C)[z]. See Theorem 4.3 and Corollary 4.5 in [I5].

The map D — D* is a *-operation in the algebra D(W). Moreover it is showed
that S(W), the set of all symmetric operators in D(W), is a real form of the space
D(W), ie.

DW)=8W) ®iS(W),
as real vector spaces. In particular to determine the algebra D(WW) it is equivalent
to determine all symmetric operators S(W).
In particular we have

Corollary 6.3. A differential operator D € D(W) is a symmetric operator if and
only if

Aw(D)<Qw7 Qw> = <Qwa Qw>Aw(D)*
for all w > 0.

Also it is worth to recall the following important result from [15].

Proposition 6.4 (Proposition 2.10). If D € D is symmetric then D € D(W).

Starting with [12], [10] and [5] one has a growing collection of weight matrices
W for which the algebra D(W) is not trivial, i.e. does not consist only of scalar
multiples of the identity operator. The first attempt to go beyond the issue of
the existence of one non trivial element in D(WW) and to study the full algebra is
undertaken in [2]. In the example considered in [29], the conjecture set forth in [2]
is proved and the structure of the algebra is studied in detail.
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In this section we discuss some properties of the structure of this algebra for our
weight matrix

n 2 _ _

W(:v)z(l—x?)gfl (p:v _—i—n;b p (n—p;lxxz—kp) , 2p # n.

We observe that in this particular case, our polynomials { Py},

1~ 1 A 1 A
n+1 C’W (I) + prw Ow72(x) pFw wal('r)
Py(z) =
1 = 1~ 1 =
n—ptw C’w—l(‘r) n+l C'w (JI) + n—ptw C’w—2 ‘T)

and the monic orthogonal polynomials {Qy }w,

wl(n+1)
Qu = i P
2 (*3%).,

have the same sequence of eigenvalues, since they are related by a scalar multiple.

First of all we have that the space of differential operators of order zero in
D(W) consists of scalar multiplies of the identity operator. In fact, a differential
operator of order zero having the sequence of monic orthogonal polynomials {Qq }
as eigenfunctions, is a constant matrix L such that

QuL = Ay Qu, for all w > 0.

From (23) we have that A, = L for every w. When w = 1, we obtain that the
entries of L satisfy Ly; = Lag and (p 4+ 1)L12 = (n — p + 1)Lao;. Thus, looking at
the case w = 2 we get (n — 2p)L12 = 0. Therefore we obtain that any operator of
order zero L in D(W) is a multiple of the identity matrix.

Now we will study differential operators of order at most two in the algebra
D(W). Let {Q.} the monic sequence of orthogonal polynomials with respect to W
and D a differential operator in D. From Proposition 6.1l we have

D = 9(Axx* + A1z + Ag) + O(Bix + By) + C € D(W)
if and only if
(25) QuwD = (w(w —1)As + wB; + C’)Qw for all w > 0.

Here Ay, Ay, A, B1, By, C are 2 x 2 complex matrices. Let us denote @, ; the coef-
ficients of the polynomial Q,,, i.e: Q. = Z;;O Qu j 27, with Q. = I. Therefore
D € D(W) if and only if
I3 = DQu,jA2 +j(j + 1)Qu j+141 + (G + 1) (I + 2)Qu,j+240 + jQu,; B1
+ (j + 1)Qw7j+1B0 + Qw_,jc - (w(w - 1)A2 + w31 + O)waj =0

forallw>0and j=0,...,w. For j =w —1 and j = 0 we obtain

(26) (w—l)(w - 2)Qw,w71A2 + U)(’LU - 1)141 + (U) - I)Qw,wlel + U)BO
+ Qw,wflC — (w(w — 1)142 +wBy + C)Qw)wfl =0
and

(27) 2Qw72A0 + Qw7130 + Qw70 C — (’LU(U) — 1)A2 + ’LUBl + C) Qw70 = 0
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Now from (26]) considering w = 1 and w = 2, and from (27)) considering w = 2,
we obtain

By = (B1+C)Q1,0 — Q1,0C,
241 = (242 +2B1 + C)Q2,1 — Q2181 — 2By — Q2,1C,
240 = (242 +2B1 + C)Q2,0 — Q2,1 By — Q2,0C.
From the expression of Q1 and Q2, given at the end of Section Bl we know that

0 1 0 2 _1 0
Q0= ( 1 pH) Q21 = ( 2 p62) Q20 = (n_+p3) (p62) 1 )

n—p+1 n—p+2 (n—p+2)

By using ([2I)) and (@) it is easy to see that

0 _w_
Quw—1= ( w pJ””) , for all w > 1.

n—p+w
To determine the matrices Ay = (a;5), B1 = (b;j) and C' = (¢;5), we first combine
the entries in the diagonal of the matrix (26]) to obtain

(n+p+2)bar —2c21)  (p+2)(p+w)(2c12 — (1 — p)bia)

2 e = p+1 (n—p+1)(n—p+2)(n—p+w)’
2n + 2ags = ((2n—p+2)biz —2c12)  (n—p—+2)(n —p+w)(2c — pbay)
h n-p+1 o+ D+ 2)(p+ w)

Since these identities are valid for any w > 3 we conclude that, if n £ 2p then
2012 = (n —p)b12 and 2021 = pbgl.
Therefore
b21 = 2(]? + 1)@21 and b12 = 2(7’L —p+ 1)&12.
By combining the non diagonal entries of (28] we have
(n —2p+ 1)((” + 2)&11 — bll) = (n —2p — 1)((” + 2)&22 — bgg)
and
c11 —c22 = (p+1)(p + 2)azz — p(p + 1)air + pbi1 — (p + 1)baa.
Equation (1) with w = 3 says that
2Qs3,2A0 + Q3,1Bo + Q3,0C — (6424 3B1 + C)Q3,0 = 0.

Now, by using the expression of Q3 = 2% + Q3 22% + Q312 + Q3,0 given at the end
of Section [l it is not difficult to see that

b1 = (n + 2)aqs.
Thus
bao = (n + 2)ass,
c11 —c22 = p(n —p+ 1)ai — (p+1)(n — p)ag.
Therefore, we have obtained that for any differential operator of the form
D = 0(As2* + A1z + Ao) + O(Bix + By) + C € D(W)
the matrices As, A1, Ag, B1, Bgy, C are given by
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( a12) A — (a12 —az a1 — a22> Ao — <a22 a21>

2 — B 3 — )

a22 G22 — a1l Q21 — G12 a2 aiy

TL+2 all 2(n—p+1)a12
p + 1 a21 (n + 2)@22 ’

( pas + n—p+2)a12 (n—p+2)an — (n—p)am)

—pair + (p+ 2)aze (p+2)azi — (n—p)aiz
C - pn—p+Da1+c (n—p)n—p+1a
p(p+1)az (p+1)(n—pag+c)’

for some ai1, a2, as1,as9,c € C.

Theorem 6.5. The differential operators of order at most two in D(W) are of the
form
D = 9*Fy(x) + 0F1(z) + Fy,

where
Folz) —a? (an a12) s (a12 —az  an - (lzz) n (azz (l21> 7
az1 a2 G22 — 11 A21 — @12 a12 Al
(n+2)ain  2(n—p+1)ai
F =
(28) 1(z) =2 <2(P + 1)as (n 4+ 2)ass
T <—p a1 +(n—p+2)aiz (n—p+2)ai —(n— p)a22>
—pai1 + (p+ 2)a22 (p+ 2)G21 - (n —p)aiz ’
g (P(n=p+Dan+c (n—p)(n—p+1as
0 p(p+1)az (p+1)(n—plaz +c

with a1y, a1z, a1, ase, ¢ arbitrary complex numbers.

Proof. We have already proved that any differential operator in D(W) is of this
form for some constant a1, a12, a1, aze, ¢ € C. Let Dy be the complex vector space
of the differential operators in D(W) of order at most two. Then we have that

dim Dz S 5.

From Proposition 211 it is not difficult to see that a differential operator D of
order two, with coefficients given by (28], is a symmetric operator if and only if

(29) a11,0292,C € R and pagr = (n —p) aia.

From Proposition any symmetric operator D € D belongs to the algebra
D(W). Thus there exists (at least) five linearly independent symmetric operators
in D(W). Therefore

dim DQ = 5.

This concludes the proof of the theorem. 1

Corollary 6.6. There are no operators of order one in the algebra D(W).

The elements of the sequence {Q,, }., are eigenfunctions of the operators in D(W)
and they satisfy

QuwDj = Ay(D;)Qu, for j =1,2,3,4, w > 0.
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We explicitly state the eigenvalues A, using formula (23)): for a differential operator
D = 82F2 —+ 8F1 + F() we have

Ay(D) = w(w — 1)F +wF} + F,

with F (i=1,2,3) the leading coefficient of the polynomial coefficient F; of the
differential operator D. Therefore we get

Corollary 6.7. Let D € D(W), defined as in Theorem [623 The matriz monic
orthogonal polynomials {Q }w satisfy

QuD = Ay (D)Qu, forw >0,
where the eigenvalue A, (D) is given by

_((wHp)w+n—p+Dan+ec (wtn—p)w+n—p+1la
Aw(D)‘( (w—i—p)(w—i—p—i—l)azlll (w+n—p)(w+p+1)a2z+12>'

Now we introduce an useful basis for the differential operators of order at most
two in the algebra D(W): the identity I and

2
oz x (n+2)x n—p+2 pn—p+1) 0
Dy =0 <_w _1>+a< - P >+( ; 0.

et (2 )0 A6 e )

oz -1 —p 0 0 0
Dy =9 <x2 x>+a<2(p+1):1c p+2>+<p(p+1) o)’

o (5 Z) o Yo ),

The corresponding eigenvalues are
Ay(Dy) = ((Anlein=ptD 8) - Ayu(D2) = (0 (wtpt 1) wn—p))
Ay(D3) = ((w+10)(10u+p+1) 8) ) Ay(Dy) = (8 (w+n_p)(g)+n_p+l)) :
Remark 6.8. The differential operator D appearing in Theorem [T is
D=-Dy—Dy+p(n—p)l.
We observe here that, for example,
Ay (D1)Aw(Ds) # Ay (D3)Ay (D),  for all w > 0.

From Proposition [6.2] we have an isomorphism from the algebra D(WV) into the
algebra Maty(C)No. This isomorphism is clearly useful in any attempt to get the
structure on our algebra. By using this we obtain that Dy D3 # D3D;. In particular
we get the the following result.

Corollary 6.9. The algebra D(W) is not commutative.
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By following the same argument, through the sequence of eigenvalues, we obtain
the following relations among the differential operators Dy, Dy, D3, Dy.

D1Dy =0, DyD; =0, D D3=0, DyD;=0,
DyDy =0, D3Dy =0, D3 =0, D? =0,

D3Dy = DyDs — (n—2p)Ds,  D1Dy = DyDy — (n — 2p)Dy,
D3Dy = D2 — (n — 2p) Dy, DyD3 = D? + (n —2p)D;.

With the help of symbolic computations, we prove that there are no operators
of order three nor of order five in the algebra D(W) and we see that the vector
space of differential operators in D(W) of order four, modulo differential operators
of lower order, has dimension four. All of these operators are generated, in the
algebra sense, by the four second order differential operators Dy, Ds, D3 and Dy
given earlier. We interpret here that the D° = I is the identity.

Conjecture 6.10.

(1) There are no operators of odd order in D(W).
(2) The second order differential operators in D(W') generate the algebra D(W).

For a differential operator of order two D = 0?°F, + 0F, + Fy € D(W), the
explicit expression of the adjoint operator D* is

(30) D* = 9*Gy + 0G1 + Gy,
where the polynomials G;, i =0, 1, 2, are defined by

Go = (Qo, Qo) Ao (D)*(Qo, Qo) ',

G1 = (Q1,Q1)M(D)*(Q1, Q1) ' Q1(z) — Q1(z)Go,

G2 = (Q2,Q2)A2(D)*(Q2,Q2) ' Q2(x) — 9(Q2)G1(x) — Q2(x)Gho,
see Theorem 4.3 in [I5].

Also from Corollary 4.5 in [I5], we obtain the expression for the corresponding
eigenvalues for the adjoint operator D*, in terms of the eigenvalues of the differential
operator D and the norm of the polynomials Q.,,

Aw(D*) = <Qw7 Qw>Aw(D)*<Qwa Qw>_1, for all w.

By using the expressions of (Q;, Q;), given at the end of Section Bl and making
straightforward computations, we can verify that

DT = Dl, D; = Dg, and D; = nLipD4
Therefore
E3 = (n—p)D3 +pD, and B4 =i((n—p)Ds — pDy)

are also symmetric operators, because for any D € D(W) the operators D + D*
and ¢(D — D*) are symmetric operators.
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Explicitly,
E3 = (n—p)D3 +pDy
S T e B P AR v
N (p(p . 1())(n i p(n —p)(g -p+ 1)) ,
—iE; = (n— p)Ds — pDy4
S ne T B G A A
- (p(p + 1())(71 -p) e p)(()n o 1)> '
The corresponding eigenvalues are
A (Bs) = ((n—p)(p+1?))(p+w+ 1) p(n_p+w)(g_p+w+ 1)> :
M=) = (0w o TTY)

Remark 6.11. In [I7] the authors study matrix valued orthogonal polynomials re-
lated to spherical functions on the group (SU(2) x SU(2),SU(2)). Particularly, in
Subsection 8.3 an example of a weight matrix of size 3 x 3, that reduces to smaller
size, appears. The irreducible 2 x 2 block is

422 +3 32z
le(l—;v)l/2(1+x)1/2<3\/§w x2+2), ze[-1,1].

It is a particular case of the examples considered in the present paper. In fact let
n=3and p =1 in the weight W, given in (Il

2 42 —3x
Wi = (1—a%)"/? < —3z 222+1)°

Therefore, with L = (_01 \65) we get Wy = LWy 3L*.

Let us denote ﬁl, ﬁg and ﬁ3 be the differential operators Dy,Ds and D3 appear-
ing in Theorem 8.1 in [I7]. Then we have the following relations with our operators
Dy, D3,D3 and Dy forn =3 and p =1

Dy =L(Dy+ Dy —3)L™', Dy=LDyL™", Ds=—\2L(2Ds+ Dy)L ™"
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