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This paper treats the class of sequences {a,} that satisfy the recurrence relation
a, = ZZ=0 (— D*(Dapd™*,with d constant, and shows that there is a relationship
between the odd and even terms of {«,} that involves the coefficients of tan(z),
namely

n 2n + 1
Aaps1 = ’—]k(
- kZ( ) %t 1

A combinatorial setting is then provided to elucidate the appearance of the
tangent coefficients in this equation.

) Tud/2) ™ gy .

I. INTRODUCTION

Two sequences f;, and g, are binomial inverses (cf. [4, p. 43]), if they
satisfy the inverse relations

" n o n
n = — 1)k - n T —1)* Jr s 1
fo= 2 D) (e 2.0 (%) M
or equivalently,

fn = (] '“g)na 8n = (1 ,,,f)n’ fn tfn , and g" = gn. (2)

The sequence £, is then its own binomial inverse if it satisfies

o= MDA == 3)

for some constant d, so that

b= Y (0 () adr ~ @~ @, a=a, @
T=0

then a, is self~inverse of degree d.
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With the sequence T defined by ™ = tan(t), T = T,,, Eq. (4),
with d = 28, implies the relations between even and odd terms:

i 2n + 1 X
dopiq = (—D* T, 624 q,, o0
2n+1 ]Zo (2k + 1) % 2n—2%k

and

azn+i_l_

n—1
R I N ,zo (= 1" (Zk +1

on )[ T, 52+

’fzm‘:—]] @an--gk-1 -

It is shown that every self-inverse sequence of degree d satisfies the
generating function relation

e — pdto—at

and as a consequence 4,, is self-inverse of degree d = 23 if it satisfies the
relation

5 )

for any arbitrary sequence f;, .
The particular instance
n
=2 (Zk)’

k=0
the number of even-subsets of a set, which satisfies the weighted inclusion-

exclusion identity

2n + 1
€ant1 = ("‘1 k Tion—st »
2n+1 kgo ) (2" . 2k) k¥ 2n—2k

is used to determine the 73’s combinatorially as the weightings required
to insure that every even subset is counted exactly once in this summation.

The paper concludes with a number of examples of self-inverse sequences
to give the subject some concreteness.

II. CHARACTERIZATION OF THE ODD TERMS

Expanding Eq. (4) and solving for the highest coefficient yields, for

n = 0(1)3:
Qg = G, no information,
a, = day, — ay 2a; = da,,
a, = d*ay — 2da; + a,

as = d%ay, — 3d%x + 3day — a,

no new information,
4a, = —d®ay + 6da, .

Vv
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In general Eq. (4), the defining identity for self-inverse sequences, imposes
no constraints on the even terms but completely specifies the odd terms.
Setting = 28, these specifying equations can be written, for n = 1(2)7,
as:

a; == 1 (l) ody ,

ay = (0) o%ay + 1 ( )8ao,

— 16 )Sdao 42( )83(,22 1 (i) Say

7
4

2
ES

ay = —2T2 ((7)) ay |- 16 (;) Sy — 2 ( ) S, + 1 (g) Sag .

The numbers 7y =1, 77, =2, T, = 16, Ty = 272,... [5, Sequence 829]
appearing in these equations are the coefficients of

tan(r) = Y T.t2/Q2n 4 DL (5)
n={
This result is stated generally as

THEOREM 1 (MAIN THEOREM). If a, is self-inverse of degree d = 26,
then with T, defined by Eq. (5),

don1 = Z {(—DF (gz 4}_ i) T 8%+ ay, o, . (6)
Proof.
a* = (d—ay, d=aq
= et = pld-a)t
= et o plo-at d =128
o ittt o pidtg—int = i
- cos(8) sinfar) = sin(8f) cos{(dr),
= sinf{ar) = tan(8t) cos(at). (7}

Equating the coefficients of 127+ in (7) gives Eq. (6).

COROLLARY.

Yy et ®)
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Proof. Eq.(8)is Eq. (6) with @, = & = 1; and for this sequence Eq. (4)
reduces to 1 = (2 — D*. In addition, Eq. (7) reduces to sin(?) =
tan(t) cos(t).

1. EXTENSIONS AND INVERSE OF THE MAIN THEOREM

Let b, satisfy
= — Z (0 (G ) budrs = —d— by, b= O

Then b, can be said to be anti-self-inverse since Eq. (9) differs from
Eq. (4) only by a minus sign.

THEOREM 2. If b, is anti-self-inverse of degree d = 23, then with T,
defined by Eq. (5),

i 2n+ 2
Bonis = 3 (—1)F L S, 10
2n+ IZO( ) (2k+1) 2n+1-2k ( )

Proof. Paralleling the proof of Theorem 1,
b = —(d — by, b* = b,

= eiblemidt o _ gibtgibt 2= —1
= —cos(dt) cos(br) = sin(d¢) sin(bt),
= " —cos(bt) = tan(ét) sin(bt).

COROLLARY. [If b, satisfies

= 3 0 () e

for any positive integer r, then with d = 28,

b= § 0 (5 ) T,
Proof. Relabeling b, — b,,, and 0 —b;, i = 0(1)r — 1, makes b,
self-inverse for r even and anti-self-inverse for r odd.
The following theorem is the inverse of Theorem 1, and defines the
even terms of a,, as sums over the odd terms. It is included for completeness
although it is perhaps too cumbersome to be of computational value.
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THEOREM 3.  If a, is self-inverse of degree d = 25, then with T, defined
by Eq. (5),

T 2 T
Gon = 2n+ 13 | ]:Z:,O( 1) (2]{ + 1)[2270+2 — l] Ay _op1 -

Proof. From Eq. (7), cos(at) = cot(ét) sin(ar). The coefficients of
cot(z) are expressed here in terms of the T’s rather than the more usual
Bernoulli numbers.

IV. CHARACTERIZING SELF-INVERSE FUNCTIONS

THEOREM 4. (Exponential generating function): The sequence a, is
self-inverse of degree d if and only if

edt = elte=at g% =g, (11)
»n r
Proof.
ar = (d — a)”, at = ay,
o et pld—a)

— edtemauﬁ~

CoOROLLARY. Fvery generating function of the form e® = e [(%), with
L(t) any formal Laurent series, is the generating function of a self-inverse
sequence of degree d = 28.

Proof.

0o = eOL(£?),
o eBlemal — RS ((—)2)

— L (%) = o™,

which is Eq. (11).

TueEOoREM 5. (Comstruction): If f,, is any sequence of numbers, and & any
en

N
Ca
=5
Ly
Sy
g
ek
o
o
Pl

a= 3 (VA m =] (12

k=0

is self-inverse of degree d = 28.

582af21/2-3
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Proof. 1If

a, = é (2’1,() S 0", m = [n/2],

then
e” = e cosh(ft), [f¥*=f;,

and the result follows by the Corollary to Theorem 4 above.

V. COMBINATORIAL SETTING OF 7,

Let a, and f,, be any two sequences related by Eq. (12) with 6 = 1, i.e.,
let a, and f,, satisfy

m

4y =Y (2k) for  m=Tn2]. (13)

k=0

Similarly define the particular instance

m

en= 3 () fe=1 (14)

Then e, counts the number of even cardinality subsets of an # element set.
Letting T, be defined by Eq. (8), then,

2n + 1

Cawit = i( 2% )

Te=0

_ Z (2n -+ l)[Z (—1y (211;;le: 2k) T,-]

=5 v Gy n[E )

Te=0

=T 0 (5 ) v as)

which is an instance of Theorem 1 with 6 = 1.

The bottom equation in (15) asserts that the number of even cardinality
subsets of an odd cardinality set U can be found by inclusion-exclusion
on the even-subset enumerators of the even subsets of U, appropriately
weighted. The weighting factors T3, , defined by Eq. (8), ensure that every
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even cardinality subset of U is counted in the inclusion-exclusion (15),
exactly once.

The same method applied in general to a, , defined in Eq. (13) with f,
arbitrary, yields

doni1 = Z (2” )ﬁc

L0 AR v (3107 7]
L) 5 )]

o 2 1
= Z (*I)J (2’71_2 ) Tjaan—fzj,

which is Theorem 1 with é = 1, and which provides an alternative proof
of the theorem.

Interpreting the numbers 73, as weighting factors for an inclusion-
exclusion enumeration of even cardinality subsets of an odd cardinality
set, Eq. (15), defines the 77’s combinatorially. This is the way I originally
computed their values. Only after 1 found, by using Sloan [5], that they
were the coefficients of tan(¢) did I search for a proof of this fact using
generating functions.

VI. EXAMPLES OF SELF-INVERSE SEQUENCES

1. a, == k», k constant, [d = 2k]. e* = &bt

2. ay=1, a,=2"%" n>=1 [d= 2k]. The case k = 1 is the
sequence e, defined by Eq. (14): ¢, = 34 (0) = 271 % = | 1 %)) —
e¥ cosh(ki).

3. a, = (4,), k an integer. [d = 2]. €% ~ e%?/(2k)!. Replacing 2k
by 2k -+ 1 makes the sequence anti-self-inverse.

4. g, = ¢y 5 = CEID/(n + 2), the Catalan numbers [4]. {d = 4].
Equation (4) for the Catalan numbers is due to Touchard [6] (cf. also
[4, p. 156]), and was my starting point for this work.

5. a,=m, = 2 () cr, ¢ the Catalan numbers (m is for
Th. Motzkin). [d = 2}. These numbers, as posed in [1], are the number of
ways of selecting » points on a circle either singly or in noncrossing pairs.
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6. @y =1,0,= Qg+ —"1)a,_ 5. [d=2] e = et+t"22) The
first terms are 1, 1, 2, 4, 10, 26, 76, 232, 764,... . This sequences enumerates
the self-conjugate permutations of {1, 2,..., n}, that.is, those permutations
in which the number i is in position j if and only if j is in position i [2, p. 6].
It also enumerates the special switchboard problem; i.e., it enumerates
the states of a telephone exchange with n subscribers which is provided
with means to connect subscribers in pairs only (no conference circuits
and no outside lines) {3, p. 851.

7. ay =1, =28, + (= 1)@y, [d—=4]. e = et/
The first terms are 1,2, 5, 14, 43, 142, 499, 1850. (Compare this with
example 4 above; to wit: 1,2, 5, 14, 42, 132, 429, 1430.) This sequence
enumerates the general switchboard problem; i.e., it enumerates the states
of a telephone exchange with n subscribers which is provided with means
to connect subscribers singly to outside lines and in pairs internally
(no conference circuits). This result is new.

8. ay=10a,=2a,,+2n—1Da,,.[d=4][5, Sequence 645]
et — e2t+t?)

9. a, = H,(x), the Hermite polynomials [3,p.86]. [d= 4x].

et = pl2et—t%)

Equation (4), and hence Theorem 1, applies to each of these examples,
yielding two identities for each. Applymg them to Example 9, for example,
yields

H,(x) = éo (—D* (2) H,(x) 4o-—texn—%

and
2n + 1
k 2k+142E+1
Hypia(x) = kz_: (=D (2k+ 1) T AP on(X).

ACKNOWLEDGMENT

The author is pleased to acknowledge useful discussion with, and editorial help
from John Riordan.

REFERENCES

1. Tn. MotzkiN, Relations between hypersurface cross ratios, and a combinatorial
formula for partitions of a polygon, for permanent preponderance, and for non-
associative products, Bull. Amer. Math. Soc. 54 (1948), 352-360.



LY I NV I )

BINOMIAL SELF-INVERSE SEQUENCES 163

. T. Mum, “A Treatise on the Theory of Determinants,” Dover, New York, 1960.

. J. RiorpAN, “An Introduction to Combinatorial Analysis,” Wiley, New York, 1968.

. J. RiorpaN, “Combinatorial Identities,” Wiley, New York, 1968.

. N.J. A, Scoans, “A Handbook of Integer Sequences,” Academic Press, New York,
1973,

. J. Toucmarp, Sur Certaines Equations Fonctionnelles, Proc. Int. Cong. Math.
Toronto 1924, Toronto 1928, 465-472.



