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SOME PROPERTIES OF A FUNDAMENTAL RECURSIVE
SEQUENCE OF ARBITRARY ORDER

A. G.SHANNON
The New South Wales Institute of Technology, Broadway, Australia

1. INTRODUCTION

In this paper, three properties of a fundamental recursive sequence of arbitrary order are examined by analyzing
and recombining the zeros of the associated auxiliary equation. The three properties in question are Simson’s relation
(Sections 2, 3, 4), a Lucas identity discussed by Jarden (Section 5}, and Horadam's Pythagorean triples (Section 6).

We define a fundamental /% order linear recursive sequence { u,,’) } in terms of the linear recurrence relation
{

i
u,f,") = Z Piru,(,i_), n>4,
r=7

(1.1} ,(7,-) - n=0,

in which the P;. are arbitrary integers.
The “fundamental” character of this sequence has been shown elsewhere by the present writer [7].
Associated with the recurrence relation in (1.1) is the auxiliary equation
i
(12) f,'(X} = JI (x——a,-,} =0
=1

in which it is assumed that the complex numbers a;, are distinct. We shall restrict ourselves to this non-degenerate
case, but the basic arguments survive when the zeros of (1.2) are not distinct. In-the degenerate case the order of the
i-related sequence described below may be reduced.

We define an “j-related sequence of order ;" : x,(,’}} , as one which satisfies the /'th order recurrence relation

i .
P Z(—Hr”airxlgl-)r n>0,
r=1

(1.3) _ _
x,(,”=7 n=0, i= (é) .
x,gj) =0 n<yg,
with an auxiliary equation
j
(1.4} gifx) = 11 (x-a;a;,) =0
r=1
r<m

in which the @;, are integers and where the a;,;,, are the zeros of (1.2). For example, when /=3, j=3, and
falx) = (x — agsMx — aza)ix — azs)
gg(X} = (x— a37CL32}(X - a31a33}(X - CL32(133) = X"? - 2(137(1.32)(2 + Eagyagzagg)( - /a31a32a33/2.

We choose the symbol @, rather than J; because the Q; can be expressed in terms of the ;- as we show in

Equation (4.7). .
327
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2. SIMSON’S RELATION

For the fundamental sequence of Lucas [4], { u,?’} , -(in our notation), Simson’s relation takes the form

2.1) wf? )2 — () )uf2)) = (az1a90)" = x5V
since ( g) =1
More generally we assert that
2.2) WP -l oiufle) = 5 i = (1)
To prove this we use the fact that
] i
(2.3) ul?! =3 Ayal
r=

wherein the A;. are determined by the initial values of u,(,”, n=01,-,i—1. Thus the left-hand side of (2.2)
becomes, after cancellation of terms,

-1
- Z AirAimlay — aim) 2(airaim} = Z stﬁ,‘}
r<m r<m
in which ,
Bis = airGim, and BisBis = —AirAim X (@jr — @ ) .

Note that j = ( é since there are /a;, to be taken two at a time. Note further that A;4;,, contains (a;, — a,-m}2
in its denominator; see Jarden {3, p. 107]. )

The result (2.2) does not tell us much about the specific terms of x,?} } We can find the initial terms by substi~

tuting successively the first / + 7 values of { u,,”} in (2.2). For example, the first three terms can be found as follows:

(ué'”)z—(u_(;’)(u;")l = 1= xg)

. 2 . "
Wi’V ~ 1 W) = P —PF P = ¥ @i
r<m
() (i)
= 057 = Qjypxg = x7 .

(w2 = Juf) = PS— PP = QupxP — 0! = x5

One can e)iamine the nature of x(j} by the use of the multinomial expression for u(” , namely,
n n

i
. (ZN! A
24) w = 2 N1l ! e
Zr\~n r=1
and we shall do that in Section 4. We first consider the auxiliary equation for {x,(,”} and the coefficient, Q;,,
of the recurrence relation separately. )

Equation (2.4) foltows if we adapt Macmahon [5, pp. 2—4], because u,(,’) is in fact the homogeneous product sum
of weight ~ of the quantities a;. Itis the sum of a number of symmetric functions formed from a partition of the
number n. The first three cases are

(i) _ -
uf =Py =Yy,

(i) _ p2 _ 2
uy = PG +Pp = Y ai+ D aya,.

(i) _ p3 _ 2 2
ug' = Py+2PuPiptPy = 3 A+t D afant 3 a;a,a; -

: A A -
o= 3 e - Y T a .
2 A=n 2A=n r=1

in general,
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(i)

It is of interest to note that another formula for v,,” can be given by
1)
(2.5) ul? < Z aff”"/ll (aj —agl .
r=1 7
Fram Jarden [3, p. 107] we have that
i
(2.6) uff =3 afo.m
where [ is the Vandermonde of the roots given by =
i
2.7 0= Z ab’ M faj-ai) = T (a—ag) T (a;—ag)
r=1 r#sFEt r>s s<t

<t

and O, isthe determinant of order / obtained from O on replacing its rh

column by the initial terms of { u,g” } ,
n=012 -,i— I Itthus remains to prove that
{2.8) D, = CL;;I I (a,-t—a,-s} = Daf}’ II (a,-,—a,-sl.

r¥#s+t £ ores

s<<t
We use the method of the contrapositive. If

D, +aiyt M faj—ail,
r&s¥+t

<t
then s

= E D, (from (2.6) with n=0)

r#s#Et

i
-1 '
* E air’ I faj—aj)
r=i s<t

which contradicts (2.7). This proves (2.8) and we have established that
i i i
ull! = Z alD,. /b0 = Z altr-1p,/pd;" = Za}}"’" /10 (a; —a),
r=7 r=1 r=1 r>s
as required.

3. AUXILIARY EQUATIONS

van der Poorten [6] has proved that if #/x/ is a poiynomial with camplex coefficients, and { U,,}, { V, } de-
note sequences of elements of £, and if
i

O ((-alU, =0 fE)V, = 0,
r=71
then
MEN,V, = 0, n>0,

where £ is the operator on sequences which performs the action
EUn = Vpt1., EVn = Vot n=40,

and H(x) denotes the monic polynomial which is the least common muitiple of the polynomials
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fix/aq), fixfasl, -, fixsa;l,

in which it is assumed that az, az, -, @; are non-zero and distinct.
We now consider TI(E — a;Juf =0 in place of both TI(E —a,JU,, and f(E}V,. Then it foliows from above that

(3.1) HEN?)? = 0,

where AHfx/ is the l.c.m. of

i
H1 ((x/ais) — aj)

s, =
which can be re-written as P’ Ilfx — a;.a;) since
i
Pii= T a;.
s=1
Thus the zeros of fAfx) are a;q, -, a; taken 2 at a time.
In (3.1) we have established that the sequence

i) 12
fuf)?}
satisfies a linear recurrence relation of order ( ’; 7) with auxiliary equation
A
(3.2) Fisilx) = I (x-ap al.’;;,) ,
A, +A,=2
where j = (é) as before since

i+ 7 _ i i s .
(37) = (3)+ (5) -
Note that r may equal m in (3.2), and so

i
Fisjfe) = T (x=af) T (x = ajmaz).
§

=1 <
If we let ~ "
f 2
(3.3) Fifx) = 11 (x—a3),
=1 )
which is the auxiliary equation asseciated with the sequence { 55’,4 } , then we have proved
(3.4) gilx) = Fpilx)/Filx) .

The auxiliary equation for { x,g” } can also be represented in terms of the coefficients of the corresponding recur-
rence relation by

i
(3.5) giltx) = X'+ 3 (=1) Qe
=7

We now seek an expression for the @;, in terms of the zeros of the auxiliary equation of the fundamental sequence.

4. RECURRENCE RELATION COEFFICIENTS
From (1.3) and (1.4}, we see that { x,ﬁ”} is the product sum of weight j of the quantities a;,a;,, fr <m). Thus
wn X =uf) -3 al a,-);z DY atal - > ayay - = b I:I ay
A>n Zx=2n A>n ZA=2n
For example, when /=3, j=3, and
x;:’,} = Xaz;a30

(3 < 2 2 2
X3 = 243,035 + LA3;035033
(3)

_ 3 .3 3 .2 2 .2 2
X3~ = 203,035+ L3;03,03, + 103,037033 -
Furthermore, by analogy with (2.4)
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(.2) PR S A L rrf‘%‘: i a)
Zrig=n rtz r=1
the first few terms of which are
x(j} =1
)
x{’ = 0y

X = 0,3, 20,,0,2+a,3 ,
i) _
xq = ‘Qn —3070;5+20;,0;3+ 0% - 0y

Write w
(4.3) M (7= 6mx) = D Qjpl~x)"
rom=1 =0
r<m

and then put

oo

(4.4) D Kipx" = / O Qjnl—x)".

n=0 n=0
Thus

-

n _ n.n n
Z.JKI'I)X = 0 E:a/ra/mx
n=0

r<m =0

n

i A A i A
Z 2o (a0 (aras)™ - (agra) T (a0, - (ai20) 22 (ay504)™
n—0 ZA=2n

Z‘L Hax”,

n=0 ZA,/~rn =1
in which
zwzw
m+v=r

so that

—y i Ap
(4.5) Kip= 3. 1 a

- r=1

TA=2n

)

in other words, K, is the product sum of weight n of the quantities ¢;,a;, (r<m), andso K;, = x;’.

If we write —x for x in {4.4) we get
20,-,,)(” = I/EK/”{—X)H ,

which can also be obtained by leaving x unchanged in (4.4} and simply interchanging the symbols 2 and K.
We next expand the right-hand side of (4.4) by the multinomial theorem to obtain

o =K = +2 (Zpl o™
(4.6) W= Kin= 25 (FOTEE na’.

Zrph=n
An interchange of symbols yields
(@.7) Qo= 3 (-1 ()
El’Mr—ﬂ ,HZI Nn r=1

which is an expression for Q;, in terms of @, since from (4.5),
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- T ftay

zA=2n
where ]
A=
2_, ms * Z Aw
m+s=r w=1
For example, 3
Q37 = x7 = Zagrazz ,

2
Q30 = —(x;"")} +x£3) = —(Eaf, azz +22a§,a32a33) + (Ea31a32 + Eag,agzam.} = —Eag,agzaga, ;

Q;,, can also be expressed in terms of u,{') from (4.1}, and u,(,i} can be expressed in terms of P;, in (2.4), so that Q;,

can be expressed in terms of P;,, if desired. This has already been illustrated for (2.2).
Another formula for x,7” can be given by analogy with (2.5). Since

x,gj} Z II a,,

za=2n "
and
- T ar
sa=n T
then
X,(,j) l+2n 1/ il (

which is somewhat surprising since it is expressed enurely in terms of the zeros of f;(x) rather than g;(x/.

5. JARDEN'S QUERY

(’l } and by analogy with Lucas’ second-order “primordial’ se-
order primordial sequpnce by

Corresponding to the “fundamental’’ sequence
quence [4], we define an /7

}
Vi = 'Z Py, n>a,

(5.1) v,g’) =i n=0a,
v,g") =0 n<4a,

i
Y
r=1
Jarden 3, p. 88] suggests that it would be interesting to determine (in our notation)

(5.2) —

so that

since W2 _ 2,12
Vn

l1
is of great importance in the arithmetic of secund-order sequences. We have already seen the auxiliary equation for
{ u% } in (3.3). Thus

i
(i) () () )
”21n vn § :A ra/r - 2 , A,a,, 2 : - 2 : (Air"'Ais)(airais)n = Z : ijﬁ,‘?m = an .
r=1 m=1 rs=7 m
r<s

where 8, =a;a5, r<s, and Gy, =—(A; +Aj;) Note that since
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, i
1] =
vy =S Cim = 2Y Ap=2.
m r=1
Furthermore, the zeros of the auxiliary equations of
i} {7
{Xn §> { ¥n }
are the same, namely ;.. The §;, also come into other properties of recurrence relations such as the quadratic forms
of divisors of véﬁ) determined by Lucas [4, p. 43].
The mention of these examples is made 1o point out that though we have restricted our study of these “/-related

sequences of order / to expressions for auxiliary equations (3.4) and (3.5) and for recurrence relation coefficients
(4.3), (4.5) and (4.7}, they can be used in other situations.

6. HORADAM'S PYTHAGOREAN TRIPLES

This basic approach of analyzing and recombining the zeros of the auxiliary equation might be the only fruitful one
in studying other properties of recurrence relations of arhitrary order. For instance, Shannon and Horadam [8]
proved a general Pythagorean theorem for )

i
£ = 5 0

r=1
with suitable initial values. 1t was shown that

(6.1) (547 {10002 + (28508 — 17002 = (0ef )2+ 280 - 150102

and that all Pythagorean triples can be formed from such recurrence triples. The case /=2 is the situation studied
first by Horadam {2]. _
The proof of (6.1) cannot be extended to a similar expression for u,{,’)} because of the presence of the coef-
ficients P;, in the recurrence relation for { u} } . An essential feature of the proof of (6.1) was the result
2l - #li, = Al
This suggests that we consider

i i
(6.2) 2u,{,’,{,--—u,{,’1)u,-+7 =2 Z A,-,af’,'h — E A;ra,r'lr+l+7
=1 =7

which follows from (2.3).
The right-hand side of (6.2} becomes

i i i
+i +i+1 n+i-s
E Air(zaZ' f—af ) = Z Ajr Z Pisajy 2~ a;)
r=1 =1 s=1

i i i i
- nti-s = — L} ti-s
= S AiPsa T2~ ay) = 37 P Y Airl2- aip)al;
r=7 s=1 s=1 r=1
i i
= T n+ti-s
=24 Pis \ 2 Bir%ir ,
s=1 r=1

where we have set
Bip = A2 —ay).
Suppaose further that
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ojm
-3 o

so that z,g"}} satisfies the same recurrence relation as { u,.{,”} but has different initiai conditions (which give
rise to the B;.) Then

21(7” = EP /rzrgl—}r
Proof:

Zl’(ll—}l’ Z Bjsafs” .
(i) d i
Z P/rznl—r Z P Z B/sag'-r Z, P Z (ZA/saZ‘_r - ISa’IS r+7) =2 Z P,,-u,g'_), E P,',-U,(,l_),-+7
=7

i i
= Zur(zi) Uﬁ E 24,0 - ZA/r 7r+1 = Z Aipl2 ~ aj)aj = Z Bjraj; = Zr{7’) .
r=7 r=1

as required. So
i i i .
Z Pis :Z: Blrafrﬂ_s = Z P iszl(#i—s Zn{g-)/ .
s=1 \ r=1 s=1
Thus we have proved

(6.3) 2l —ufilyy = 20,

from which it follows immediately that
2 (/} (1} = 4y (i) {i)

ntitUntit] = Hnpti—Znti .
Thus we have

(Zuf(llj‘l - ”glj-/+7}{2un+/ /(1’4}‘1+1} = ZﬂiMU,';'i, - Z,(,[-.)L,}
which becomes 5 )
4(”19-»{1 - (Ur(il-{i+l) = 21(121(4"1(1’11 —zlgl'l{i} .
This can be rearranged as

(Ur(llj- i+1/ /2 (z(i/"} * 4Un+l (Ur%)-/ - zélﬂ?’-/)
Multiply each side of this equation by (2,(,',}@, 2 and
(z I(IIJ'I Ur(#l-f" =z )g’-l)'/) +4(z r(rl';'/ 2” /()l-»{/ {u l{/j-l —Z I‘(ll‘}/i‘l

Add
/ZU(') {i} (i) ))2

i lUnti — Zpti

to each side to get
(6.4) (8l (20l 0l — 21007 = (2002 + 200l — 200092
Equation {6.4) may be considered as an extension of (6.1) and a generalization of Horadam’s Pythagorean theorem,
since (6.4) reduces to (6.1) when P;, = 7 {r=1,2, .-, i} because z,{,’,{, —u,g’} then (from (6.3) above and Eq. 9 of [7]).

Thus we have shown hew three properties of a fundamental recursive sequence of arbitrary order ean be general-
ized by analyzing and recombining the zeros of the auxiliary eguation so that the essential features of the properties
are revealed.

It is worth noting that Marshall Hall [1] tooked at the divisibility properties of a third-crder sequence with auxiliary

equation roots a?, a5, a,a; formed from a second-order sequence with auxiliary equation roots a; and ay.

Thapks are due to Professor A.F. Horadam of the University of New England, New South Wales, for his comments
on a draft of this paper.
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LETTER TO THE EDITOR
January 1, 1973
Dear Prof. Hoggatt:
HAPPY NEW YEAR. Here is a problem:
Let pg,p2, -, ps begiven primes and let a7 <ay < - be the integers composed of the primes pq, po, - p,.
Put

Ak = lag,az, -, arl]
{teast common multipie), then
2 i
A
k=1 "k
i irrational. (Conjecture) This is undoubtedly true, but | cannot prove it. All I can show is that

31

i1 Ak

is irrational, where in 2’ the summation is extended only over the distingt Ag's (i.e., if
lag, -, ax] = lag, ~, ax+1] ,

then we count only one of the 7/fay, -, ar] ).
Regards to all,

Paul Erdds



