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In this paper we provide a matrix method to solve linear recurrences with
constant coefficients.
Consider the linear recurrence relation with constant coefficients

Utk = O1Uyqk-1 & 0pUypp—n T oo+ Qgpu, + bn (1.1)
(1)

Uy = Cps U] = Cps wees Uy = Cp_ (1.2)

where o; and ¢; are constants (¢ = 0, 1, 2, ..., k) and where ¢hnd,ey 1s a given
sequence.

In order to solve this recurrence relation generally, we first find the
general solution (#p’, .y of the corresponding homogeneous relation

{un+k = 0gUy gy T U g h e O,

(2)

Ug = Cgs Uy = Cps enes Up_ ] = Cp_q

and then find a particular solution <ué§n€N of (1) satisfying the initial con-
ditions. Then <&, + up’,.y is a solution of (I).

The general method (see [1]) for solving recurrence (2) requires, as a
first step, solving the corresponding characteristic equation

(3) AR - ulkk‘l - azkk'z - e — o0y = 0.

Generally, when kX 2 3, it is rather difficult to find the roots A; of (3).

Now we construct a matrix 4 such that (3) is the characteristic equation of
4, and then obtain the general solution of (1) from 47.

Let A4 be the kx k companion matrix of the polynomial of (3):

0 1 0 ... 0 0

0 0 1 e 0 0
A= . . . . )

0 0 4} ‘e 0 1

Or Or-1 Og-»2 Gy 01

Then the characteristic equation of 4 is (3) and, by the Hamilton-Cayley theo-—
rem,

(4) AF - Akl g aRm2 oL - g T = 0.
Consider the following 4 x 1 matrices:

C=(egs C1s »ews g )Fs B = (0, 0, «.uy 0, by)°, =0, 1, ...
Let

(5) A"C 4 ATTIB 4 AT+ e+ AKTIE L = (@™, L0t

We will prove that <a(mbm€N satisfies (1). By equation (4),

*This paper was written while the author was a visiting scholar at the University of
Wisconsin.
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k . . k . .
ATC = 3 agA"TEC, AMTITIB = BT e AmTITTIEL, G =0, 1, 2,
Hence, =1 =1
(6) (@Fh, Lt = AttRe ¢ antRelpy 4 antRe2R 4 oL+ ARB, ) + 4R 1B,

K , k . K .
= Do AMTETEC 4+ S e AT By 4 o+ S0 ARTEB, )+ AR,

=1 =1 =1

n i n- 1 .
= 0L1<An+k_10 + Z An+k—1_7’Bi_l> + 0L2<An+k-20 + Z Aﬂ+k"2—lB7’.~l>

=1 i=1

=2 =1

k . n-2 .
+ Z OtiAk_LBn—l + 0L3<A”+k-30 + ZAn+k—3—1Bi_l>

k n-k+1
, ” .
+ z:uiAk+l—an—2 + oeee + uk<A C + .E: A% LBi—l)
1=3 z=1
+ 0 AKT2B, g4y + ARTIB, .

Since (Z+1)
0...010...0

A%B; = (0, ...)*, when 0 < £ < k - 2,
and
Ak-1p = (b,, ...)t.

Then, from (6), we have:
(a®*R), L0t = oy (atRoD )P
+ oo, (aPRD, L + (0, .. )Y
+ agz(@tkmd, o0 4+ (0, L)

+ oo (@™, L0+ (0, LDF (B, LLt
This is
qamtl = alam+k"1)+-a2am+k'2)+---- + @kaon + by
and (1.1) is satisfied.
By (5),
(@D, ..0f =40 = (g, .. )F
(D, . )F = AC = (e, ...

(ak=D, [ 0)F = AT = (e, -e )P,
that is, o = ¢,, ¢ =0, 1, 2, ..., k = 1, and (1.2) also holds. Thus,

(7 <7/lm>m€1\] = <Cl(m)>mezv

is a solution of (I). Now we find a combinatorial expression for a™,

formula (5),
(m) = (m) (m) (m) (m) (m=-1) (m~2)
(8) a'™ = cpalY + ejafy + c,aiy + o0+ oo _qay + boays + biay

12
(k- 1)
+ e+ b _jay -
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We consider the associated directed graph D of A with weights o), dp, ..., a; as
drawn in Figure 1.

Figure 1

The Associated Digraph U of 4
(Arcs with no assigned weight have weight 1.)

The definition of D is given as follows. If 4 = [aij]’ then D is the digraph
in which there is an arc (Z, J) with weight a;; from < to j if and only if ayy
#0 (<, g=1, ..., n). The weight of a walk in D is defined to be the product
of the weights of all of the arcs on the walk. A is the sum of weights of

7,
all walks with length m from Z to J (see [2]). We now have

Lemma 1: a{™ = a(m+l-9)

% dd
Proof: Consider the sum of weights of all walks with length m from 1 to J
(=1, 2, 3, «o., n). For 1l <m<k-1,

a(”’)={1 ifm=g-1

1 0 otherwise.
Clearly,
LmHl=9) {1 ifm=g -1
Jd 0 if g <sm<k-1.

Now let m » K ~ 1. The walks of length m from 1 to J must be of the form
1+ 2> oo > > e 2 k> oo > gu

Eliminating the path from 1 to J, we see that the preceding walks are in one-
to-one correspondence with the walks of length m - j + 1 from J to j.
Since the weight of the path 1 » 2 » 3 » ... > 4 is 1, we have

alm = gn+l-9) o
1j Jd
(m) ] (m-k+i-1)
. m —_ m- - S = —-
Lemma 2: aly = ;gaak‘i+1f 7 G =1,2, «c., k=1, k),

where

f(t) =0 (¢ < 0), f(O) =1,
and f«m)= (Sl t syt Sk)uilagz... gk
81+282+-..+ksk 819 82) «eo Sk

=m
$;20 (£=1,2,...,k)

Proof: From the digraph D, it is not difficult to see that there are k classes
of circuits from vertex k to k in D as given in the following table.
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NAME CIRCUIT LENGTH WELGHT
Cl kK~ k 1 o]
02 k > (k - l) > k 2 Co
Cy | k> (k-2 » (k=-1) >k 3 ag
Ck kK >1 2> 00 > k k o

Hence, any walk with length m from X to k must consist of sy Cy's, s, Co's, .
Sk Ck'S.

The walks with length m from j to j, 1 € J < k -~ 1, have one of the J fol-
lowing forms:

s o3

NAME CIRCUIT

Form (1) J > oeer TRk ¥ oo k1> 2> oo g

where k > --. » k means passing through many circuits

Form (2) j+..o—>k—>u..—>k—>2+3—>..,—>j
Form (3) J > eee 2k oo 2k >34 > 00 >

Form () J > eve 2k > e >k > g

Clearly, the front path and the back path in form (<), where 2 =1, 2, ..., J,
together give a circuit Cyp_ ;47 Namely, there must be a circuit of length
k -4 + 1. Thus, for any fixed 7 (1 £ 7 < J),

J
alm = <81+32+'°°+(5k—~;+1 -+ ”'+8k>ocslo¢32.., oS
T s w2ey T vkeemm 10 S eees (Spp m D eee g /7L T2 k
5,20, tzk-1+1
s,21, t=k-i+1
J
= Sl+32+""+8k s1 .S s
= ,Z“k-iﬂ 2 (S s o )0‘1 wy? .. apk,
=1 5y +28y +.-r tksy =m-Kk+i~1 12722 =002 %k P <k
6,20 (t=1,..., k) 1 =4 < k.

For convenience, let

me = fom(ul, Ggs owes Of)

[

(81+ 32*‘0.'4—8k)u51u52 ce. adk
31+232+...+ksk=m 81, 82, sees Sy 1 2
5. 20 (=15 000, k)

Hence,

1

(m) J (m-k+i-1)

m - - o

ajj = 'ElOLk—i+1f s, L £ <k, m
i=

Lemma 3: For £, we have the following recurrence:

k
m _ (m _ (m-k+i-1
U=y = .Zlo‘k——;ﬂf” “h,
i
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Proof: According to the preceding analysis,

(m)= g1t so+ -+ 51\ 5, 8y S _ p(m)
Ak =(S - s Jortay ceeoapk=
31+282+---+k8k m 12 ©o3 s k
g 20 (t=1,...,k)
By Lemma 2,
(m) K (m-k+1i~1)
D T ,Zluk—i+lf :
=

Thus,
m) m (m-k+ l)
f( - ( ) 2 k 5 ]o - -

Theorem: The solution of the recurrence relation (1) is

k m-k+1
- (m-k-j+1) (m+1-k-7)
(9) Un = Z Ci-1 Zak i d + Zba 1f
j=1 Ji=1
& J Syt Syt ety 6 00 ex
Up = ch_l 20t 2 . _(8 a s ) 179" Oy
Jj=1 i=1 S1428y) +eertkssm-k+i 5012 €22 2 Ok
sy 20 (=1, ..., k)
m=-k+1
8yt 8yt et 5y So 5
Ly b1 2 (sl S s)al o - O
g=1 §1+ 28+ - tkg=m-k-j+1717 ©2° > vk
520 (t=1,..., k)
Proof: By (7) and (8),
m _ OIS (-
— m m A m-
Uy = a ZcJ ayy + 2 bi_yafy”
J=1 Jg=1
k m-k+1 A
= Zc (m+1_‘7)+ Z b(7 1a§(”;( k+1-4) (Lemma 1)
Jg=1
m-k+1 .
= ZCJ 1Zak L+1#(m J - k+1) Z bj_lf(m_k+l—J) (Lemmas 2
i=1 j=1 and 3). ®
Corollary 1: ; K+l
k-1 L m-= ; .
_ (m-k+1) (m~-k-4+1) (m+1-k-7)
Up = o1 f + .}:lcj—l _Zlak—i+1f + JZI b; 1f .
Jj= i= =

Proof: This formula follows by using Lemma 3 and (9).

Corollary 2: The homogeneous recurrence (1) with constant coefficient has the
solution

_ (m—k+l) (m-k -~ J+1)
Uy = 0g 1 f ZCJ 1 Zo‘k ie1d

Jjg=1

Corollary 3: The recurrence relation

Unser = QlUytp + Bun + bn
(10) .
UG = Cgs Up = Cps vens U = g (1= 71 <k ~1)

has the solution

r-1 ; k-1 X m-K+1
_ (m-k-4) (m - ) (m+l-k-g
= 2 c;Bf + 2 o f + 2 by f 9,
j=0 j=r Jg=1
where
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£ = X (T =0,
kr+(k-r)y=m Y
x,yz0

Proof: Let op = B, 0p_, = @, and a; = 0, otherwise, in (1). By (9),

r k
-~k -7 — k-7 R
U, = E: Cj_lsf-(m J+1) T Z cj—l(sp(m k J+1)+up(m k J+I‘+l))

g=1 j=r+1

m-k+1

(m+1-~k-7)
+ '21 by \f J
§=

7 (m-k=-7+1) k A m-k+1 )
= ch—lﬁf J +‘Z cj_lf(m—J+l) + Z bj_lf(m+1—7<—J)
j=0 J=r+1 J=1 (Lemma 3)
r-1 . k-1 . m-k+1
_ (m-k-g) (m=-3) m+1-k-7)
= 2. c;8f e T 2 by S ’
where J=0 T It
X+
Fim = 2 ( y)Bxay.
ke+(k-r)y=m Y
x,yz0

When b,, = 0 in (10), Corollary 3 coincides with a result in [3]. When by = 0,
a=f=1, 1 =1, k=2, and ¢g = ¢ = 1,
Uy = cof‘(m‘z)+ clf(m—l)= f(m“2)+ f(m'l)
[m/2
_ fpm - 2: (x + y) _ z:](m - k>’
2r+y=m Y k=0 k
which is the combinatorial expression of the Fibonacci series.
Example 1: F,y5 = 2F, . + 3F, + (2Zn - 1}
FO=]_,F1=O,F2=1,F3=2,F4=3.

Solution: k=5 1=4, a=2,8=23,b,=2n-1

By Formula (10), one easily finds

{((n=-5)/5] [(n=-7)/5]
_ n - 4x = 5\, mon-5z-5 o= Ar = T\ qeon-5z-7
Fn =3 xZ:O ( €T )3 2 + 3 =0 ( x )3 2
((n=-8)/s1 _ _ , ((n=-4)/51
+ e n - 4x 8>3x2n—5x—8+ 3 n - hx 4>3m2n—5x-4
x=0 &L z=0 x

n-4 [(n~4&~-4)/5] _ _ _a .

+ Z (27 - 3) (n 4.’)Cx 4 J>3x2n—5x—4 J
j=1 x=0
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