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Abstract

We recast homogeneous linear recurrence sequences with fixed coefficients in terms
of partial Bell polynomials, and use their properties to obtain various combinatorial
identities and multifold convolution formulas. Our approach relies on a basis of se-
quences that can be obtained as the INVERT transform of the coefficients of the given
recurrence relation. For such a basis sequence with generating function Y'(¢), and for
any positive integer r, we give a formula for the convolved sequence generated by Y (¢)"
and prove that it satisfies an elegant recurrence relation.



1 Introduction

A linear recurrence sequence (a,) of elements in a commutative ring R is a sequence given
by a homogeneous linear recurrence relation

(p = C1Up_1 + Cop_o + +++ + Cqapn_q forn > d, (1)

with fixed coefficients ¢y, ...,cq € R, together with initial values ag, aq,...,as-1 € R. The

generating function of such a sequence is a rational function of the form f(t) = 2% with

q(t) =1 — eyt — cot? — - — c4t?,

and a polynomial p(t) of degree at most d — 1 that depends on the initial values. In other
words, the function f(¢) is a linear combination of the rational functions

and their respective associated sequences form a basis for the space of linear recurrence
sequences with coefficients cq, ..., cq4.
On the other hand, if (¢,) is a sequence and Q(t) is the formal power series

Qt)y=1- icnt",
n=1

then its reciprocal Y (t) =

ﬁ can be written as Y (t) = 1+ ) y,t" with
n=1

n
!

k!
Yp = ZmBn7k(1!61,2!62,3!63,...), (2)

k=0

where B, = B, x(%1, 22, ...) denotes the (n, k)-th partial Bell polynomial in the variables
X1,Z2, ..., Tn_k+1. Thisis a direct consequence of Faa di Bruno’s formula (cf. Theorem B in
7, Section 3.5]), and the sequence (y,,) is precisely the INVERT' transform of (c,).

Observe that if ¢, = 0 for all n > d, then 1/¢(t) = 1/Q(t). Consequently, any linear
recurrence sequence with fixed coefficients can be expressed in terms of partial Bell poly-
nomials in the coefficients of the recurrence. An explicit formula is given in Section 2, see
formula (3), together with a few illustrating examples. As a particular application, we pro-
vide an alternative derivation of the Girard-Waring formulas for the power sum symmetric
functions.

The benefit of the representation (3) is that the partial Bell polynomials absorb the
coefficients of the recurrence and facilitate the derivation of universal identities. This is

ntroduced by Bernstein and Sloane [2]. This is also the operator A discussed by Cameron [5].



particularly convenient when working with multifold self-convolutions. In Section 3, we
recall a convolution formula given by the authors in [4] and discuss it in the context of
multifold convolutions of linear recurrence sequences. For this type of convolved sequences
we give a universal recurrence formula (of the same depth as the original sequence), which
is obtained by using properties of the partial Bell polynomials. We conclude the paper with
a few examples that illustrate some applications of our main result.

2 Linear Recurrence Sequences

The representation of linear recurrence sequences in terms of partial Bell polynomials, as
discussed in the introduction, can be summarized as follows:

Proposition 1. Let (a,) be a linear recurrence sequence satisfying
Gy = Cllp_1 + CoGy_o+ -+ + Cqp_gq forn>d>1,

with initial values ag, ay, . ..,aq_1. Let (y,) be defined as in (2), and let

Ao = ag, M :an—chan_j form=1,...,d—1.
j=1
Then Ap = )\Oyn + >\1yn71 + -+ )\dflynfdJrl; S0

d—1 n—
Ay = >\k
0 J

N

J!

—(n = k)!Bn—kJ(l!Cl, 2lcy,...) forn > 1. (3)

ES
I
i

=)

Proof. If S denotes the right-shift operator S(ay, as,...) = (0,a,as, ... ), then the sequences
(Yn), S(yn), S%(Yn), - .., ST H(y,), clearly form a basis for the space of all linear recurrence
sequences with coefficients ¢q,...,¢4. Thus there are constants Ag, A1, ..., A\g_1 such that
ap = AoYn + MYn_1+ -+ Ag_1Yn_ar1, With the convention that y, = 0 if £ < 0. To find the
Ar’s, we just need to look at the initial values and solve the equation

1 0 oo ii i 0 Ao ao

n 1 0 - - 0 A\ a

Yo Y1 r 0 -0 A2 as
Yi-1 Yd—2 -+ -y 1 Ad—1 d—1

By definition, (y,) satisfies the same recurrence as (ay), s0 yn, = >_7_; ¢jyn—;. Thus the



inverse of the above d x d matrix is

1 0 e e 0
—c1 1 0O --- 0
—C4—1 —Cqg -+ —cp 1

and the claimed formula follows by applying this matrix to the vector (aq, ..., aq4_1). O

Remark 2. Tt is worth mentioning, that the representation (3) provides a unifying approach
to linear recurrence sequences in which the coefficients of the recurrence are separated and
organized inside the partial Bell polynomials. In many cases, this gives known and new
combinatorial identities for the sequence at hand (regardless of the order of recursion) as
well as for their repeated convolutions, see Section 3.

For illustration purposes, let us consider a few basic examples.

Example 3. (Generalized Fibonacci) For arbitrary « and coefficients ¢, and co, let (f,,) be
the sequence defined by

fU = 07 fl =«
fo=c1fu1+ cafn_o forn > 2.

In the terminology of Proposition 1, we then have \y = 0, \; = «, and for n > 1 we get

n

k!

1
p (n—1)!

fan=ay,1 =« By 1 5(1ley, 2!e0,0,...),

. —1) .
and since B,,_1x(c1,2¢9,0,...) = %(n_k k)cf’C =1k e arrive at

n—1 ]{,’ 1 n—l o
fnZOé (n_l_ ) %k n+1 n 1—k _ Z( > 711—1—2%,5 (4)
k=

=0

Example 4. (Padovan, A000931 in [9]) Consider the sequence defined by

Ph=1, P=PFP=0,
P,=P, o+ P, 3 forn> 3.

Using Proposition 1 with ¢; =0 and ¢o = c3 =1, we get \g = 1, \; =0, Ay = —1, and for
n >3,
n—3

k!
Pn =UYn — Yn—-2 = Yn-3 = —Bn_37k<0, 2!,3!,0, .. )
kZ:O (n—3)!

4



B, _34(0,2!,31,0,...) = (nf?i%), we conclude

n—3 L
- for n > 3. 5
kzo(n—3—2k> o= (5)

Example 5. (Tribonacci, A000073 in [9]) Let (¢,) be the sequence defined by

: k!
Now, since o)

t[):tl:O, t2:1,
tn = tn—l + tn_g + tn_g for n Z 3.

By Proposition 1, we have t,, = y,,_2, so

Bo_2x(11,21,310,...),

and since B, ;(1!,2!,31,0,...) = Z—,‘ ?:0 ( k )( bt ), we get

k—t) \n+{—2k
_”iz’“: k k-t _sz: k ¢
- kE—t)\n—-2+0-2k) ()\n—2—k—1)
k=0 =0 k=0 (=0

With the change of variable ¢ = 7 — k, and changing the order of summation, we arrive at

n—2 J .
k —k
= E , J .| forn > 2. (6)
: j—k)\n—2—3
=0 k=0

J

Example 6. (Chebyshev) We now consider the Chebyshev polynomials defined by

T()(I) = 1, Tl(ﬁ) =
T (z) = 22T, 1(x) — T,,—o(x) forn > 2.

Here ¢y =2z, cg = —1,80 \g = 1, \; = —x, and for n > 1 we get

To(x) = Yn — TYn—1

noo. ne1
J! !
= ﬁBn,](ZZC - WBH,LJ'(QZ', —2,0,... )
J=0 =0
n ) n—1 i
_ J - e
_Z(”_J)(zx)J xZ(ﬂ—l—j> (22)¥7 (1)
J=0 =0

= ( / ) (22)%7( — = (] ) (2z)% " (=1)",
—\n—J 2 -

Jj=



which can be written as

To) =Y (1) (” . k) (22)"2* for n > 1. (7)

Similarly, for the Chebyshev polynomials of second kind U,(x), defined by the same
recurrence relation as for 7, (z), but with initial values Uy(z) = 1 and U, (x) = 2z, we get

Un(z) =y = > (-1 (” ; ’“) (22)"2F for n > 1. (8)

2.1 Power Sums
We finish this section by considering the power sum symmetric functions
Sp =] + -+ ay
with d variables. The sequence (s,,) satisfies the relations (Newton’s identities):
So — d
S1=¢€1
So = €151 — 262

S3 = €189 — €951 + 363

Sp = €1Sp—1 — €2Sp—2 + -+ + (—1)dfledsn,d forn > d,

where ey, ..., e4 are the elementary symmetric functions in z1,...,x4. In other words, (s,)
is a linear recurrence sequence of length d with initial values sg, s1,...,584-1. Thus, as a
consequence of Proposition 1, each power sum s, can be expressed in terms of partial Bell
polynomials in ey, ..., e4. This representation is an efficient way to organize and prove the
Girard-Waring formulas (see, e.g., Gould [8]).

Proposition 7. Let s, = a7 + --- + 2] and let ey, ...,eq be the elementary symmetric
functions in the variables x1,...,xq. Then, forn > 1, we have

n

E—1)!
Sp = Z(_l)n+kﬁ3n’k<1!€h 2!62, c. ,d!ed, O, c. )
k=1

Our proof relies on the following basic recursive formula.

Lemma 8. For any sequence x = (x1,xs,...), we have
n—k+1 n
nBy, ;(x) = Z j(j)ijn_j’k_l(x)'
j=1



Proof. This is a consequence of the known identity

n—k n—1 n—k+1 n—1
Bmk = Z j $j+1Bn—1—j,k—1 = Z j—1 %‘Bn—j,k’—l’

J=0 J=1

see [6, Eq. (11.11) p. 415].

n—k+1 n—1 n—k+1 n
nB, ;= Z n( ) iBrn_jk—1 = Z j( .)%’Bn]’,k1
= vl =1
as claimed. n

Proof of Proposition 7. Let s, = ] + -+ + ;. As mentioned before, (s,) is a linear recur-
rence sequence with coefficients

c;=(=1)"te; forj=1,....d,

and initial values

k-1
So = d, sk:chsk_j+kck fork=1,...,d—1.

Jj=1

By Proposition 1, we can write s, = Zd " A\jYn_; With (y,) defined as in (2), and the \;’s
given by A\g = sg = d and

J Jj—1
- ch-sj,i = <ZCiSji +jCj> ZCZSJ i = (J —d)c
i=1 i=1

for j=1,...,d—1. Also, recall that (y,) is designed to satisfy the same recurrence relation
as (s,) for n > d. Therefore, y, = >_ i=1CjYn—j, and we can rewrite s, as follows:

d—
J

1 d—1
Sp = Z)\jyn —J — )\Oyn + Z)\jyn —j
7=1

=0
d d—1
= d( > ijn—j) + ) (= d)yn;
j=1

j=1
d—1
= deayn-a+ Y JCiUn—j = Y JCiln-j
=1 =
d n—j
Z je; 'Bn jk(Ller, 2leg, oo dleg, 0,..0).
== J)



Since ¢; = 0 for j > d, we can write the sum over j up to n to facilitate a change of
summation. Then

n n—j

_ZZ]CJ n]k(101,202,...)

7=1 k=0

n—1 n—~k

‘ k!
= Z Z]ijBn_j7k(1!Cl, 2!02, e )

k=0 j=1

- n! ]( ‘)(j!cj)Bn—j,k(]-!Cl,Z!Cz,...)
k=0 i—1 J

n—1 n
k! E—1)!
Sp = _ank-+1(1!Cl’2!027...) = ( ) Bnk(l!cla2!027--->'
n! ’ (n—1)1 "
k=0 k=1
The claimed identity for the power sum s, follows by replacing back ¢; = (—1)7"'e; and
using the homogeneity properties of the polynomial B, j. O
3 Convolutions
We now turn our attention to convolutions of sequences of the form
i
Yp = ZmBn’k(].!Cl,Q!CQ,?)!Cg,...). (9)

k=0
In [4], we considered a more general family of sequences and proved the following result.

Theorem 9 ([4, Theorem 2.1]). Let a and b be arbitrary numbers. Let yo =1 and

"\ [an + bk\ (k —1)!
yn—z< E 1 >( oy >Bn,k(1!0172!027~-) forn >1.

Forr € N, we have

an+bk‘+r—1 E—1)!
Z Yrm _TZ< )( n! )Bn,k(ucl,Q!CQ,...>.

mi+--+mr=n

The proof of this theorem relies on a convolution formula for partial Bell polynomials
given by the authors in [3]. In particular, the special case when a = 0 and b = 1 can be
formulated as follows:



Corollary 10. For (y,) defined by (9) and r € N, we have

“(k4r—1\(k—1)!
y7(lf’) — Z ym1 ymr :TZ( )( ) Bn7k(1!cl,2!cg,...) (10)

k—1 n!
my+t-tme=n k=1
" (k+7—1\k
= — | |
= Z ( e >n!Bn,k(1~cl72-C27"'>'
k=1
Remark 11. More generally, if 6 > 0 is an integer, and if we let y_; =--- =y_5 =0, then
n—or
kE+r—1 k!
.. — - | |
Z Ymy—6 Ym,—6 Z ( L ) (TL _ 5r>!Bn—5T7k(1'Cl7 2.02, R )
mi+-+mr=n k=0

Let us now revisit some of the basic examples considered in the previous section.

Example 12. (Generalized Fibonacci) For a, ¢1,co € R, consider (f,,) defined by

f0:07 flzau fnzclfn—1+02fn_2 forn22.

Then, as described in Example 3, we have f,, = ay,,_1, and therefore

Z fml"'fmr:ar Z Ymi—1"""Ym,—1

mi+-+mr=n mi+-+mr=n

n—r

’ k+r—1 k!
= Z ( k )mBn—r,k(llch 2!02, 0, .. )

k=0 ’

rn_r k+r—1 k 2k—n+r n—r—k
akz( i )(n__k) vt

Example 13. (Padovan) Let (P,) be defined by

.P():l7 P1:P2:O, Pn:Pn—2+Pn—3 fornZS.

As mentioned in Example 4, we have P, = y,_3 and so

Z Pm1+1 T PmT+1 = Z Ymyi—2 " Ym,—2

mi+-+me=n mi+--+mr=n

n—2r
k+r—1 k!
— Bn2x(0,231,0,...
Z( k >(n—2r)! 2ri )

k=
n—

B T(k+r—1>( k )
N k n—2or—2k)
k=0

N o



And, with a little more work, we also get

r n—340
r k+0—1 k
2 Pml"'Pm’“_Z(é) k:O( k )(n—3£—2k)‘

mi+--+mer=n (=1
Example 14. (Tribonacci) Let (¢,) be defined by
to = t1 == O, tQ = 1, tn = tn—l + tn_g + tn_g for n Z 3.

As discussed in the previous section, we have t,, = y,,_s, S0

Z by - b, = Z Y2 Y, —2

mi+-+me=n mi+-+mer=n

n—2r
k+r—1 k!
——— B, _9.(11,21,31,0,...
Z < k )(n—Zr)! 2rk( )

k=
n

N o

5 ol () [ TR

We now present a recurrence relation for convolved sequences of the form (10).

Theorem 15. For any sequence of the form y, = > %Bn’k(1!0172!02, ...), and forr € N,
k=0

consider the convolved sequence

mi+-+myr=n

Then, for n > 1, we have the recurrence relation

n

ny =Y (n+m(r—1)eny, (11)

m=1

Proof. By definition, we have y(()r) =1 and y§’”> = rcy, so (11) is true for n = 1. For n > 1,

write

n n—1
Z (n +m(r — 1))cm yff_)m = nre, + Z (n +m(r — 1))Cm yr(lr_)m.
m=1 m=1

10



Now, by means of the identity (10), we have

1 n—1
- Z n +m(r — 1))cmyg)m
" m=1
n—1 n—m
1 r— —-1)!
= Z n+m(r—1)c, Y r(*Ih (f_f,f)!anm,k(l!cl, ey, . ..)
m=1 k=1
n—1 —k
- Z <k‘+r 1 +T:n(7“ '1)Cm By (ller, 2ley, .. 0)
k=1
n —1
=Y ("I (k—2)! o)l e By (e, 21y, ).
k=2 m=k—1

We split the last equation into two terms and get

n—1 n—1
— Z ]‘“”" 2 —2)! ( Z e Crem B -1 + Z (n_n:n#Cn—mBm,k—l)'
1

m=k— m=k—1

On the one hand,

n n—1
k+r— n
SISk =2 Y e B (e, 2y, )
k=2 m=k—1
n—1
1 n
k+ 2 (k 2 'k + B | |
B Z (n— <kmzk—1 <m) (n—m)! Cn—mBm,k—l(l-Ch 2ley, .. ))
r— k—2)'k
= (k:_22) ((n—i)! Bmk(l!cl, 2!02, c.. )
k=2
On the other hand,
n n—1
ktr— n—m)(r—1
Z ( —12—722) (k - 2)' ( nzg )Cn—mBm k—1
k=2 m=k—1
n n—1
r (k—2)!(r
- (k;r—22 (T2L) (1)' 2 < m)!cn—mBm,k—l(llcly Q!CQa s ))
k=2 m=k—1

I
—
ko
+
ﬁ
m
~—

V) EREE, (e, 2, ).

11



Therefore,

n—1 n

1
- Z (n -+ m(r — 1))Cmyr(;)m _ Z (F+r-2) (fi ﬂ"(]g + 7 —1)Bx(1leg, 2ley, .. .)

m=1 k=2
n

r— k—1)!
(kzill) —Enflngnvk(]'!ch 2!02, c. ),
k=2

and so

3

—1
k+ 1
(n+m(r cmyn m—r E " o= 1), By x(1ley, 2ley, .. 0)

m=1

= nz (T E B, k(Uler, 2o, ) = n(yl) — rey).

Finally, adding the term nrec, to both sides of this equation, we arrive at (11).
To illustrate our result, we now consider a few basic examples.

Example 16. Let (a,) be the sequence defined by

a=1, a1 =1, a,=a,_1+ a,—o forn>2.

This is a shift of the Fibonacci sequence (a, = F,41), and a, = Y. 5B, ,(1,2,0,...).
k=0
By means of Corollary 10, we have

= 3 aml...amrzi<k+]:—1) (ﬁk)

my+t-tmp=n k=1

and according to Theorem 15, this sequence satisfies

na® = (n+r—1a”, + (n+2(r — 1))al’,.

n—1 n

For r = 2, 3,4, this gives the recurrence relations (cf. [9]):

2

na® = (n+1)a?, + (n+2)a'?,,  (A001629)

na® = (n+2)a? | + (n+4)a?,, (A001628)
( (4 “

na™ = (n+3)a.’, + (n+6)al’,. (A001872)
Example 17. Let (a,) be the sequence defined by
apo=1,a, =0, as =1, and

ayp = Up_9 + a,_3 for n > 3.

12



This is a shifted version of the Padovan sequence, and a,, = > %Bn,k(o, 21,310,...).
k=0
By Theorem 15, the corresponding convolved sequence (cf. Example 13)
" (k4+r—1 k
(r) —
=2 ()6 )
k=1
satisfies the recurrence relation
nal) = (n+2(r —1))a", + (n + 3(r — 1))al”,.

For r = 2, we get a shift of the sequence A228577 in [9] (number of gaps of length 1 in all
possible covers of a line of length n by segments of length 2). In this case, we obtain

nal = (n+2)ay + (n+3)als.

Example 18. Let (a,) be the sequence defined by

apo=1, a1 =1, as =2, and

Ay = Ap_1 + Qp_o + a,_3 for n > 3.

This is a shift of the Tribonacci sequence discussed in Examples 5 and 14. More precisely,

an = tnis = Y BB, (11,21,31,0,...), and the convolved sequence (ag))nzl takes the form
k=0

=3 (NS )

k=1 =0

which satisfies
na’) = (m+r—1a", + m+20 —1)a", + (n+ 3(r — 1))al”,.

n—1 n—2

For r = 2, we obtain a recurrence relation for A073778 in [9]:

nalt) = (n+ 1)a51221 +(n+ 2)“51222 + (n+ 3)‘12223'
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