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ON THE REDUCTION OF A LINEAR RECURRENCE OF ORDER r
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1. INTRODUCTION

J. R. Bastida shows in his paper [1] that, if u € B, u > 1, and (xn)n20 is
a sequence given by

= ux, + V(2 - 1) (@2 - 22) + (z, - ux,)2, n >0, (1

xn+1

then x,,, = 2ur,,, - x,, n 2 0. So, if the numbers u, x,, and x; are integers,
it results that x, is an integer for any n = 0.

Bastida and DeLeon [2] establish sufficient conditions for the numbers u,
t, xy, and x, such that the linear recurrence

- ta, (2)

can be reduced to a relation of form (1), between x, and x,,,. Consequently,
the relation's two consecutive terms of Fibonacci, Lucas, and Pell sequences
are given in [2].

S. Roy [6] finds this relation for the Fibonacci sequence using hyperbolic
functions.

In this paper we shall prove that if a sequence (x,),»; satisfies a linear
recurrence of order r 2 2, then there exists a polynomial relation between any
r consecutive terms. This shows that the linear recurrence of order » was re—
duced to a nonlinear recurrence of order » - 1.

From a practical point of view, for r > 3, expressing ¥, in the function of
Ly 15 emes Lp_pas is difficult, because we must solve an algebraic equation of
degree > 3 and choose the "good solution."

If » = 2, we can do this in many important cases. An application of this
case is a generalization of the result given in [3].

X = 2ux

n+2 n+1

2. THE MAIN RESULT

Let (%,),>1 be a sequence given by the linear recurrence of order r,
ES -
T, T 3 BT, kg, MEP AL x; =0, 1 <471 <r, 3)
k=1

where Gy, ..., 0, and ay, ..., 4, are given real numbers (they can also be com-
plex numbers or elements of an arbitrary commutative field). Suppose a; # 0.
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For n 2 r, we consider the determinant

Lo pt n-r+2 Lpo1 Ln
xn—r+2 xn~r+3 :Cw xn«rl
T R
n=-1 n n+r-—3 n+ r—-2
n n+1l n+r-2 ntr-1

and then prove the following theorem.

Theorem 1.
Then, for any n 2 r, we have the r relation

- ~D(n-r) n-
D, = (-DETVmgIop

Proof: Following the method of [4], [5], and [7] (for »r

the matrix

n-r+l n-r+2 xn—l xn
xn—-r'-i—z xn—r+3 .’L‘n xn+l
U
n-1 L Tt Xyarez Luyreo
7 xn+l xn-i—l‘—z $n+r'—1
It is easy to see that
(o 1 o o0 0 0
0 1 0 ¢]
0 0 0 0 6] 1 0
0 0 0 1
ay Gy dz a4y po2 Ppoy dr
so that
B 1 0o 0 0 0
0 1 0 0
0 0 1 0
4] 0 0 0 1
a; 4, az ay Qpop Gp.y COr
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(4)

Let (x,),>1 be a sequence given by (3) and let D, be given by (4).

(3

2), we introduce

(6)

AT’L = A?’L+l’ (7)
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Passing to determinants in (8), we obtain
(-D" 'a)" "D, =D, for n = r

that is, the relation (5) is true.

Theorem 2.. Let (x,),>; be the sequence given by the linear recurrence (3).
There exists a polynomial function of degree », F,:R” + R, such that the rela-
tion

FI‘ (ZL‘”, Ly_1s oons xn—r‘+l) = (—l)(r—l)(n_P)a?—rFr (OLI” Opogs sees Ocl) (9)

is true for every n 2 r.

Proof: Observe that, from the recurrence (3), we can compute the value of
D, knowing O, CGps «e»5 Op. Also, from the recurrence (3), we can express suC-—
cessively all elements of D, as a function of the terms &,, ©,_1s -evs Lp_pya
of the sequence (x,),»;. Thus there exists a polynomial function of degree r,
F,:R*" - R such that the relation (9) is true.

If we suppose that the equation

-1 - -
Fulllys @y qs enes $y_ppy) = (=DE DD gm70p (g o Lil, o)
can be resolved with respect to x,, we find that x, depends only on the terms
Lpw1s Fpu-25 eovs Tyoptrle

If this is possible, the expression of x, is, in general, very complicated.
When r» = 2, we obtain

- 2
Fo(z, y) =x* - aay - ay°, (10)
and it results that, for the sequence (x,),>; given by
T, = ax,_, Ta,x, s MZ3, ;T o, T, = O, (11)
the relation F,(x,, x,_1) = (~l)na§"2F2(u2, 0y) holds. The last relation is

the first result of [2], where it was proved by mathematical induction. If we
write this relation explicitly, we obtain
(22, - a,c,_1)% = (a3 + ba)x_ 4 + 41" "ol (a0 + ayo.0, - ad). (12)

From the relation (12), under some supplementary conditions concerning the
sequence (%,),»1, we can express X, in terms of x,_,.

Again, from (12), it follows that if the sequence satisfies (11), where
Gqs Oy, Oy, O, €N, then for any n 2 3,

2 2 -1 _n-2 2 2
(ai + bayx)_ | + 4(-1)""al " (a 0] + a,0,0, - 03)

is a square. This result is an extension of [3].
In the particular case r = 3, after elementary calculation, we obtain

Pz, y, 28) = -x° = (a; + apa)y’ - alz’ + 2a,8°y + a,x’z
- (a2 + ajay)y’z - (@F - ay)ay’
- ajazxe’ - 2aya,y8% + (Bay - a,az)rya.
So from relation (9), we get that, for the linear recurrence
T, = G1F,-3 + Gpy_p + Ag%p-1, 7 24, Ty =01, Ty = Op, &3 = Uy (13)

7

. 7 = =3 2
the relation Fy(x,, 2, 1, &, ,) = a7 "F(0,, 0,, a,) is true.
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