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OPERATIONAL FORMULAE FOR CERTAIN
CLASSICAL POLYNOMIALS

J. P. SINGHAL *)

1. Recently Srivastava [7, p. 43] has defined a set of polyno-
mials A () related to the Laguerre polynomials by means of the
relations

¢ 4@ (ar)
(1.1) 2 A () L2 () =0, n=>1,

r=0

AP (1) =1.

He also gave the generating function, hypergeometric representa-
tion and the Rodrigues’ formula for these polynomials [7, pp. 44-45]
in the forms :

(1.2) At = 3 A9 @),
r=0

(@) — L 2 (—=n) (14 a) —
(1‘(31) An (m) - (n) l rio (T) ! x Y
an

(@) _mn+a+1 n( —a—l 2 _ _d_

(1.4) Ay (%) = OF D" (x e, (D_dw)’
respectively.

*) Indirizzo dell’A.: Deptt. of Maths. — University of Jodhpur — Jodhpur
— India.
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In this paper we give some operational formulae for these as
well as Laguerre polynomials and employ them to derive many inte
resting results.

The first operational formula to be proved is
(1.5) (wD—{—w—a——J)—-(n) 2 WA&,“L () D" .
i=1
Note that the formula (1.5) corresponds to the one given by Carlitz
[3, p. 219] in the case of Laguerre polynomials [8, p. 428]
To prove (1.5) we observe that if

Qu=1I @D+ x—a—j), Q,
=1

it can be proved very easily by the method of induction that
2 (y) = avtotle D" fe g1y}

where y is some differentiable function of x
Next since

Dr {ex w—a—l,y] - g‘ (:) Dn—r {6“ .1:—“—1} Dr Y
=0

n
= 3 "1 ¢%(n)! —
r=0

AR, (@) D'y,
()
(1.5) follows immediately
In (1.5) if we take y =1, we obtain
(1.6) II @D 4+ & — o — jj-1 = (n)! A (2)
j=1

As an application of (1.5) and (1.6), let us consider

—I-n'Am_,_,.(m) ﬁ (D + 2 — o0 —n —j) I
j=1

IT (D 42 —a—j)-1
j=1

— ) 1T @D+ 2 —oa—n—j)A? (2)
j=1

— @tn) o0 D7 4@ (.

= (m)! (n )!5‘0 o Am_, (x) D" A;" ()
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But since
A(a) (@) = 1:1—)-r (®),
we readily get

m 47\ (@ _ min(mm) g (et (@)
(L.7) ( n ) Apyn (@ x) = 1:2_4; ! AmZy (@) Anzr (2).

Further, from (1.7) we have

z (m+n)t A9 @) =3 @ 40, @) 3 " 45 @)

m=0 n r=0 (7)! m=0

_ 3y

( A;:)r( ). & 1+ 1 t-(a+n+n
r=—0

and making use of the relation [7, p. 45]

A§:"<w+y)—§0 (—A&"lm ),

we get the known formula [6, p. 7]

a9 3 ("FN) e aRw =t AR o),

m=0

Another operational formula for the polynomials AP (x) is
—1—a n d
(1.9) (14 D) = (n)! AP (x ) (D = %) .

To prove it we note that

(1+oc " D an — " 1+ &) (— r

(14 Dy 1—e g = é’o (— 1) " )' M) o) ,

which evidently yields the formula (1.9).
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From (1.9) we have
@) AGHP (@) = (1 ++ Dy~ ",
(1.10) AL () = (1 4+ D)y AT (w);

the last formula gives us

(1.11) ALHP) () = b5 (—1 '(ﬂ Y AP, (@),

r=0 ( )'
Further let us operate on the identity

3
ettt — b
n=o (M)! ’

by (1 4 D)~1—2; the familiar shift rule then gives us

—l—a
1—|—t} 1= (14 t)-1—=ezt,

On the other hand the second member yields

(1 4 D)—1—e ¢2t = ¢3t (1 4 t)—1—= ;1 +

> " A9 (2)
n=0
with the help of (1.9).
We thus arrive at the familiar generating function (1.2).

Now replace by tD,, (D, = -;—y) in (1.2) and operate on both
sides by (1 4 D,)~1—#. The left-hand side gives us

(L4 Dyi=F v (1 + ty) = o {1+ at 4 Dy}~ (1 + gty

— — LALEB Dy -
= e s 3 (1 S G (o

t

o e (1 4 at)™178 (1 4 yt)~1=2 ,Fy |1+ o, 14-B; TiAFa) Ity
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and the right-hand side yields

3 ) AP () AP (9) .

n=0

Combining these two sides we finally get
(L12) 2 m)! AP @) AP )
n=0 .

N et (1 4 )1~ (1 4-yt)—1—= ,F, [1 +o 1485 —; m] ’

From the relation (1.12) we have

(Lt a0 (4 g7 B Lt 1+ 5 =5
= S d 2oy et T e
e L g Ry (- =L
T 2O mh et )

n=0 k=0 (n - k) !

Thus (1.12) is equivalent to

a1 oz O

T (Y @) A @) 42 )

2 (L4 B+ @)k n—k ,(atn—h)
o kfo (n —k)! vy A @




38 J. P. Singhal
2. Making use of the relation [7, p. 45]
Ly Y (—2) = 40 (@)
and our formula (1.8), we get
(2.1) (L= Dy (— )" = ) ! LY (@),
which yields the following interesting result

(2.2) L5t (@) = (1 — DY LY ().

Now consider

D
1—D

Lyt @) = 1 — DY LY (o) = [1 + ]“’HLS‘) ()

= 50 (—1) (8 (‘:‘) !1)’ (1 — D)™ D" LY (w),

and it follows that

B+ 1),

I LY ().

(2.3) LEtFY )= >
r=0

Formula (2.3) was proved earlier in a different way by Al-Salam
[1, p. 131], and our proof differs markedly with that of Rainville
[5, p. 209].

Next let us consider the expression,

(—1)"¢" D" [¢7" LY (@)]
which by the usual shift rule gives us
(— 1)" " D"[¢™ LY (@) = (1 — D) L (a).
On making use of the relation (2.2) we obtain

(—1)" D" [ LY ()] = L& (w),
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which may be put in the form
(2.4) By(1 4 oy 0) = (—1)" & D"[¢™* LY (@),
where R, (a4, ) is the pseudo Laguerre set defined by Shively

[5, p. 298] as

Bo(@e)= D" B (—njatn;a).

()! (@)
The formula (2.4) has been proved recently by Khandekar in

a different way (see [4], p. 2).
Further, from (2.1) we have

(—(’;&—)-TXL = (1 —_ D)—“—n L;{’) (x) — Tél'o (_a(_j;;n_)r D stu) (.Z')
which gives
(2.5) % = rfo (— 1) (“(;})"!ﬂ)r I8 () .

Next consider the identity

oo tn
-t p— — n o _____
¢ n‘=‘70( w) (n) ! ’

operate on both sides by (1 — D)%, make use of (2.1) and proceed
as in the cases of (1.12) and (1.13). We then get the generating
function

(2.6) 1+ e ™= 3 "L (v),

n=0

due to Erdélyi, and the known formula [2, p. 151]

(2.7) 3 (n)! " e (@) L™ )

n=0
2 a— a— 1 —2xt) (1 —uyt
e (I—yt) ﬂtﬂ(ﬂ)!LfB ﬂ)( -(———)t—(_g—)>

_—ana —yt))
t :

¢ (1 — at)’ ™ t*(a)! L¥ (
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