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SOME OPERATIONAL FORMULAS

HUMPHREY NASH
Department of Mathematics, East Carolina University, Greenville, North Carclina 27834

1. INTRODUCTION

In this paper we consider some simple variations of the derivative and the difference operator; deriving formulas
for powers and factorials.

Let s{n,k/ denote the Stirling number of the first kind and Sn, 4/ denote the Stirling number of the second kind.
They are defined by:

n

(1.1) (x) = Z sin k)x®
k=1
n
(1.2) XM= Sk,
k=1
where

(Xip = x(x = Wx =2} (x~n+1).
Substituting (1.1) in (1.2) or {1.2) in (1.1) shows that
a, = Zslnk)by and by = X S(nklag

are equivalent {inverse) relations.

Define
n
(1.3) Antx) =Y slnkix®
k=7
n
(1.4) AP ) = 57 (=10 st keix*
k=1
n
(1.5) Bnlx) = Y Sinkix*
k=1
. n
(1.6) B™) = 5" (~1)"Ksinkix*
k=1

Then A,y (x) = (xJ,, the falling factorial; A (x) = x /™ the rising factorial and B, (x) is the single variable Bell poly-
nomial [3, p. 35]1. We have A,(B(x)) = x" = B,{A(x}}, etc., where (Bix)* =By (x), (Alx))* = Arlx).
We will employ the following special notation:

(1.7) [8¢]" = 67"

1
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2 SOME OPERATIONAL FORMULAS {FEB.

and if
n
folx) = Z ax’
=0
then
"’ o n . .
11061 = ailbgl’ =3 aip'y’ .
=0 =0

REMARK. When 8 and ¢ commute or 7 = 7 then
B¢]" = (0¢)" and fal3¢) = £, [0¢].

2. THE OPERATORSxD, Dx, xA\, Ax

Operators of the form (x0)7, D"x”, (Ax)", etc., are often difficult to work with and we seek equivalent forms,
First we note that

n
(2.1) D)y = AnlxD) = 3" SlokxD)< = x"0"
k=1
follows by induction from
(xDJks1 = (xO(x0 — k) = x*D¥(x0 — k) = x*(D*x)D - kx*D¥
= x*(xD* + k0T )p - kxK Dk = KT pRAT
But (2.1) admits the inverse

(2.2) xD)" = TSk 0k = B, [xD] .
Equation {2.2) can slo be shown directly using the recurrence for Sfn k) [4, p. 218].
Similarly,
n
(2.3) (XA = AnlxA) = 9 alnkl(xA)< = x/an
k=0

follows by induction from
(XA Jer1 = (XA = k)xA ) = (xA - kixkIpak = { xAx ) _ kx(k)} Ak

= {xx(k)A #hxlx + 1)) g pxtx + 1)1 A — j %) }Ak

= {ox ™A skt PTA L AR = (ki BIAAK < (AT AKAT
But (2.3) admits the inverse
(2.4) (xA)" = 2S(nik® Ak = Bn[m}
where x/ = x¥/ .

Since
(0x)" = x“1x0)™'p~"  and  (Ax)" = xTTxA)THTAT

we have from (2.2) and (2.4), respectively,

n+1
(2.5) (0x)" = x"1BpygxDID™" =Y Stn+ 1, ki* 70k,
k=71
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n+{
(2.6) (Ax)" = X "BapgxATA™T =5 S+ 1, khix+ 1)V a1
k=1
Using Leibnitz's formula for the derivative of a product we get; cf. [1.p. ]

n n n

- k11 i k-

pxn =3 ('k’) (0% x")p™* = 3 (;) (nhex™kp"* = %" (k) e Ko
k=0 k=0 k=0

Replacing n — & by k we have

n.on _ n\ n! _kpk
@7 D" -Z(k)nxl) .
k=0
Using
pkHT k+l _ Dk{){k+70+(k+ mk } - Dka{XD+k+7 }
we have by induction
2.8) D" = (xD + 1) = (ox)™ = 4™ py).

Since
(Xﬂ)(n) = (xO}xD + 7)("-7) - (XD}(DX}(I‘I—H - XDDn—7Xn—1
we have
(xD)) = xptyxn=1
Using the difference analegue of Leibnitz’s formula {2, p. 96] we get cf. [1, p. 41,

n

n n
Ay - 2 (Z) NG LM Z (n) A+ i) MpK = Z (Z) (n)n_k(x+n)(k}Ak.

k
k=0 k=0 k=t
Hence
n
(2.9) Al - > ( n ) %(X,rn)(k)Ak .
k=0
Using
A s = AK(AGdr) = A% (ks 1A + (k+ Dl + ke + 1A}

= Ak(x)k{(x — KIAF [k + 1)+ (k + m}
Ak(X)k(AX +k),

1l

= A JelxD+ A +1+k)
we have by induction
(2.10) Ax)y = (Ax)™ = A 1ax).

But n
A%~ AP s 1)y = (Alx+n— 1))

hence using Ax = xA + A + 7 we have
2.11) A% = (e n)A # 1) = ((x+0)A +n), .
Taking the inverse of (2.8) we have

n
(2.12) (Dx)" = 3 (~1)" S0 k)0*x* = 8™ [Dx] .
k=1
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Taking the inverse of (2.10) we have

n
(2.13) (x)" = 3 (~1)"Ks(n kA% i = 8™ [Ax)

; k=1
wherex’ =(x/J;.

Since
OO/™ = (x0) "x0)”  and {0} = x0)™
we have by {2.2)

(2.14) BmnxD] = By IxD]B,IxD], (Bm [xD])" = BmnlxD] .
Similarly {2.4) gives
(2.15) BminlxA] = B [xA]B,[xA], ;Bm[xm}" = BmnlxAJ.

Similar results atso hold for 8/ jox/ and 8%/ [Ax].
3. THE OPERATORS x(/ + 0), x(1 +A), (1 +D)x, (1 + A )x
Analogous to (2.1) is
3.1) (x(1 + D)}, = Ap(x(1+D)) = x"(1+D)" = [x(1+D)]"
which follows by induction from
(x(1+0)icrqs = (x(1 + 0} (x(l +D) ~ k) = x5+ D}k/x(/ +0) k)

= x*duti+ o)} vkl +0)K —kt1+0)F } = A1 0)KHT
But (3.1) admits the inverse
n
(3.2) (x(1 + D))" = 3 Slokx*(1+0)% = Bylxtt +0)] .
k=1

Since
((1+0px)" = x~Txtr +0))" 11+ D)7

we have
nt+1
(3.3) ((1+00)" =9 Sth+ 1, ki* T +0/7
k=1
Using

(1+0)™ X" = (1+0)701 + D™ = (14 D)% x +xD +n+ 1) = (1 +D)"x"((1 + DJx + )
we have by induction
(3.4) (1+0)"%" = ((1+0)x)™ = A (1 +D)x)
which admits the inverse

n
(3.5) (1+0)x)" = 3" (~1)"KS k)1 + D)¥x* = B f1+D)x] .
k=1

By (3.4)andsince (f +DJx = (x +xD0} + 1,

e(1+00)™ = (e +x0)0 = x(1+0)01 + D)™ = xf1 + D)1+ D) 1T
Hence
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(3.6) (xl1+ D)) = 1+ )77

By (3.1) and since
(x+Dx), = (x+Dx)ix+x0)p,

we have
3.7) {1+ 0)x)y = (1+0"(1+0)77 .
Using (1.4)
n
(3.8) ll + A =57 Rkt # ANK = AP (14 0)).
k=1
But,
(3.9) 1+ A" = xgep )

follows by induction from
(el + AP = el + 8))xl + AN = xtr+ A ™+ A )%

= x {x(k)+x(k)A wkfx+ 1) kfx 1)(k'”A} (1 +A)K
- X{X(k)’f'k(X‘f' ”(k—f) }{/+A)k+’ = xlx+ 7)(k-7}(x+k)(/+A)k+7 = X(k+“(/+A)k+7,

Hence
n
(3.10) (1 + AN = S 1) Kspna W apk < a™ g n)y,
k=1

where xk Ex(k}.

Relation (3.8) admits the inverse

n
(3.11) (1 + 80" = 3 (1" Skt + )™ = BTt + 8)),
k=1

where (x(1 + AJJ% = (x(1 + A ))*/ .

Using (3.9), (3.11) may be rewritten

n
(3.12) )M ea) = (~1)7KStnihxlt + A)) %)
k=1
Using (1.1)
n
(3.13) (X1 +AJlg = Y slokdcli+ A< = Ap(x(i + A )
k=1
and using (3.9)
n
(3.14) 1+ 80y =3 staklx® i+ MK = anixtr+ )1,
k=1

where the inverses of (3.13 and (3.14 are, respectively,

n

(3.15) (ll+ A)" = 3 Stok)fl + Ay
k=1

Bpix(l +4A))
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and

n
(3.16) P+ A) = 37 Stnkdixll + Al = Bplxli+A)).
k=1

iterating {/ + AJx =x +xA + A +{=(x+ 1)(/ + A) n times we have

(3.17) (1+A)% = (x+n)(l +A)" .
More generally,

(3.18) (1+8)%M) = (x+0)™ g+ n)"
as the following induction step shows:
1+ 8) ™ = gAY+ D = (14 AP e 1) e en £ 10+ A)
= (et 1+n) ™+ D) xrn 1)1+ A).
Using (3.17) we get
(xt 140) M et n s+ 140)1+ A1+ A) = (x+n+ 1) a7
Replacing x by x + 7in (3.9} and using {3.17) for n = 7 we have

(3.19) (1+80)0" = (x+ 1)+ A9 = (1+A)(x),, .
Similarly (3.10) becomes
(3.20) (1+2)™ = 2 v )1+ 801 = A™ 1+ A,

where (x + 1)K = (x + 1)/
Equation (3.11) becomes

(3.21) ((1+ )" = B e r 1)1+ 8)) = B™ f1+ 8] .
Equation (3.14) becomes
(3.22) ((1+A)), = Ap {1 + A)x] .

4. THE OPERATORS x02x 0x20, xA%x — 1, Afx — 1)@

We first note that x0 and Ox commute, i.e.,
(4.1) xD*x = xDDx = x2D* +2x0D = DxxD = Dx*0
and we restrict our attention to x0%x.

Since x0%x =xD Dx = x0(1+xD)=B, [xD](1+B, [xD]),

(xD?x)" = { B, [xD](1+B,[xD]) }”.

By (2.14) this gives
{4.2) (xD*x)" = B, IxD](1+8, (xD])"”
or alternatively

n

@.3) 602" = 37 (%) BreeleD]
k=0

This becomes
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n n+k
(@.4) 0" = 3 Z) S Sta+k,jixin!
k=0 " ' j=0
or utilizing {2.2),
n
(4.5 02" = 30 (1) o
k=0

Since x0 and Dx commute with each other,
(xD2x)" = (x0Dx)" = (xD}"(Dx)" = [(xD)Dx)]" .
Using (2.2) and (2.12) this gives
(4.6) (xD*x)" = B, [x0]8" [Dx]
Comparison with (4.2) yields

n

(4.7) B™x) = Y (Z) Bi [xDOJ .
k=0
Since by (2.1) and (2.8),
XnDZan = x"ppin = (XD),,(BX)(")
and since

(XD — k)(Dx + k) = (xD — k}{xD + 1+k) = x0? — k@

we have, analogous to (2.1) and (2.8),

(4.8) 02 = M (0%~ k2).
k=0
Remark. D"x21p" = x|
We note that xAand A (x — 1) commute, i.e.,
(@.9) XO2(x— 1) = xA(1+x0) = (1+x0)x = (x 1)@ A,
Writing

xA%x—1) = xA(1+xA) = B, [xA]{1+B,[xA])

we have using (2.14)

(4.10) (xA2(x — 1) = BoxAJ(1+BIxA])"
or
n n n+k
(@.11) (b= )" = 5= (1) Beled] = 30 (7) 3 st+hjiclo!
k=0 k=0 =0

or using (2.4}

n

(@.12) (A -1 =Y (;) (A )
k=0

Since by (2.3) and {(2.10)
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XMATAT e~ 1)y = Ay (Alx— 1)) = (xA ), (xA + 1))

and since
(A — k)xA +1+k) = (xA2(x - 1) — k@)

we have, analogous to (4.8),

(4.13) xPIAZ gy o T eAZ— 1) k1),
k=0

5. THE QPERATORS x(/ + D)2x, x{I + A )2 (x — 1)
The operators x{/ + 0) and {/ + D)x commute, i.e.,
(5.1) x(l+D)Px = (I+D)x*(l + D),

and we have using (3.2)

n n
(5.2 tl 075" = 3~ (7) Buweleti+00 = 3 () tetl + 0"
k=0 k=
and
n n+k
(5.3) bll+0px)" =30 (R) 2 Sto+ kil + o)t
n=0 /=0
The operators x{/ + AJ and (/ + A )(x — 1) commute, i.e.,
(5.4) X1+ 8020 = 1) = (1+ 8)ix— 1)1+ ).
Using (3.18),
{5.5) X(I+ AP x—1) = x(1+AK(I+A) = (x(I +A)),
Hence by (3.9)
(5.6) X1+ AP =1))" = (x(1 + A" = x? 110 0)7"
Since
XM e a1+ A= 1), = x ™1+ 81+ 8)x = )T
=x ™1+ 8% 14807 = X xr )™ )1+ 007
we have
6.7) 1+ 802 00— 1), = x @14 8)%0
and comparing with (5.6)
6.8) betl + )% — 17 = x4 A)20x = 1),
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