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THE GENERALIZED FIBONACCI OPERATOR
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I. INTRODUCTION

Some years ago Angus E. Taylor and the author were locking for exam-
ples of operators for which spectra could be determined and classified. In the
course of this search we chanced upon a bounded linear operator ¥ on the
sequence space £y, defined by the infinite matrix (fij ),

:{1ifi=j:1 or i=1, j>1
ij 0 otherwise

This operator has the interesting property that the norms of its consecutive
powers are consecutive Fibonacci numbers, which, as is well known, are

defined recursively by
fg =0, £ =1 and £ =f +f , n=2,

The infinite matrix representations of the nth' power of this operator have
column vectors suchthat thefirst n+1 terms of these vectors are, in inverted
order, truncated Fibonacci sequences. The spectrum consists of the unit disc

together with the point

1+\V5
2 ?

- the positive zero of the polynomial P(A) = A% - A - 1, sometimes called the
"golden mean'' which is well known to be the limit, as n becomes infinite of

the positive nth root of the nth

term of the Fibonacci sequence, We appro-
priately enough dubbed this operator the '"Fibonacci Operator. "
In this paper we define an operator-valued function F of a nonnegative

real variable, such that for every nonnegative value of x there is associated
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with the number x a bounded linear operator ¥(x) on the sequence space 171.
In addifion, there corresponds to each nonnegative value of x:

(1) a sequence {fk(x)}

(2) a polynomial PX()\)

(3) an infinite matrix representation (fij x) for F(x).

For the case x = 1, F(1), {fk(l),}, Py(A) and (fij (1)) are the Fibon-
acci operator, the Fibonacci sequence, the associated polynomial, and matrix
representation, respectively, For all other values of x, 0 < x <o, F(x) and
the entities referred to in (1), (2), and (3) above have interrelationships sim-
ilar to those possessed by their counterparts in the case x = 1,

II, PRELIMINARY DEFINITIONS AND NOTATION

The operators we shall consider will be bounded linear operators map-
ping the sequence space E._( into itself, The space 21 consists of the set of
all abgolutely convergent sequences of complex numbers § = {§i§ under the

norm defined by

HESIF

i=1

It can be shown (see for example [1]) that every member, A, of the
algebra [11] of bounded linear operators which map £; into itself has a ma-
trix representation (aij ), such that the uniform norm of A is given by

Al = s 5%yl

i=1

If A isin [ﬁi], then the resolvent set of A, p(A), consists of the set
of all complex \ for which the operator (AI - A)™!, where I is the identity

operator, exists as a bounded operator, and the range of AL - T is dense in

L.
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The spectrum of A, . g (A), consists of the set of all complex numbers
which do not belong to p(A), The spectral radius of A, Jo(A)|, is theradius
of the smallest circle, with center at the origin, which contains o(a), We

shall have occasion to make use of the following facts: (see 2)

(2.1) lo@)] = lim A%V

(2.2) If |\ =|o(A)| we can represent (AI - A)~! by its Neumann
expansion,

(AI-a)1 = & +‘§: A”
A An+1 °

n=i

The function F which we wish to consider has for its domain the set of allnon-

negative real numbers and its range is contained in [,IZ 1] . If we identify the

values of F(x) with their matrix representations under the standard basis, it

will be convenient to define F(x) as the sum of two matrices L and C(x).
The infinite matrix L = (ﬂij) is defined by

_f1ritig-j=1
Eij 0 otherwise .

When I is used as aleft multiplier on a matrix A, we might call it a "lower-
ing matrix, ' Its effect on A can be crudely described as follows: Each row
of A is lowered one step, and the empty first row is replaced by zeros.

The infinite matrix C{x) = (cij (x)) is defined by

0 if j<[x]+1or i>1
Cij(X): j-xif j=[x] +1 and 1 =1
1 if j=[x]+1andi=1,

where [x| denotes the greatest integer not greater than x (Note that all
entries of C(x) below the first row are zero,) This matrix could be described
as "partial column summer, " As a left multiplier of a matrix A = (aij)’ it

produces the following effect, In each column of A the elements below the
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[x+ l]St‘ row are summed, to this is added (1 - x+ [x]) times the entry in
the [x+ 1]St rowand the totalis entered as the first row entry of the corres-
ponding column of LA, All other entries in this column of LA are 0.

We are now ready to state our main theorem.

III. PRINCIPAL THEOREM
Theorem 1, Let F(x) be the member of [ /,] defined by the infinite
matrix L +C(x), 0 =<x <0, With F(x) there are associated

(1) a sequence {fk(x)}, defined by

0ifk=0
. =§1if 0<k=([x+1]
i@+ (x4 1] = 0f ey 60+ (- [x D, @
if k> [x] +1

and

(2) a polynomial JPX(’)\),
P\ = { )\[Xﬂ] - ([x+1] - x)}()\ -1 -1

such that the following relationships hold,

@ [P0 =t - (v 28,00

n

DAEE

k=0

®) o(F) ={A;P(A)=00r|)\.s1}
. : o 1/n _ - ‘

(c) nl_l}lf%o {fn(x) - ([x+ 1] K)fn—[xl‘i] (x)} \O‘(F(X))I PS(I;I;ZO‘)\‘ .
(@ 60 = 1] @ 1= 1k n= [xe ]
where
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Ky = ¢
Fx) (fij

®).

Statement (d) merely says that the first k entries in any column after
the [x + 1]St of the matrix Fk(x) are the truncated sequence {fk}lf in reverse
order,

Before proceeding with the proof, we note that in case x is an integer,
the sequence {fk(x)} is a sequence cof integers similar to the Fibonacei
sequence; indeed {fk(l)} is the Fibonacci sequence and {fk(O)} starting with
£,(0) is the geometric progression with first term equal to 1and common ratio

2. In general, where x is an integer, the sequence {’fk(x)} has the following

properties;
(i) [ =0, L@ = fHx) = -+ = fx+1(x) =1
fn(x) = fn—1(X) + fn—(1+x)(X) if n=x+1
n
(i) £ = 2 £, + 1
k=0
(iii) lim {fn<x)1/n = sup | = lom],
n—>00 ' P(N)=0
where
Py =0 opo-p -1
- >kxﬂ-z _ >\x+1 -
|
(iv) £y = HFn(xD\‘ .

We now turn to the proof of our theorem,

We shall let the matrix representation of Fn(x) be denoted by (f].gl) =).
However, to simplify the notation in the discussion that follows, we will omit
the argument x and represent Fn(x) and fi(?)(x) merely by 7 and fi(?)., We

shall also let
€ = 1-(x-[x])
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and

0000 o 0€ 111 e ]
1000+ 00000 ==+
0100« 00000 -~
0010+ 00000 =-- ’
000 1ece 06000 «--

th

where € appears in the first row of the 2™ column,
Since F" = (L + C)Fn_i, we see from the description of the effects pro-
duced by 1. and C as left operators that the kth row of F" is thefirst row

of FYEN gor 1< k=n, k aninteger. Thatis

- f(1r1—k+1) .

3.1) £ o g0l : 1=k=n,

kj (=i ij

We also see that

3.2) f(n):{lifk=n+j

kj 0 if k>n and k #n+j,

With the understanding that if n < 0 then fgl) = 0 and fﬁl) = fin =0

we can state the following lemma,

Lemma 1,

n-f-1
) _ _po-f) 2 : ()
@) fmg = dzm + fjm + f1(m+n—1)
=

if m and n are positive integers.
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) (@ -1 ef(n D a- eyp(a-L-)

m m 1m
& (m+n-1) fi(m+n—z) )

if m and n are positive integers and n = 2,

Proof, Part (a) follows easily from the fact that

©

f(n) — £ f(n"1)

im 1j jm
=

and formulas 3.1 and 3,2, Part (b) is obtained by computing f( ) from part
(a) and subtracting the result from the expression for f( ) given in (a),

Lemma 2, If n is an integer and n = 2 then

i = g™ - g0

where

0 if m=</
gm) ={ € if m =]
1if m>/4,

Proof, The result follows easily from the fact that

00

(m) _ (n-1)
£ —Zfij fim -

=

Lemma 3, If m,n and k are positive integers and m > k, then f(n)
szn). If in addition k> /, then f(n) = f(n) .

Proof, This result follows from an mductwe argument, That the conclu—
sions of the lemma hold for n = 1 is evident. From the induction hypotheses

that they hold for n = j, it quickly follows from Lemma 2 that they hold for
= j -+ ln
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Since from Lemma 3, £ = ™ for a4l k and m such that k > /

1k im
and m > J, we make the following definition,
Definition,
- - p(m) . . N
LS 0, fn f1(£+1 if n is a positive integer,

From the definitions of / and € and Lemmas 1 and 3, it follows that
{ fn(x)} is the sequence defined in Part 1 of the conclusion of Theorem 1,

Lemma 4, The norm of F" is given by

n
szk”
k=0

Proof, Since 0 = € =<1 and all the enfries of the first row of the
matrix (i, J) are nonnegative, it follows from part (b) of Lemma 1 that all the
elements of the first row of the matrix (f( )) are nonnegative, From equa-
tion 3,1 we see that the ]th component of the m~ column vector of (f(n)) is

given by

£ - fﬁ;_jﬂ), 1=j<n.

From this equation and eguation 3,2 it follows since all the components are

th )

nonnegative that the ﬁi norm of the m ™ column vector of (fi(j ) is givenby

n
Sl v

Im *
=

From Lemma 3 we see that the [1 norm of the (/ + 1)St column vector of
(f(n)) is greater than or equal to the £1 norm of any other column vector of
that matrix, The definition of HF ” and that of the sequence { } now imply
that
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n
n —
=) =3 g+ 1.
k=0

This completes the proof of Lemma 4,
It is a simple matter to use the result part (b) of Lemma 1 to conclude
that

n
Z Bt 1= S, - €6
k=0

This result together with Lemma 4 gives part (a) of part 2 of the conclusion of
Theorem 2,

Lemma 5, The formalinverse matrix (gij) of the matrix representation
of \I - ¥ is defined by

he + (1 - €) ifjsﬁ

£+ )\}b—j+3
by, = 2 1 e
1j PO — it j=>4
)\2
where
L+ 2
P(A)y = X -X =-€x - -¢€),
and
1 1 R
a T iy P
N
i—1bl if i<j.,
N
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Proof, The Neumann expansionfor (\I-F)~! converges provided Ix] = IO’(F)

Since

= Jdim [ < v = 2,

| o)

it is clear that the Neumann expansion for (I - F)~! converges provided |\ ]
=2, We, however, are only using the Neumann expansion as a device to ob-
tain the formal matrix inverse of the matrix representation of (I - F), If we
let the matrix for (\I - F)~! be denoted by (gij }, then since

R

n=1 A
it follows that
5 % ™)
o, = Z_u_
ij N n+i *
_x
n=i
But from 3.1 and 3.2 we see that:
f{;l-iﬂ) f 1 i=n,
£
ij R
61(j+n) if i=n
Thus
o f(n—i+1)
§ :lj ep s .
o " ifi<j,
n=i
(3.3) g.. =
Y co_gn-i+)

1 1j e
REE ’ 2 : p HoiEd
P
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If we now consider the matrix (gij) as the sum of two matrices (aij) and

(bij) where
0 ifi<ij,
3.4) a, =
! — i iz
NI
we see that
o f(n—i'H)
- 1j
bij B E ot
n=i
If i> 1 we see that
w T o g
= A =l
(3.5) by = . N kA
n=i k=1
(k)
I - b
i-1 k+1 i-1 L ¢
X\ =1 x X

By using part b of Lemma 1, we can solve for values b1j as follows:

w f® oy = K
by, = 2_1..1_ =4 +Z_11_
].] )\k‘H by k+1
k=1 k=
- ) e
_ i% . = {fgi D+ Eilfj +(1 - E)fg{ Yy £ (j+k-1) - f1(j+k—z)}
N )\k+1

or
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£
- 1 1 € (1~ ¢
by X Py ¥ z Py * T Py

| € l-€ ...
‘m*w it =L
+

X
" _2 if ] = ﬁ ’
| N\
and therefore
Ae + (1 -~ €) i< JZ
£-j+3 =
)\1+1 X
(3.6) bl' = - .
J 4+
Nlow —en-(1-¢) 1 i =4
2
X
Remembering that gij = a’ij + bij the conclusion of the lemma follows from

equations 3.3, 3.4, 3.5, and 3.6.
From L.emma 5 it is easy to see that the matrix (gij) can be schemati-

cally presented as the linear combination of two matrices as follows:

I 0 00 .. [ 409 1@ o h@g 11
11 4, 9n?q 1% 1 1
}\2 X by N A AN
ey =1L L 1o . | xw%0n%0  n%e 11
1 PG POIL N 2 Nz
11 Ly, W @nPq., 2% 11
ket N N a8
where
i + (1 -
h(J) (G) — >\E )\2+1_j (3

An evaluation version of novaPDFE was used to create this PDF file.
Purchase a license to generate PDF files without this notice.


http://www.novapdf.com/

1968] THE GENERALIZED FIBONACCI OPERATOR 27

is a factor of each element in each of the first ,0. columns of the second

matrix, The first of the above matrices is the matrix representation of

and the value of its norm is

i,

= =;M“

11

o0 .
h® ) +Z U8 li=1

if | )\| > 1. The value of the norm of the second matrix is
k

[
1h‘”<e)h—‘@-_H
k=1 1M
N Z 1
= 1 + —
A =1 o l)\|k

max

provided I)\ I> L

From these facts we can infer that (M - F)™! is defined and a bounded
operator on Ay into .£; provided le_> 1 and \ is nota zero of P(\), and
that (M - F)~! ig either not defined or is unbounded if \ is a zero of P()\) or
I)\| < 1, We thus conclude that the resolvent set of T,

p(F) = {xl Ix[>1 and Py #0

" and therefore the spectrum of F,

oF) = {xl I\|<1 or Py = 0} .
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This proves part 2,b of our theorem since if we recall that £ = [x+1] and
€= ([x +1] - x)' we see that the polynomial P()\) isprecisely the polynomial
PX()\) defined in the theorem by:

P (N = {x [x+] (x+1] - AN-1)-1.
Lemma 6, For any given value of x, 0 = x=<o0, PX()\) has precisely
one real zero, oo with modulus greater than 1 and 1 < re < 2.
Proof, As a function of the real variable ¢

P (&) = r-a¢-n-1=¢"" - _et-a-o

and

PL(£) (f’ﬂ' —e) F(E - DAEA = (g 1)eF - Lt e

It is a simple matter to verify that P;{(f) =0 if £>1 and Px(l) -1,
From this we infer that PX(§) has precisely one zero greater than 1 and
since P_(2)> 0, that this zero lies strictly between 1 and 2 if x #0, If
¢ =<-1 and £ isodd then P!(f) <0 and P (-1) =0, If § < -1 and L is
even, then P;{(f) > 0 and Px(—l) > 0, From thesefacts it follows that Px(g)
has no negative zeros with modulus greater than 1. This completes the proof
of the lemma,

Lemma 7, If Ty is the positive real zero of PX(X), 1< Ty =2, and
if p is any other zero of PX()\), then Ip' =r.

Proof, The proof is by contradiction. If we assume P_(u) = 0 and lp,‘
> r_> 1, then |p|1'>r}f and therefore ||J,IL—E> r}f—-e> 0 since 0 =

X
€ < 1. From this last result the following chain of inequalities follows:

1 _1
Wf-e xfoe

hence

An evaluation version of novaPDFE was used to create this PDF file.
Purchase a license to generate PDF files without this notice.


http://www.novapdf.com/

1968] THE GENERALIZED FIBONACCI OPERATOR 29

1 1
1+ < 1 4+ —— =
1HIZ'€ I‘ﬁ- € x
since
1"1;_1— r'Z—ErX— (1-€¢ =0,
and therefore
1
1+ lpg‘—e! ros
or
bl <.
since
ol = 1+ 2] =1+ 22— .
pi-e |pt- e

But |]J,| =r, isa contradiction of our assumption that p = ro.

From Lemmas 6 and 7 and the definition of spectral radius, we immedi-
ately deduce the second equality in part 2.c of the conclusion of Theorem 1,
That is,

loFen| = s 2]
P_(N=0

The first equality of part 2,c of the conclusion of Theorem 1 is an immediate

consequence of part 2,a of Theorem 1 and the fact, 2.1, that

i/n

lo@ep] = tm [Fel"" .

We have now completed the proof of Theorem 1,
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IV. A PROPERTY OF |o(F(x))!

We conclude this paper with the following theorem,

Theorem 2, The spectral radius of F(x) is a strictly decreasing con-
tinuous function of x, x= 0, and

@) . Lim JoFE) | = 1
() dmloF@)] = 2.

Proof, From Theorem 1 we know that
loEe)] = r

where r_ is the only real root of P_(¢), ¢l >1, and 1< r =2 Letus
assume that n is a positive integer and

n-1< x<vy=<mn,

It now follows that r.> ry. The proof is by contradiction,
Assume r_=<r _, Then
X y

— ‘n - — —-— =
Px(rx) = (1X ex)(rX 1) -1 0
and
P = @ - -1 -1 = 0
N R N
where

e, = [x+1] -x.

From these equations and the assumption that r < ry, it follows that
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or

n
- = - = - =
ry r.S ey E'y X -y 0

and therefore ry = T, which is a contradiction to our assumptionthat r_=r_,
Since we have shown that ro is strictly decreasing as x increases and
is therefore strictly increasing as x decreases for
n-1< x< n,
we see that if
n-1< vy =<mn,

then the following limits exist:

xllgly-F r = a and Xl}_»my_-rx SR

Therefore, since

xll-rg‘yex - ey ’

xliin Pylry) = P‘y(a) = 0 Jlim

- 5o Pyr) = o).

But since
P (&), €l =1,

has only one real root, namely ry, it follows that ry =a = and therefore

lim r =1
X =y X v
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or r. is a continuous function of x on
n-1<x<n,
It is not difficult to see that
xﬁ-I»nn s = ™n

where n is any positive integer, First it is clear that as

+ n+i
X1}, Px(rx) = (rX - eX)(rX -1)-1=0

and
eX =m+1) -x,

provided

XxX<n-+1,
hence

. n-+i n+2 n+i

Jm  Pr) =@ -Dy-)-1=Y -y -y=0=P©)
where

lim r. =Y .

Ko+ X

Similarly as x==n ,

JPX(rX) = (rn -

- € - -1=0

and

€x -n - x, provided x>n - 1, hence
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+1
n+i 61’1

Jim -P (r ) = (" -0)6 -1) -1 =5

where

iy - = 0.
Since both y and & must lie between 1 and 2 and Pn(f), |§ |>1, has pre-
cisely one real root we infer that y= 6 or ro is continwous at x = n for
n an arbitrary positive integer,
It now follows that re is a continuous function of x for all x> 0 and
r. is a strictly decreasing function of x
Finally we shall show that

im r. = 1,
X =200 X
For assume
Iim r_=r
X o X
where r = 1, In this case
; [ %+ ) . 1
lim sr'X ]—e y = lim - =
X—»oo) X X4 X-»oo]:‘x-‘l r-1

since for all x> 0

But it is clear that
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becomes arbitrarily large as x approaches infinity and therefore cannot have

1
r -1

as a limit, This contradicts our assumption that r > 1,
That

no

Orx:

lim
K g
follows immediately from the fact that

PoA) = A -2x,
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A CURIOUS PROPERTY OF A SECOND FRACTION

Marjorie Bicknell
A, C. Wilcox High School, Santa Clara, California

In the April, 1968 Fibonacci Quarterly (p. 156), J. Wlodarski discussed
some properties of the fraction 878/323 which approximates e. Consider the
approximation of w correct to six decimal places given by 355/113 =
3.141592%. The sum of the digits of the numerator is 13, and of the denomina-
tor, 5. 13/5 = 1 + 8/5, or one added to the best approximation to the "Golden
Ratio" using two one-digit numbers. Also,

355 _ 300+ 55
113 ~ T00+ 18 °
where 55 and 13 are Fibonacci numbers.
Taking 355/226 as an approximation of 7/2 leadsto the observation that
355 _ 377 - 22
226 ~ 233 -7
where 377/233 approximates the golden ratic and 22/7 approximates , and
377 and 233 are Fibonacci numbers,
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