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Abstract

We introduce the Cauchy augmentation operator for basic hypergeometric series. Heine’s »¢; transfor-
mation formula and Sears’ 3¢ transformation formula can be easily obtained by the symmetric property
of some parameters in operator identities. The Cauchy operator involves two parameters, and it can be
considered as a generalization of the operator 7' (bDy). Using this operator, we obtain extensions of the
Askey—Wilson integral, the Askey—Roy integral, Sears’ two-term summation formula, as well as the g-
analogs of Barnes’ lemmas. Finally, we find that the Cauchy operator is also suitable for the study of the
bivariate Rogers—Szegd polynomials, or the continuous big g-Hermite polynomials.
© 2007 Published by Elsevier Inc.
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1. Introduction

In an attempt to find efficient g-shift operators to deal with basic hypergeometric series iden-
tities in the framework of the g-umbral calculus [2,3,17], Chen and Liu [11,12] introduced two
g-exponential operators for deriving identities from their special cases. This method is called
parameter augmentation. In this paper, we continue the study of parameter augmentation by
defining a new operator called the Cauchy augmentation operator which is suitable for certain
transformation and integral formulas.
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Recall that Chen and Liu [11] introduced the augmentation operator

o0

T(bDy) =Y

n=0

(bDy)"
(q; @n

(1.1)

as the basis of parameter augmentation which serves as a method for proving g-summation and
integral formulas from special cases for which some parameters are set to zero.

The main idea of this paper is to introduce the Cauchy augmentation operator, or simply the
Cauchy operator,
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T(a.b: D)=

n=0

(a;q)n
(q; @n

(bDy)", (1.2)

which is reminiscent of the Cauchy g-binomial theorem [16, Appendix I1.3]
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nX:(:) @Dn | @ Do lz| < s

For the same reason, the operator T (a D) should be named the Euler operator in view of Euler’s
identity[16, Appendix II.1]

@ @D

,  lzl < 1. (1.4)

Compared with T'(bD,), the Cauchy operator (1.2) involves two parameters. Clearly, the
operator T (bDy) can be considered as a special case of the Cauchy operator (1.2) for a =0. In
order to utilize the Cauchy operator to basic hypergeometric series, several operator identities are
deduced in Section 2. As to the applications of the Cauchy operator, we show that many classical
results on basic hypergeometric series easily fall into this framework. Heine’s >¢; transformation
formula [16, Appendix II1.2] and Sears’ 3¢, transformation formula [16, Appendix II1.9] can be
easily obtained by the symmetric property of some parameters in two operator identities for the
Cauchy operator.

In Sections 3 and 4, we use the Cauchy operator to generalize the Askey—Wilson integral
and the Askey—Roy integral. In [19], Ismail, Stanton, and Viennot derived an integral named the
Ismail-Stanton—Viennot integral which took the Askey—Wilson integral as a special case. It is
easy to see that our extension of the Askey—Wilson integral is also an extension of the Ismail—
Stanton—Viennot integral. In [15], Gasper discovered an integral which was a generalization of
the Askey—Roy integral. We observe that Gasper’s formula is a special case of the formula ob-
tained by applying the Cauchy operator directly to the Askey—Roy integral. Furthermore, we find
that the Cauchy operator can be applied to Gasper’s formula to derive a further extension of the
Askey-Roy integral.

In Section 5, we present that the Cauchy operator is suitable for the study of bivariate Rogers—
Szegd polynomials. It can be used to derive the corresponding Mehler’s and the Rogers formulas
for the bivariate Rogers—Szeg6 polynomials, which can be stated in the equivalent forms in terms
of the continuous big g-Hermite polynomials. Mehler’s formula in this case turns out to be a
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special case of the nonsymmetric Poisson kernel formula for the continuous big g-Hermite poly-
nomials due to Askey, Rahman, and Suslov [8]. Finally, in Sections 6 and 7, we employ the
Cauchy operator to deduce extensions of Sears’ two-term summation formula [16, Eq. (2.10.18)]
and the g-analogs of Barnes’ lemmas [16, Egs. (4.4.3), (4.4.6)].

As usual, we follow the notation and terminology in [16]. For |¢| < 1, the g-shifted factorial
is defined by

o]

(a;q)oozl_[(l_aqk) and (a;q)nzm

— , forneZ.
0 (@q"; @)oo

For convenience, we shall adopt the following notation for multiple g-shifted factorials:

(ar,az,...,am;q)n = (a1; @In(a2; @n -+ (@m; @n,

where 7 is an integer or infinity.
The g-binomial coefficients, or the Gauss coefficients, are given by

n (q; Dn
- @D 1.5
[k} (@ Dr(q; Dn—k (1.5)

The (unilateral) basic hypergeometric series ¢ is defined by

o
ay, az, ..., a (ar,az,...,ar; @x ko (qits—r
42 = -1)*qa . (1.6
,¢s[b1, by ..., bsqz} ];(q’bl,b%.’bs;q)k[( Fa@TE e

2. Basic properties

In this section, we give some basic identities involving the Cauchy operator T (a, b; Dy) and
demonstrate that Heine’s ¢ transformation formula and Sears’ 3¢, transformation formula are
implied in the symmetric property of some parameters in two operator identities.

We recall that the g-difference operator, or Euler derivative, is defined by

D, f(@) = fla) - f(aq) .1

and the Leibniz rule for D, is referred to the following identity:

Di{ f(@)g(a)} qu“‘ ">[ ]Dk{f(a)}D” “{2(aq")}. 2.2)

The following relations are easily verified.
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Proposition 2.1. Let k be a nonnegative integer. Then we have

k{ 1 ot
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DH{(at; oo} = (=00 q® (atq*; q) .

W @iDoo |k, (avg*; @)oo
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Now, we are ready to give some basic identities for the Cauchy operator T (a, b; Dy). We
assume that T'(a, b; D) acts on the parameter c. The following identity is an easy consequence
of the Cauchy g-binomial theorem (1.3).

Theorem 2.2. We have

2.3)

T(a’b;Dq){ 1 }_(abt;q)oo
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provided |bt| < 1.

Proof. By Proposition 2.1, the left-hand side of (2.3) equals

i(a;g)nb"DZ{ 1 }= 1 i(a;q?n(bw”’

= @ Dn (tiq)oo ) (cti @)oo =5 (45q)n

which simplifies to the right-hand side of (2.3) by the Cauchy g-binomial theorem (1.3). O

Theorem 2.3. We have

1 (abt; q)oo a ct
T(a,b; D = ’ ;q.bs |, 2.4
(@ q){ (cs,ct; @)oo } (bt,cs,ct; @)oo 201 |: abt’ 4 s] 2.4

provided max{|bs|, |bt|} < 1.

Proof. In view of the Leibniz formula for D;, the left-hand side of (2.4) can be expanded as
follows:

S bl oo
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oo oo
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as desired. O

Notice that when a = 0, the >¢; series on the right-hand side of (2.4) can be summed by
employing the Cauchy g-binomial theorem (1.3). In this case (2.4) reduces to

|bs|, |bt| <1, (2.5)

T(qu){ 1 } _ (best; @)oo

(cs,ct; @)oo ] (bs,bt,cs,ct; @)oo’

which was derived by Chen and Liu in [11].

As an immediate consequence of the above theorem, we see that Heine’s ¢ transformation
formula [16, Appendix III.2] is really about the symmetry in s and ¢ while applying the operator
T(a,b;q).

Corollary 2.4 (Heine’s transformation). We have

a, b (c/b,bz; ¢)co abz/c, b c
g2 | =——— 3 qs— |, 2.6
2¢1[ o Z] € 2D 201 PRLE (2.6)

where max{|z|, |c/b|} < 1.

Proof. The symmetry in s and ¢ on the left-hand side of (2.4) implies that

(abt; q)o a, ct (abs; q)co a, cs
—_—— ’ 1 g, bs | = ———— ’ 1q.bt|, (2.7
(bt,cs,ct; @)oo 291 abt 4,03 (bs,ct,cs; q)oo 291 abs q 27)

where max{|bs|, |bt|} < 1.
Replacing a, b, c, s, t by b, a, azb/c, z/a, c/ab in (2.7), respectively, we may easily express
the above identity in the form of (2.6). O

Remark 2.5. A closer look at the proof of Theorem 2.3 reveals that the essence of Heine’s
transformation lies in the symmetry of f and g in Leibniz’s formula (2.2).

We should note that we must be cautious about the convergence conditions while utilizing
the Cauchy operator. In general, it would be safe to apply the Cauchy operator if the result-
ing series is convergent. However, it is possible that from a convergent series one may obtain
a divergent series after employing the Cauchy operator. For example, let us consider Corol-
lary 2.4. The resulting series (2.7) can be obtained by applying the Cauchy operator T (a, b; D)
to 1/(cs, ct; q)o Which is convergent for all . However, the resulting series on the left-hand side
of (2.7) is not convergent for |t| > 1/|b|.

Combining Theorem 2.2 and the Leibniz rule (2.2), we obtain the following identity which
implies Theorem 2.3 by setting v = 0. Sears’ 3¢, transformation formula [16, Appendix II1.9] is
also a consequence of Theorem 2.6.
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Theorem 2.6. We have

(cv; @)oo (abs, cv; q)oo a, cs, v/t
T(a,b; D 1 q, bt |, 2.8
(a q){ (cs,ct;q)oo} (bs,cs,ct; @)oo 392 abs, cv 1 2.8)

provided max{|bs|, |bt|} < 1.

Proof. In light of Leibniz’s formula, the left-hand side of (2.8) equals

Z(a;q)"anZ{ (cv; @)oo }
; (cs,ct; @)oo

= @ n
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By Theorem 2.2, the above sum equals

i (a,v/t; Qr(cvgh; @)oo (b)X (absq"; q) oo

= (¢ D (ct; Qoo (bs, csq*: 4)oo
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o (es.et @)oo £ (q.cv; @ (bs; @)oo
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= ’ ’ 1 q, bt 2.9
(bs,cs,ct; @)oo ¢2 abs, cv 7 (2:9)

as desired. O

Corollary 2.7 (Sears’ transformation). We have

a, b, c de (e/a,de/bc; q)oo a, d/b, dJc e
A i) PR ALLLZA R TS A 4,51, @10
3"52[ d, ¢ abc:| (e.dejabe: g)m 72 d, de/be? (2.10)

where max{|de/abc|, |e/a|} < 1.
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Proof. Based on the symmetric property of the parameters s and ¢ on the left-hand side of (2.8),
we find that

bs, cv; bt, cv;
(abs, cv; @)oo S v/t; bt | = (abt, cv; ¢)co b | @ ct, v/s;q’bs ’
(bs, cs, ct; @)oo abs, cv (bt,ct,cs; q)oo abt, cv

where max{|bs|, |bt|} < 1.
Making the substitutions ¢ — ab2/e, v — de/abz, s — e/ab, and t — de/abzc, we get the
desired formula. O

We see that the essence of Sears’ transformation also lies in the symmetry of s and ¢ in the
application of the Leibniz rule.

3. An extension of the Askey—Wilson integral

The Askey—Wilson integral [7] is a significant extension of the beta integral. Chen and Liu
[11] presented a treatment of the Askey—Wilson integral via parameter augmentation. They first
got the usual Askey—Wilson integral with one parameter by the orthogonality relation obtained
from the Cauchy g-binomial theorem (1.3) and the Jacobi triple product identity [16, Appen-
dix II.28], and then they applied the operator T (bD,) three times to deduce the Askey—Wilson
integral involving four parameters [5,18-20,22,27]

" (@9 =20 ¢)  dp

9 b
/(ae“’,ae"le,be"g,be_i@,ce"e,Ce_"g,de"@,de_"(’;q)oo
0

. 2 (abed; q) oo
" (g.ab,ac,ad,bc,bd, cd; q)oo’

3.1)

where max{|a|, ||, |c|, |d|} < 1.
In this section, we derive an extension of the Askey—Wilson integral (3.1) which contains the
following Ismail-Stanton—Viennot’s integral [19] as a special case:

s

/ (€, e q)x db

) (aeie, aefié), beie, be*ig, Ceie, cefie, deie, de*ie, geie, gefie; Cl)oo
_ 27 (abeg, abed; q) oo é ab, ac, bc d (3.2)
" (q,ab,ac,ad,ag,bc,bd, bg,cd, cg; q)so 372 abcg, abed’ 8 | ’

where max{|al, |b|, |c|, |d|, |g|} < 1.

Theorem 3.1 (Extension of the Askey—Wilson integral). We have

g . . .
(6219,6_219, fge’g; Q)oo
(aeie, aefie, beig, befié)’ ceie, cefie’ deie, deﬂ'G, geie; f])oo

0
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fooae? b
><3¢>2[ foe ,9’ ab 98¢ do
2n(cfg, abed; q)oo [, ac, bc
= ’ 1q,d 3.3
(g,ab,ac,ad,bc,bd, cd, cg; q)co 3¢ cfg, abcd 14.48 (3)
where max{|al, |b|, |c|, |d], |g]} < 1.
Proof. The Askey—Wilson integral (3.1) can be written as
(€, e g)o @i Qoo
(bel?, be=10 cel?, ce™0, del? , de=1?; q) oo (ae'?, ae™?; q)oo
2 (abcd; ) o (3.4)

" (q.be.bd, cd: @)oo (ac, ad: @)oo

Before applying the Cauchy operator to an integral, it is necessary to show that the Cauchy
operator commutes with the integral. This fact is implicit in the literature. Since this commutation
relation depends on some technical conditions in connection with the integrands, here we present
a complete proof.

First, it can be easily verified that the g-difference operator D, commutes with the integral.
By the definition of Dy (2.1), it is clear that

Dq{/f(e,a)de} =/Dq{f(9,a)}d9. (3.5)
C C

Consequently, the operator Dy commutes with the integral. Given a Cauchy operator 7'(f, g; Dy),
we proceed to prove that it commutes with the integral. From the well-known fact that, for a se-
quence of continuous functions u,(6) on a curve C, the sum commutes with the integral in

Z/un(e)de

nOC

provided that Yo, u, (6) is uniformly convergent. It is sufficient to check the convergence con-
dition for the continuity is obvious. This can be done with the aid of the Weierstrass M-Test [4].
Using the Cauchy operator T (f, g; D) to the left-hand side of (3.4), we find that

T .
(e, e q) o (ab; q)oo
T(f,g; D . . . . . . do 3.6
(f g fi){b/ (bei? be19 cel® ce=19 dei? de—if, oo (ae'?, ae—1?; @)oo (3.6)
- Fidn (€, e q)oo @i o
_Z (q.q) (be i0 be—z& Ce’9 Ce—z@ de‘le dg—le ) (aele ae—i0: )
-0 ’ n q o 7q o0

(bet?, be—0 ce’9 ce 9 det? de % q)0o (q;q)n (ae'?,ae %; q)oo

© 7 @, e g) Fimg" | (@biq)s
:Z / Dq{ : ‘ }d@.
n=0¢
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Let U, (0) denote the integrand in the last line of the above equation. We make the assumption
0<g < 1lsothat,for0<0 <,

|(1x1q) o | < | (xe™?:q) | < (—Ixl:q) 3.7)

and

[(e*%%: q) | < (—1: @)oo (3.8)

Now we rewrite the series Zﬁio U,(6) into another form Z:io V,,(0) in order to prove its
uniform convergence. In the proof of Theorem 2.6, one sees that the absolute convergence of the
3¢ series under the condition |bs|, |bt| < 1 implies the absolute convergence of the sum

o0

Z(a;q)nb”DZ{ (cv; @)oo }

= @ 9n (cs,ct; @)oo

Therefore, under the condition |g| < 1, it follows from Theorem 2.6 that

o (fs ng" (ab; @)oo
> D
= @on T (ae? aem?; g)o
(fge'®, ab; q)so £, ae?, beig‘ —io
= (2¢1%, aei®, ae1%; q)o 3¢2 fee® ab g, 8e . (3.9)
Hence
i U.(6) = (€%, e729, fge'?, ab; )
~ n - (aeie, ae—ie’ beie’ be‘ie, Ceie’ ce‘ia, deie, de_ie, gem; 9o
) aei()7 bei@ .
x 3¢ |:f feel®  ab g, 8e ’91|
(621'976721'97 fgeie,ab; Q)oo
= (@ei?, ae=19 bel® be—10 cel® ce~i?, dei? de—i?, gei?; q)o
00 i0 i
cae'”, be'”; s
x 3oL b D mioyr (3.10)
= (q, fge'”, ab; q)n
Now, let
V(@) = (29,729 fgel ab; q)o
n - (aeie’ aefie’ beie, befie’ Ceie, Cefie’ deie’ de*’p, geie; Qoo
i0 b i6. .
X (fvae '79 e ,Cl)n( eflg)n. (311)
(q, fge'’,ab; q),
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By the Weierstrass M-Test, it remains to find a convergent series Y .o, M,, where M, is
independent of 6, such that |V,,(0)| < M,,. For max{|a|, |b|, |c|, |d|, |g|} < 1, we may choose

:< (—1: ) >2<—|fg|,ab;q>oo<—|f|,—|a|,—|b|;q)n|g|”‘

(3.12)
(lal, 161, Icl, ld]; q)oo (I8l @)oo (. 1 fgl. ab; q)nl

It is easy to see that Y .o, M, is convergent when |g| < 1. It follows that the Cauchy operator
commutes with the integral in (3.6), so (3.6) can be written as

T . .
(%9, e729; g) oo o (1 9)ng" - (@b; q)o "
hel® be—10 celf ce—i0 deif de—if- Z . q 0 ., i0.
, (be'®, be™"7, ce!?, ce™'", de'?, de™"; @)oo =4 (g3 @)n (ae”,ae™%; q)oo
[ (€, e g)oo (ab; ¢)o
= 10 1000 il B 1,0 J,i0- T(f. 8 Dq) 9 ,—i0. de.
(be'?, be=19 ce't, ce™Y de'? ,de'?; q) o (ae'?,ae™'%; q) o

0

Finally, we may get the general condition |g| < 1 by the argument of analytic continuation.
Hence, under the condition max{|al|, |b|, |c|, |d|, |g]|} < 1, we have shown that it is valid to ex-
change the Cauchy operator and the integral when we apply the Cauchy operator to (3.4).

Now, applying T (f, g; D) to (3.4) with respect to the parameter a gives

(€, 729 g)oo (fge', ab; q)oo
(bei?, be—i?, cei®, ce—10 del® de—i?; q) o (2¢1°, aei®, ae—1%; q)oo
0
 qel®. bei® B
X3¢2|:f fgei9 ab . q, 8¢ 19:| do

2 ,abcd;
_ T ' (cfg,abc .q)oo b f, ac, bc Lq.dg]. 3.13)
(q,bc,bd, cd; q)o (cg,ac,ad; q)so cfg, abcd

where max{|al, |b|, |c|, |d|,|g|} < 1. This implies the desired formula. The proof is com-
pleted. O

In fact, the above proof also implies the convergence of the integral in Theorem 3.1. Once it
has been shown that the sum commutes with the integral, one sees that the integral obtained from
exchanging the sum and the integral is convergent.

Setting f = ab in (3.3), by the g-Gauss sum [16, Appendix II1.8]:

261 ["’ b;q,i}M, lc/abl <1, (3.14)
c ab (c,c/ab; @)oo

we arrive at the Ismail-Stanton—Viennot integral (3.2).
Setting f = abcd in (3.3), by means of the g-Gauss sum (3.14) we find the following formula
which we have not seen in the literature.
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Corollary 3.2. We have

e

(621‘9’ e‘2i9,abcdgei9; Q)oo
(aeie, ae—ie’ beie’ be—m, ceie, ce—ie’ deie, de_ig, geie; CI)oo
0
abcd ae'? be'? _io
X ’ . 1q, ge do
3¢2 [ abcdge’e, ab 7.8

2nt(abed, acdg, bedg; q) oo

— , (3.13)
(q,ab,ac,ad,bc,bd,cd, cg,dg; q)o

where max{|al|, |b], |c|, |d|, |g|} < 1.
4. A further extension of the Askey—Roy integral
Askey and Roy [6] used Ramanujan’s 1| summation formula [16, Appendix I1.29] to derive

the following integral formula:

0

T . . .

1 /(pe")/d,qde“‘)/p,pce"‘),qe’e/cx);q)ood
2 (ae'?, bel?, ce=?, de=1%; q)

-

_ labed, pe/d,dq/pe, p.q/pi 9o

, 4.1
(g,ac,ad, bc, bd; q)oo
where max{|al|, |b|, |c|, |d|} < 1 and cdp # 0, which is called the Askey—Roy integral.
In [15], Gasper discovered an integral formula
T . . . . .
1 (pe'? /d,qde™ | p, pce™, qe'? Jcp, abedfe'?; q)oo 20
2 (aei?, bel?, fel? ce=? de=i?; q)oo
—TT
_(abcd, pc/d,dq/pc, p,q/p,bedf, acdf; q)oo 42)

(q’ ac, adv bc’ bd’ Cf’ df! Q)oo

provided max({|a|, |b|, |c|, |d]|, | f|} < 1 and cdp # 0, which is an extension of the Askey—Roy
integral. Note that Rahman and Suslov [23] found a proof of Gasper’s formula (4.2) based on the
technique of iteration with respect to the parameters of p(s) in the integral

/p(s)q’s ds,

C

where p(s) is the solution of a Pearson-type first-order difference equation.

In this section, we first derive an extension of the Askey—Roy integral by applying the Cauchy
operator. We see that Gasper’s formula (4.2) is a special case of this extension (4.4). Moreover,
a further extension of the Askey—Roy integral can be obtained by taking the action of the Cauchy
operator on Gasper’s formula.
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Theorem 4.1. We have

™ . , , . , 4
1 (pe'? /d,qde™ | p, pce 0, qe'® Jcp, abedfe', ghe'?; q)oo
2 (ae'?, bet?, fei? hel? ce=1? de ?; q)oo

-7

e, oif
X 3¢ |:g gheie abfdf 039, deh] do

__(abcd, pc/d,dq/pc, p,q/p,bedf, acdf, cgh; q)oo
a (q,ac,ad, be, bd, cf, ch,df; q)oo

ac cf

8 ) .
X 3¢2 |: ceh, acdf’ q,d/’li| s “4.3)

where max{|al, |bl, |c|, |d], | £, |k]} < | and cdp # 0.

Proof. As in the proof of the extension of the Askey—Wilson integral, we can show that the
Cauchy operator also commutes with the Askey—Roy integral. So we may apply the Cauchy op-
erator T'(f, g; D) to both sides of the Askey—Roy integral (4.1) with respect to the parameter a.
It follows that

/g . . . . .
1 /(pe’e/d,qde""/p,pce‘le,qelg/c/o,fge’e;q)oo
2r

- - - - 4 do
(aew, beIQ’ Ce—l«‘)’ de—lﬁ’ geze; CI)oo
_ labed, cfg, pe/d,dq/pc, p.q/p; @)oo 4 f, ac, bc 4 44)
(g,ac,ad,bc,bd, cg; q)oo 3 cfg, abcd’q 8 ’

where max{|a|, |b|, |cl|, |d], |g|} < 1 and cdp # 0.

Putting f = abcd and g = f in (4.4), by the g-Gauss sum (3.14), we get the formula (4.2)
due to Gasper.

In order to apply the Cauchy operator to Gasper’s formula (4.2), we rewrite it as

do

/ (pe'? /d,qde™/p, pce™?, qe'® cp; @)oo (abedfe'?; q)oo
2 (bel?, fei? ce 19 de 1?; q)0o (ae'?, abed; q)oo

_ (pe/d,dq/pe, p,q/p,bedf; q)oc (acdfs )
(q.be,bd, cf,df; @)oo (ac,ad; @)oo

(4.5)

The proof is thus completed by employing the operator T (g, h; D,) with respect to the parame-
ter a to the above identity. O

Replacing a, g by g, cdfg, respectively, and then taking & = a in (4.3), we are led to the
following identity due to Zhang and Wang [28].
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Corollary 4.2. We have

T . . . . , .
1 / (e /d,qde™ | p, pce™®, qe'® Jcp, abedfge'?, bedfge?; ¢)oo

27 (aet? bel?, fei?, gel? ce=19 de—i%; q)so

—7T

fe?.  ge?, gedf
X 3¢2 [ acdfgeie, bcdfgem . q, abcd | d6

_ (pc/d,dq/pe, p,q/p,acdf, acdg, bedf, bedg, cdfg; q)o 4.6)
(CI’QQ ada bca bd, Cf, df7 CgadgaQ)oo ' )

where max{|al, |bl, |c|, |d|, | f1, Ig|} < 1 and cdp # 0.
5. The bivariate Rogers—Szego polynomials

In this section, we show that Mehler’s formula and the Rogers formula for the bivariate
Rogers—Szego polynomials can be easily derived from the application of the Cauchy operator.
The bivariate Rogers—Szego polynomials are closely related to the continuous big g-Hermite
polynomials. However, it seems that the following form of the bivariate Rogers—Szegd polyno-
mials are introduced by Chen, Fu and Zhang [13], as defined by

n

hn(x,ym):Z[’,Z] Pr(x.y), (5.1)

k=0

where the Cauchy polynomials are given by

P, ) =x /= = —gy) - (x —¢" '),

which naturally arise in the g-umbral calculus. Setting y = 0, the polynomials 4, (x, y|g) reduce
to the classical Rogers—Szeg6 polynomials 4, (x|q) defined by

ha(xlg) =) [Z]x". (5.2)

k=0

It should be noted that Mehler’s formula for the bivariate Rogers—Szegd polynomials is due
to Askey, Rahman, and Suslov [8, Eq. (14.14)]. They obtained the nonsymmetric Poisson ker-
nel formula for the continuous big g-Hermite polynomials, often denoted by H,(x; a|q). The
formula of Askey, Rahman, and Suslov can be easily formulated in terms of 4, (x, y|q). Re-
cently, Chen, Saad, and Sun presented an approach to Mehler’s formula and the Rogers formula
for h,(x, y|lg) by using the homogeneous difference operator D,y introduced by Chen, Fu, and
Zhang [13]. As will be seen, the Cauchy operator turns out to be more efficient compared with
the techniques used in [14].

We recall that the generating function of the bivariate Rogers—Szeg6 polynomials

n

_ 09
@n (I’XI;q)OO’

> hatr, ylg)— (5.3)
(g;

n=0
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where max{|x|, |x¢| < 1}, can be derived from the Euler identity (1.4) using the Cauchy operator.
A direct calculation shows that

n—k ¢ n—k+1. <k <
D’;{a"}:{g @k g;ﬁ\”v (5.4)

From the identity (5.4), we can easily establish the following lemma.

Lemma 5.1. We have

n

. _ n . k _n—k
T(a.b: Dy){c"} = [k} (a; Q)b k. (5.5)
k=0
Applying T (a, b; Dy) to the Euler identity (1.4) with respect to the parameter z, we get

00 n n b k b 0)e
y = Z[Z](a;mk( ) SCLAS (5.6)

=@ = z (b, 25900

which leads to (5.3) by suitable substitutions.
The reason that we employ the Cauchy operator to deal with the bivariate Rogers—Szegd
polynomials is based on the following fact:

b ylg) = im T (y/x,x: D) {e”). 57

We are ready to describe how one can employ the Cauchy operator to derive Mehler’s formula
and the Rogers formula for 4, (x, y|q).

Theorem 5.2 (Mehler’s formula for h, (x, y|q)). We have

D ha(x, yIg)ha(u, vlg)

"y, 10 q)eo p |:t, y/x, v/u
n=0

= iq,tux |, (5.8
@ Dn (10,15 Qoo ty. 14 ] o8
where max{|t|, |tu], |tx]|, |tux|} < 1.

Proof. By Lemma 5.1, the left-hand side of (5.8) can be written as

tn

D e ylg) lim T (v, DY) e

n=0

. o (ct)”
= EE T(v/u,u; Dy) ng(:)h"(x’ Yi9) (q; Dn }

In view of the generating function (5.3), the above sum equals
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(cty; @)oo
(ct,ctx; @)oo

tv, cty;
=]im< (tv, cty; @)oo 3¢2[v/u, ct, y/x;q,tux:|)

lim T (v/u, u; Dq){
c—1

c—>1\ (tu, ct,ctx; q)oo tv, cty

ty,tv;
= i@t YR v/ (5.9)
(t, tu,tx;q) oo ty, tv

where max{|t|, |tu|, |x¢|, |fux|} < 1. This completes the proof. O

We see that (5.8) is equivalent to [14, Eq. (2.1)] in terms of Sears’ transformation formula
(2.10). Setting y = 0 and v = 0 in (5.8) and employing the Cauchy ¢-binomial theorem (1.3), we
obtain Mehler’s formula [11,18,24,26] for the Rogers—Szegd polynomials.

Corollary 5.3. We have

o0 2y
t" (t“ux; q)
> ha(x1q)hn(ulg) ——— = = (5.10)
= (@@ (1, 1u,1x,1Ux; q) oo
where max{|t|, |tu], |tx]|, |tux|} < 1.
Theorem 5.4 (The Rogers formula for h, (x, y|q)). We have
o0 o
" s" (ty; q) t, y/x
Y eyl = D [ s
om=o (@ Dn (@ @m (5,1,1X5q)oo Y
where max{|s|, |¢], |sx]|, [tx]|} < 1.
Proof. Using Lemma 5.1, the left-hand side of (5.11) equals
o o0 t” Sm
Z Z lim T(y/x, x; Dq){cm+”}_— :
= el (@:Dn (45 Dm
o o0
i (ct)? (es)™
=lim T (y/x,x; Dg) (5.12)
c—1 ! nZ:O @1 @n mZ:O @3 Dm
=1limT ,x;Dg)y ———
cl—r>nl (/x.x q){(cs,ct;q)oo}
(ty; q)oo t, y/x
= ’ 1 q, , 5.13
(5,1,1X; q) o 201 ty 4,5 ( )

where max{|s|, |7], |sx|, |tx|} < 1. O

Note that (5.11) is equivalent to [14, Eq. (3.1)] in terms of Heine’s transformation formula
[16, Appendix III.1]. Setting y = 0 in (5.11), by the Cauchy g-binomial theorem (1.3) we get the
Rogers formula [11,24,25] for the Rogers—Szeg6 polynomials.
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Corollary 5.5. We have

m

e " (s1x; @)oo
ZthH(xm(. o T GO
== 4 Dn (@5 PDm (5,5X,1,1X:q)oo

(5.14)

where max{|s|, |t], |sx], [tx]|} < 1.
6. An extension of Sears’ formula

In this section, we give an extension of the Sears two-term summation formula [16,
Eq. (2.10.18)]:

d
(qt/c,qt/d,abcdet; q) o
(at, bt, et; )0

dyt

_ d(1—gq)(g,dq/c,c/d,abcd, bede, acde; q) oo

) 6.1)
(ac,ad,bc,bd, ce,de; q)o
where max{|ce|, |[de|} < 1.
From the Cauchy operator, we deduce the following extension of (6.1).
Theorem 6.1. We have
[ (q1/c.qt/d. abedet, fgr:q)
qt/c,qt/d,abcdet, fgt; q) f, at, et
;q,bcdg | dyt
(at,bt,et, gt; @)oo 3¢2[ fgt, abcdet 4.0¢ g:| 9
c
_d(1—q)(g.dq/c,c/d,abcd,bede, acde, cfg; q)oo
- (ac,ad,bc,bd, ce,cg,de; q)so
f, ac, ce
><3¢2[ cfs. acde’ 18| (6.2)
where max{|bcdg|, |ce|, |cgl, |del, |dg|} < 1.
Proof. We may rewrite (6.1) as
d
(gt/c.qt/d; q)oo (abedet; q)oo
(bt,et;q)oo  (at,abed; q)os
C
_d(—q)(g.dq/c,c/d, bede; g)o0 (acde; g)oo 63)

(be,bd, ce,de; q) oo (ac,ad; @)oo

Applying the operator T'(f, g; D,) with respect to the parameter a, we obtain (6.2). O
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As far as the convergence is concerned, the above integral is of the following form:

Z An) Z B(n, k). (6.4)
n=0 k=0

To ensure that the series (6.4) converges absolutely, we assume that the following two conditions
are satisfied:

1. Z,fo o B(n, k) converges to C(n), and C(n) has a nonzero limit as n — oo.

2. 1imy o0 | 4051 < 1.

It is easy to see that under the above assumptions, (6.4) converges absolutely, since

. A(n)C(n) ‘ '
lim =Imm |——— | <
n—oolAn —1)C(n—1) n—oo| A(n — 1)

It is easy to verify the double summations in (6.2) satisfy the two assumptions of (6.4), so the
convergence is guaranteed.

7. Extensions of g-analogs of Barnes’ lemmas

In this section, we obtain extensions of the g-analogs of Barnes’ lemmas. Barnes’ first
lemma [9] is an integral analog of Gauss’ > 7 summation formula. Askey and Roy [6] pointed
out that Barnes’ first lemma is also an extension of the beta integral. Meanwhile, Barnes’ second
lemma [10] is an integral analog of Saalschiitz’s formula.

The following g-analog of Barnes’ first lemma is due to Watson, see [16, Eq. (4.4.3)]:

/ (ql c+s l d+s’q) JqudS
27i

(g@ts, b“‘;q)oo sinm(c —s)sinmw(d — s)
—i00

¢ l4+c—d ,d—c ,a+b+c+d.

_ q (.9 4“7 q i q)oo 7.1)
sinz(c—d) (q9+, g4, b+, gb+4; g)oo '
The g-analog of Barnes’ second lemma is due to Agarwal, see [1] and [16, Eq. (4.4.6)]:
/ (ql+s s l+a+b+c+s—d; Q)oo JTqS ds
27i (@S, g5+, g @)oo sinms sinm(d + 5)
—io0
d 1-d ,1+b+c—d ,l1+a+c—d ,1+a+b—d.
zcscnd(q,q .4 %.q .q .q 751)007 (72)

(qa’ qh’ q°¢, q1+a—d’ q1+b—d7 qH-C—d; Q)oo

where Re{slogqg — log(sinmssinm(d + 5))} < O for large |s|. Throughout this section, the con-
tour of integration always ranges from —ioo to ico so that the increasing sequences of poles of
integrand lie to the right and the decreasing sequences of poles lie to the left of the contour, see
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[16, p. 119]. In order to ensure that the Cauchy operator commutes with the integral, we assume
thatg = e ™, w > 0.
We obtain the following extension of Watson’s g-analog of Barnes’ first lemma.

Theorem 7.1. We have

/ (6]1 CJrA 1 d+s’qe+f+x;q)oo nq*ds
i

(q“+Y q", g7 @) sinm(c —s)sinm(d —s)
—i00

q (61, ql+c7d’ qdfc’ qa+b+c+d’ q C])oo

- sinm(c—d) (gete,gatd, gbte gbtd getf:q)

qe’ qa+c’ qb+c . d
X 3¢2|: getets qa+b+c+d’qvq , (7.3)

c ctet+f.

where max{|q/|, gt/ 1, |g?/|} < 1.

Proof. Applying the operator T'(¢¢, ¢ ; D,) to (7.1) with respect to the parameter g“, we arrive
at(7.3). O

Let us consider the special case when e = a + b 4 ¢ + d. The 3¢, sum on the right-hand side
of (7.3) turns out to be a »¢; sum and can be summed by the g-Gauss formula (3.14). Hence we
get the following formula derived by Liu [21], which is also an extension of g-analog of Barnes’
first lemma.

Corollary 7.2. We have

/ (ql ots l d+s qa+b+c+d+f+s; Doo g ds
2mi (6]‘”” g5, g5 @)oo sin(c — s)sinmw(d — s)
—i00
q¢ (q, qH'C_d, qd—c’ qa+b+c+d’ qa+c+d+f, b+c+d+f. (@)oo

- , 7.4
sinz(c — d) (qote, qotd, gbte gb+d gtf qd+f; q) o 749

where max{lq’ . 1q“*/1.1g**/ [} < 1.

Clearly, (7.4) becomes g-analog of Barnes’ first lemma (7.1) for f — oo. Based on Corol-
lary 7.2, employing the Cauchy operator again, we derive the following further extension of
g-analog of Barnes’ first lemma.

Theorem 7.3. We have

1 'F (qlcts, ql=d+s gatbretd+f+s

4 o nq’
i, (@, q"+ . g7+ g8 ) oo sinz(c —s)sin7(d —s)
—100
qe’ qa+s’ b+s - d
X 3¢ [ gerets qa+b+c+d+f+s g, qc+ T | ds
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B q¢ (q, qH—C_d, C]d_c, qa+b+c+d’ qa+c+d+f’ qb+c+d+f7 qc+e+g; @)oo
- sinz(c — d) (qa-i-c’ qa+d, qb-i-c’ qb-i-d’ qc+f, qc-ﬁ—g, qd+f; CI)oo
qe’ qa+c’ qb—i-c . d
X 3¢ [ gerets qa+b+c+d,q,q +e |, (7.5)

where max{lg’|, |g¢|, gt/ |, 1gF81, g@H/ |, |q98], lgetdt T8y < 1.

We conclude this paper with the following extension of Agarwal’s g-analog of Barnes’ second
lemma. The proof is omitted.

Theorem 7.4. We have

ioco
L / (C]H_S, qd-i-s’ ql—i-a+b—i-c—i-x—d7 qe+f+s; Q)oo 7qu
2mi (@5, "5, g5, g1+ @)oo sinzs sin(d + )
—ioo
q.  q“*, "t e
X 3452[ getits,  gltatbicts—d’ q.q' | ds
— cserd (q7 qd’ ql—d’ ql+b+c—d’ ql-‘ra-ﬁ-c—d7 q1+a+b—d’ qe—i-f; Q)oo
(qa’ qb’ q°¢, qf , qH—a—d’ ql+b—d’ ql—i-c—d; Q)oo
a b e
X 3¢ [q ' qZJr} q1+fz]+b—d ; 61:q1+f_d:| ; (7.6)

where max{|q” |, |¢' T/ =], |g"**/ 4|} < 1 and Re{slogq — log(sin7s sinz(d + 5))} < O for
large |s|.

Acknowledgments

We would like to thank the referee and Lisa H. Sun for helpful comments. This work was
supported by the 973 Project, the PCSIRT Project of the Ministry of Education, the Ministry of
Science and Technology and the National Science Foundation of China.

References

[1] R.P. Agarwal, On integral analogues of certain transformations of well-poised basic hypergeometric series, Q. J.
Math. (Oxford) (2) 4 (1953) 161-167.

[2] G.E. Andrews, On the foundations of combinatorial theory V. Eulerian differential operators, Stud. Appl. Math. 50
(1971) 345-375.

[3] G.E. Andrews, L.J. Rogers and the Rogers—Ramanujan identities, Math. Chronicle 11 (1982) 1-15.

[4] G. Arfken, Mathematical Methods for Physicists, 3rd ed., Academic Press, Orlando, FL, 1985, pp. 301-303.

[5] R. Askey, An elementary evaluation of a beta type integral, Indian J. Pure Appl. Math. 14 (1983) 892-895.

[6] R. Askey, R. Roy, More g-beta integrals, Rocky Mountain J. Math. 16 (1986) 365-372.

[7] R. Askey, J. Wilson, Some basic hypergeometric orthogonal polynomials that generalize Jacobi polynomials, Mem.
Amer. Math. Soc. 54 (319) (1985).

[8] R. Askey, M. Rahman, S.K. Suslov, On a general g-Fourier transformation with nonsymmetric kernels, J. Comput.
Appl. Math. 68 (1996) 25-55.

[9] E.W. Barnes, A new development of the theory of the hypergeometric functions, Proc. London Math. Soc. (2) 6
(1908) 141-177.



196 V.Y.B. Chen, N.S.S. Gu / Advances in Applied Mathematics 41 (2008) 177-196

[10] E.W. Barnes, A transformation of generalized hypergeometric series, Q. J. Math. 41 (1910) 136-140.

[11] W.Y.C. Chen, Z.G. Liu, Parameter augmentation for basic hypergeometric series II, J. Combin. Theory Ser. A 80
(1997) 175-195.

[12] W.Y.C. Chen, Z.G. Liu, Parameter augmentation for basic hypergeometric series I, in: B.E. Sagan, R.P. Stanley
(Eds.), Mathematical Essays in Honor of Gian-Carlo Rota, Birkhiuser, Basel, 1998, pp. 111-129.

[13] W.Y.C. Chen, A.M. Fu, B.Y. Zhang, The homogeneous g-difference operator, Adv. Appl. Math. 31 (2003) 659-668.

[14] W.Y.C. Chen, H.L. Saad, L.H. Sun, The bivariate Rogers—Szeg6 polynomials, J. Phys. A 40 (2007) 6071-6084.

[15] G. Gasper, g-Extensions of Barnes’, Cauchy’s, and Euler’s beta integrals, in: T.M. Rassias (Ed.), Topics in Mathe-
matical Analysis, World Scientific, Singapore, 1989, pp. 294-314.

[16] G. Gasper, M. Rahman, Basic Hypergeometric Series, 2nd ed., Cambridge Univ. Press, Cambridge, 2004.

[17] J. Goldman, G.-C. Rota, On the foundations of combinatorial theory. I'V. Finite vector spaces and Eulerian generat-
ing functions, Stud. Appl. Math. 49 (1970) 239-258.

[18] M.E.H. Ismail, D. Stanton, On the Askey—Wilson and Rogers polynomials, Canad. J. Math. 40 (1988) 1025-1045.

[19] M.E.H. Ismail, D. Stanton, G. Viennot, The combinatorics of g-Hermite polynomials and the Askey—Wilson inte-
gral, European J. Combin. 8 (1987) 379-392.

[20] E.G. Kalnins, W. Miller, Symmetry techniques for g-series: Askey—Wilson polynomials, Rocky Mountain J.
Math. 19 (1989) 223-240.

[21] Z.G. Liu, Some operator identities and g-series transformation formulas, Discrete Math. 265 (2003) 119-139.

[22] M. Rahman, A simple evaluation of Askey and Wilson’s g-integral, Proc. Amer. Math. Soc. 92 (1984) 413-417.

[23] M. Rahman, S.K. Suslov, Barnes and Ramanujan-type integrals on the g-linear lattice, SIAM J. Math. Anal. 25
(1994) 1002-1022.

[24] L.J. Rogers, On a three-fold symmetry in the elements of Heine’s series, Proc. London Math. Soc. 24 (1893) 171-
179.

[25] L.J. Rogers, On the expansion of some infinite products, Proc. London Math. Soc. 24 (1893) 337-352.

[26] D. Stanton, Orthogonal polynomials and combinatorics, in: J. Bustoz, M.E.H. Ismail, S.K. Suslov (Eds.), Special
Functions 2000: Current Perspective and Future Directions, Kluwer, Dorchester, 2001, pp. 389-410.

[27] H.S. Wilf, D. Zeilberger, An algorithmic proof theory for hypergeometric (ordinary and “g”’) multisum/integral
identities, Invent. Math. 108 (1992) 575-633.

[28] Z.Z. Zhang, J. Wang, Two operator identities and their applications to terminating basic hypergeometric series and
g-integrals, J. Math. Anal. Appl. 312 (2005) 653-665.



