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Abstract

In this paper we consider the polynomials {F}""(x)}52,, orthogonal with respect to a certain symmetric bilinear form
of Sobolev type. These polynomials are the result of two linear perturbations to the orthogonal polynomials {P,(x)}:2,,
eigenfunctions of a linear differential or difference operator L. We show that the polynomials {P;""(x)}:2, are eigenfunc-
tions of one or more linear differential or difference operators (possibly of infinite order) of the form L + pA + vB + uvC.
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1. Introduction

Let {R(x)}2, with deg[F.(x)]=n be a system of orthogonal polynomials relative to a positive-
definite moment functional ¢ and let {4,}22, be a sequence of real numbers with 4, =0 and {4,}3°,
not all equal to zero such that {B(x)}32, are eigenfunctions of a linear differential or difference
operator L of the form

L:= Zei(x)bi (1)
i=1

with eigenvalues {4,}22,. Here {e;(x)}, is a sequence of polynomials with deg[e;(x)]<i for all
i€{1,2,3,...}. D,¥(x) may be read as the derivative Dy(x)=dy(x)/dx, the forward difference
Ay(x) = y(x+1)— y(x) or backward difference V y(x)= y(x)— y(x —1) and D’ y(x) = D,(D" ' y(x)),
2°y(x)= y(x). Let ¢ be the symmetric bilinear form of Sobolev type defined by

o(p.q)= (0, pg) + up"(c1)g"(cy),
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where 11>0 and ¢, are real constants, /; € {0,1,2,...}, p and ¢ are any polynomials and the notation
P(x) =2 p(x)

is used. In [3, Section 4.1] (see also [6]) it was shown that if PY)(c;)#0 for all ne {/,,/, +1,1, +

..}, then the corresponding orthogonal polynomials {P*(x)}32,, which we call linear perturbations
of {P (x)}2, of the class /; at ¢; with parameter u, are eigenfunctions of one (or more if /; >0)
linear operators of the form L + uA with

Am S, @
i=]

and eigenvalues {4, + pa,}52,. Here {a;(x)}2, is a sequence of polynomials with deg[a;(x)]<i for
all i€ {1,2,3,...}, 2%p=0 and (if 1, >0) the numbers {a,})_, can be chosen arbitrarily. The operator
A and the numbers {«,}:°, , are uniquely determined, when {a,}, are chosen.

In this paper we cons1der polynomials {P**(x)}22,, orthogonal with respect to the symmetric
bilinear form of Sobolev type defined by

W(p,q) = (o, pq) + up"(c1)g"(c)) + vp'"(c2)g'"(c2), (3)

where 4>0,v>0, ¢, and ¢, are real constants, /; and /, are nonnegative integers, and p and g are
any polynomials. We will show that if PU(c,)#0 for all n€ {/,,/, + 1,1, +2,...} and PU)(c;) #0
for all ne {l,/,+1,1,+2,...} and some other conditions are satisfied, the polynomials {P*(x)}:2,
are eigenfunctions of one (or more if min(/;,/,)>0) linear differential or difference operators of
form

L+ pyA +vB+ wC 4)
with eigenvalues
{An 4 1ty + VB + pvyn}e2o- (5)

Here the operators A, B and C have similar forms as (2), ag = o =7, =0 and the numbers {o,}",
(if 1,>0), {B.}2, (if 1,>0) and {y,,}"""{[‘ 2} (if min{/,,1,} >0) can be chosen arbitrarily. The
operators A, B "and C and the numbers {0352 415 {Be}iZtpr and {Vn}i2mings, 1341 are uniquely

determined, when {a,}'",, {8}, and {7,}7"""} are fixed.

In the last part of the paper we will give applications of the results in some concrete situations,
where the polynomials {F,(x)}, are classical orthogonal polynomials, eigenfunctions of a second-
order differential or difference operator L.

2. Orthogonal polynomials with two linear perturbations

We construct polynomials orthogonal with respect to (3) by adding to {B(x)}2, successively a
linear perturbation of the class /; at ¢, with parameter u and a linear perturbation of the class /, at
¢, with parameter v. If we write

n E(r) X E(S)(

i=0

n,r,s€{0,1,2,...},
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then (see [1, 2]) the polynomials {P*(x)}>°, can be written as

PAx) = B(x) + p0n(x) = (1 + pK " (er,e)B(x) — P (K (x, ).
For the kernel

Z R'F(y)

Gu(x, y; )= HEEEN) (6)

by using Proposition 3.2 in [6], the following formula is derived

Kr(lr‘ll )(x5 Cy )Kr(zll,S)(cl s y)
L+ uka™"ere)

Applying the second perturbation we obtain

GO )(x, y; ) =K (x, y) — , mrs€{0,1,2,..}. (7

PR (x) = PA(x) + vOy (x; 1)
= (1 +VG\*{(ca, €25 W))PH(x) — VE'X(e2) G (x, €23 1)
v (Kn(l—"xll)(cl,cz))z ]
1+ uKy " (er,e)

<[(1 4 pK (e, e)DR) = uB (K (x,1)]

—v[(1 + pK (e, e DB (e2) — pBI ()KL ey 00)]
K“’ 0K e, q)]

1+uK"‘1’"(c1,cx) '

L+ VK (e 0) — 1t

lK(OI (x,¢5) —

Hence
B(x) K V(e) P(x)  K2P(xc)
() i TV (2.1
B (er) K lyV(en,cr) F(a) K27 (c2,02)
B(x)  K®(xe) KPP(x¢))
+uv P"”')(cl) K(I‘ll')(cl,cl) K(I' 1’)(0 c2)

PPN e) K Nen ) KP(er00)
= P(x) + pQn(x) + vR,(x) + uvS,(x), ne€{0,1,2,...}.

PM(x) = Px) + g

Note that Q,(x)=0 for all ne{1,2,...,/;}, R,(x)=0 for all ne{1,2,...,1,} and S,(x)=0 for
all ne{1,2,...max{/,,/,}}. If we assume that P,(Il')(cl)#O, then we have deg[Q,(x)]=n for all
ne{ly + 1,1, + 2,1, + 3,...} and if we assume that P,(zl”(cz)#o, then we have deg[R,(x)]=n
for all ne{l, + 1,1, + 2,1, + 3,...}. Moreover, by the Cauchy—Schwarz inequality, it follows
that deg[S,(x)]=n for all n€ {max{l,,l,} + 1,max{/;,/,} +2,...} unless /,=1,. If I, =1,, then
S, 41(x)=0 and deg[S,(x)]=n for all n€ {/; + 2,1, + 3,1, +4,...} unless ¢; =c,. In the following
we will assume that (¢, ;) #(ca, [2).
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3. The operators

Let {P.(x)}2, be a system of orthogonal polynomials relative to a positive-definite moment
functional ¢ and let {4,}22, be a sequence of real numbers with 2o =0 and {4,}22, not all equal to
zero such that {F,(x)}22, are eigenfunctions of a linear operator L of the form (1) with eigenvalues
{4}, We will construct operators, linear in u and v, for which the polynomials P*’(x), found
in the preceding section, are eigenfunctions and with a sequence of eigenvalues of the form (5).
The general idea of this construction is as follows. By applying the (ci,/;) perturbation first and
the (¢, [;) perturbation afterwards we obtain a set V' of sequences of eigenvalues of the form (5),
where each element of V' corresponds to a linear differential operator, depending linearly on v. In the
second construction we apply the (c,,/,) perturbation first and the (¢, /,) perturbation afterwards.
We then obtain a set W of sequences of eigenvalues of the form (5), where each element of W
corresponds to a linear differential operator, depending linearly on yu. By Lemma 1 in [3] it is clear
that a sequence of polynomials and a sequence of eigenvalues uniquely determine a linear differential
operator, possibly of infinite order. Thus to each element of ¥ N W corresponds a linear differential
operator of the form (4). Since we are only interested in elements of ¥ N W, we will in the cases
that in both constructions certain values of a,, 5, or y, can be chosen arbitrarily, take them to be
the same in both constructions. Without loss of the generality we may assume that

L <,
3.1. The first construction

In [3, Section 4.1] it was shown that if

PU(c)#0 forall ne{l,l; + 1,1, +2,...} (8)
holds, then the polynomials {P,(x) + puQ.(x)}2,, orthogonal with respect to

¢(p,q)= (0, pg) + pp"(c)g" (1),
are eigenfunctions of an operator L + uA with eigenvalues {4, + ua,}22,, where ay =0, {a,}', are
arbitrary (if /, >0) and for n> 1,

ot =0y, + Z (4 = DK (er, ). (9)

j=h+1

Similarly, if

P (ey) + pQl® () #0 for all ne {b, L, + 1,1, +2,...} (10)
holds, then the polynomials

B (x) = (B(x) + pQn(x)) + v(Ry(x) + uSu(x)), n€{0,1,2,...},

orthogonal with respect to (3) are eigenfunctions of an operator (L + pA) + vB(u) with eigen-
values {4, + uo, + vB.(1)}2,, where Bo() =0, {B.(u)}2, can be chosen arbitrarily (if /,>0),
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and for n>1,

n

Bu()=Bi(w) + 3 (& + pey — djmy — poy)GE P a0 ),

j=h+1
where G,(x, y; u) is given by (6). We choose f;(u)=p;+puy, for je{1,2,...,15,} (if /,>0), hence
linear in . We find for n> 1,

Bap) =B, + uyi, + > (b — oK ez, 0)

Jj=l+1

+u Y (= DK e, enK P en e0) — (K (er,e2))):

j=h+1

It follows that the eigenvalues of the operator L + yA + vB(u), which is linear in v, can be written
as

An + U0 4 VBy + VY,

where {a,}! | are arbitrary (if I, >0), a, is given by (9) for n>1,,{B,}2, are arbitrary (if /,>0)
for n>1,,

Bo=B+ 3 (4 — 4 DK err00), (11)

j=l+1

{y.}2, are arbitrary (if I,>0), and for n>1,

m=vs+ > (A — L)K (e, DK e, 00) — (K er ). (12)

Jj=l+1
3.2. The second construction

If
P(c))#0 forall ne{l, L +1,1,+2,...} (13)
holds, then the polynomials {F,(x) + vR,(x)}32,, orthogonal with respect to

¢*(p.9)= (0, pq) + vp"(c2)g"(c2),

are eigenfunctions of an operator L+ vB* with eigenvalues {4, +vB,},, where =0, {B,}, are
arbitrary (if /,>0) and for n>/, we have (11). Similarly if

PUW(c)) +vRYNe)#0 forall ne{i,1, +1,1,+2,...} (14)
holds, then the polynomials
B (x) = (Px) + VRu(x)) + w(Qn(x) + vSu(x)), n€{0,1,2,...},



90 H. Bavinck | Journal of Computational and Applied Mathematics 92 (1998) 85-95

orthogonal with respect to (3), are eigenfunctions of an operator (L+vB*)+uA*(v) with eigenvalues
{An + VB, + poy(v)}e2,, where of(v)=0,{o*(v)}"., can be chosen arbitrarily (if /,>0), and for
n> ll

(V)= a;':(v) + Z (A +vB— A — vﬁj_l)Gf_”l"[')(cl,cl; v),

J=h+1
where G¥(x, y;v) is given by

PR (y)

G*(X y,V)_ Z ¢* P*v P*v)

with P*(x) = P(x)+vR,,(x) For G*(x,y;v) a formula analogous to (7) holds. We choose oc*(v)—
a+vy; for j€{1,2,...,1;} (if /,>0), hence linear in v. We find for n€ {/, +1,/; +2,. 12} (f
ll <12)

o, (v)_all+vyll+ Z(/l + VB — A1 — VB l)K(' ‘)(c cl)

j=h+1

and for n> [,

oc;f(v):cx,, + vy, + Z (4 — 4 K}f’l[')(cl,cl)
J=h+1

n

+v Y (= AoDIK (e, e)K 5P (e, 00) — (KD er, ) Y.

j= I+1

It follows that the eigenvalues of the operator (L + vB*) + uA*(v), which is linear in p, can be
written as

An 10y + VB, + 1y,

where {cxn '_, are arbitrary (if /, >0) o, is given by (9) for n>ll,{/3,,},, , are arbitrary (if [, >0),
B. is given by (11) for n>lz,{y,,},, ; are arbitrary (if /,>0), in the case that /, </, for ne {/, +
1,l, +2,...,1,} the values of 7, are given by

m=y+ Y, (B = BoK! (ere) (15)

Jj=h+1

and for n>/, they are given by (12).
3.3. Conclusion

Let the conditions (8), (13), (10) and (14) hold. We see that if the arbitrary values {a;};_, and
{Bi}_, are chosen the same in both constructions, then all the other values of ; and B remain
the same in both constructions. In the first construction the values {y;}2, were arbitrary, in the
second {y};_,, whereas if /, </, the values {y, }2 1,+1 Were given by (15). In both constructions the
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higher values of y; are given by (12). It is clear that the second construction imposes the strongest
conditions. We may conclude that if the eigenvalues are taken as in the second construction, then
the corresponding differential operator will depend linearly on p and v, hence it will be of the
form (4).

4. General form of the operators
Let 2 denote the vector space of polynomials with real coefficients. For £ € {1,2,3,...} we define

the operator J;, on # by

JiP(x) =0, R(x) forall ne{0,1,2,...}
and the operator K; on 2 by

K,B(x)=0 forall ne{0,1,...,k—1},

K.P(x)=PB(x) forall ne{kk+1k+2,.. .}
Further we define the operator M, on £ by

M B(x)=0 forall ne{0,1,...,k -1},

M;0,(x)=6,40n(x) forall ne{kk+1,k+2,...}.
and the operator Ny on £ by

NiR(x)=0 forall ne{0,1,...,k -1},

NiR,(x)=R,(x) forall ne{kk+1,k+2,...}.

Let [, </,. The operator A can be put in the form

=1
A=A0 + Z (Xka + a,,K,,,

k=1
where {a, ' are arbitrary (if /, > 0) and the operator A, is uniquely determined by

AP(x)=0 forall ne{0,1,...,1},

A0, (x)=2Q,(x) forall ne{l, + 1,1, +2,1, +3,...},

where for n> [,

D= 3 (4 = LK e e,

j=h+1
The operator B can be put in the form

1h—1

B=B; + Y _ BJi + B.Ki,

k=1
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where {f,}2, are arbitrary (if /, > 0) and the operator B, is uniquely determined by
ByB(x)=0 forall n€{0,1,...,5},
B()R,,(X) = ﬂSRn(X) for all ne {lz + 1, lz + 2, 12 + 3,. . .},

where for n>1/,

n

B, = Z (4 = Ay )K;I_Z}IZ)(cz,cz ).

j=h+1
The operator C can be put in the form

=1 Ih—1

C = CO + Z Vka + y1|(K1| - Klz+1) + Z '))](:Mk + V?:NIZ’

k=1 k=I+1

where {y,}\_, are arbitrary (if /, > 0) and in the case that /; < /, for ne {l; + 1,1, +2,...

’/’g= Z (B - .Bj—l)K}Q]l' )(Cl,Cl).

j=h+1
If I, >1, the operator C, is uniquely determined by
CoB(x)=0 forall ne{0,1,...,1,},
CoSu(x)=72S,(x) forall ne{l,+ 1,5, +2,0,+3,...},

where for n> 1,
= (4 — KL (e, e) K5 () = (KL (e, e
j=b+1
If I, =1, the operator C; is uniquely determined by
CoB(x)=0 forall ne{0,1,...,1, + 1},
CoS(x)=72S,(x) forall ne{l,+2,1,+3,1;+4,...},

where for n>1/, + 1 (16) holds.

(16)

Remark. If for a certain value n =n, one of the conditions (10) and (14) is not satisfied, then it is
possible that some more freedom is available in the choice of the eigenvalues for n=n, in the first
or second construction. However, if (8) and (13) are both satisfied, this will only lead to a more
general operator of the form (4), if (10) and (14) both fail for the same value n=ny, due to the

fact that the eigenvalues must be the same in both constructions.
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5. Applications
5.1. Sobolev-type Laguerre polynomials

Consider the Sobolev-type Laguerre polynomials {L*MN(x;k, 1)}, which are orthogonal with
respect to the inner product

(f.g) = / F(0)g(x)x*e dx + MDF £(0)Dg(0) + ND! £(0)D'g(0),

T(a+1) +1)

with M >0, N>0, a>—-1, k1€{0,1,2,...}, k<I. By the results of Section 3 it follows that
there exist linear differential operators A(““) B>ED C@®kD and numbers {a{>FD}oe {pxkDloo
{yl=&DYoe  such that for n=0,1,2... the polynomials {L*MN)(x;k, 1)}, are solutions of the dif-
ferential equation

[(L® — nl) + M(A®*D — of»*0])

+N(B(a,k,l) _ ﬂﬁa’k’l)l) + MN(C(a,k,I) (oz k I)I)]y(x) 0.
Here L™ is given by
L®:=—xD? — (¢ +1-x)D
and
A =N " g (0 k, DD, B =N b ok, DD, C**0=3"c(x;0, k, D',
i=1 i=1 i=1

We have to take al*®" =g =9(**"=0 and the values {a®*D}_ (if k>0), {p=FD}_,,
{y\=&DYk_ (if k>0) can be chosen arbitrarily. The form of the operators can be determined by
means of Section 4. Further we state the following conjecture.

Conjecture 1. In the case that all the values {d*%D}_| (if k>0), {B=kDY_ |, {y=eDYk_ (f
k>0) are taken to be 0 and « is a nonnegative integer, the corresponding linear dzﬁerennal
operator

L® + MAG*) + NBy " + MNCE?

is of finite order 4a + 6 + 4k + 4. In all the other cases the differential equation is of infinite
order.

In [10] this conjecture has been proved when k=0, /=1. One of the problems there was to
prove the existence of the linear differential operators. This is now a consequence of the results of
[3] and of this paper. Here the conditions (8), (13) and (10) are always satisfied. Condition (14)
becomes

R |G D) PR
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This is always true if N >a+ 1; for smaller values of N this may not be true for one specific value
of n.
The case of one perturbation (M =0, N >0 or M >0, N =0) has been treated in [4].

5.2. Sobolev-type Meixner polynomials

In [5] Sobolev-type Meixner polynomials are comsidered, orthogonal with respect to the inner
product

(1,9 =01 = 3 P £g00) + 17 (©)9(0) + 74/ (0)4500), (17)

p>0, 0<c<1, p =20, v=0. It was shown that the polynomials {M/*(x;B,¢)}2,, which are or-
thogonal with respect to (17), are eigenfunctions of a difference operator of the form L+ uA in the
case u>0, v=0 and of a difference operator of the form L + vB in the case x=0, v>0. In both
cases these difference operators are of infinite order. By the results of this paper we may conclude
that the polynomials {M/’(x;,c)}, are eigenfunctions of linear difference operators of the form
L + pA + vB + uvC. The operators A and B were shown to be of infinite order in all the cases.
As in the preceding example the conditions (8), (13) and (10) are always satisfied and condition
(14) may fail for one value of n. Similarly linear difference operators can be investigated having
the polynomials, orthogonal with respect to inner product

[a7) xc\
(1.9 =(1— S P2 1ygte) + /(0 49(0) + v4'7(0)4'5(0),
x=0 *
f>0,0<c<1, u=0, v=0, k,1€{0,1,2,...}, k </, as eigenfunctions.

5.3. Jacobi type polynomials

In different papers (see [7, 9]) the problem is considered of finding differential equations for the
generalized Jacobi polynomials (Jacobi type polynomials) {P*#M¥(x)}*_, which are introduced in
[12] and are orthogonal with respect to the inner product

I'oe+p+2)

1
— — y)® B
9= Fmmips EOFET) /., SN =271+ d

+Mf(—g(=1) + Nf(1)g(1),

where o> —1, f>—1, M =0, N>=0. From the results of this paper we may conclude that there
exist unique linear differential operators A*#, B*# and C*# and numbers {a,}2,, {B8.}2, and {7.}%,
such that the polynomials {P*#*¥(x)}>° are eigenfunctions of the operator L*# + MA*# + NB*# +
MNC*# with eigenvalues {4, + Ma, + Nf, + MNy,}32,. Here

L*=(>—-1D*+(a— f+ (¢ + f+2)x)D

and A,=n(n+a+ p+1) for ne{0,1,2,...}. The conditions (8), (13), (10) and (14) are always
satisfied in this context. Very recently Koekoek and Koekoek [10] succeeded in showing that in
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the case that « and B are both nonnegative integers the operator A*# is of finite order 2§ + 4, the
operator B*# is of finite order 2o + 4 and the operator C*# is of finite order 2a + 28 + 6. Note that
in the case that «=f and M =N, a simpler operator is known (see [8]).
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