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Abstract: In this paper, we introduce the Euler operator and give some of it’s propositionerties. So we define the trivariate
Rogers-Szego polynomials i, (x, y,z/q) as a general form of four polynomials: the classical Rogers-Szeg6 poly-
nomials &,,(x/q), the generalized Rogers-Szeg6 polynomials r,(x, z), the homogeneous (bivariate) Rogers-Szego
polynomials h,(x, y/q) and the Cauchy polynomials p,(x, y). We represent the trivariate Rogers-Szeg6 polyno-
mials by special case of Euler operator and derive the generating function, Mehler’s formula and the Rogers for-
mula with it’s applications for the trivariate Rogers-Szego polynomials, where Mehler’s formula for 4,(x, y, z|q)
involves a 3¢, sum and the Rogers formula involves a ,¢; sum. Also we give new Mehler’s and Rogers formulas
for the Cauchy polynomials p,(x, y). Then, we introduce a transformation from , ¢; sum to ,¢, sum.
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1. Introduction

The Rogers-Szegd polynomials play an important role in the theory of the orthogonal polynomials, particularly
in the study of the Askey-Wilson polynomials [1, 5, 9, 11, 24, 26, 30, 37], there are three kinds of the Rogers-Szego
polynomials: classical h,(x|q), generalized r,(x,z), and homogeneous h,(x, y|g). In this paper we introduce
the fourth form, it’s the trivariate Rogers-Szegd polynomials h,(x,y,z|q) and derive it’s generating function,
Mehler’s formula, the Rogers formula, and another identities, these identities have some special cases lead us to
the corresponding identities for the classical, generalized, homogeneous Rogers-Szegtd polynomials and for the
Cauchy polynomials p,(x, y).

Firstly, let us review some common notation and terminology for basic hypergeometric series in [4, 19], where we
assume that |q| < 1, the g-shifted factorial is defined as:

o0 n—1
(@q)=1, (@) =] [0—ad"), (@@, =] [a—aq"), nez
k=0 k=0

The multiple g-shifted factorials can be given as:

(a1, az,-.., a3 q)n = (a1;9)n(A2 ) n - (A5 G s
(a1, az,...,ap; 67)00 =(ay; Q)oo(dz; q)oo (A q)oo
The g-binomial coefficients, or the Gauss polynomials, are given as:

[n] I (N
k| (0:9k(q;q)n-k
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The basic hypergeometric series ,,; ¢, are defined by
oo
ayy ..., ryq )_ (a1r~--rar+l;q)n n
g, x|= Yy ——————————x".
r+1¢r( blv---vbr q ;(q,bl,...,br;q)n
The Cauchy identity is defined as:

(o]

Z (a;q)x Lk (ax;q)oo
= (q;q)x (X3 q)oo

putting a =0, (1) becomes Euler’s identity:

,lxl<1, 1)

X
= ,lxl<1, @)
;(q;q)k (%5 G)oo ]
and its inverse relation:
0 —lk (]zc)xk
S ELEE ). 3)

—~ (49
The classical form of the Rogers-Szego polynomials [1, 5, 9, 11, 24, 26, 30, 37] is defined in 1926 by Szegé, as:

nor
n

el =2 [
—oL™4

after that the generalized Rogers-Szeg6 polynomials [10, 16, 17] is defined as:

nr

n _
rn(x,Z)=Z ‘ xkz"k,

k=o0L ™
then in 2003 Chen, Fu and Zhang [12] defined the bivariate (homogeneous) Rogers-Szego polynomials as:

h(x,yl)= Z]Pk(x,y),
k=0t

where P(x,y)=(x—y)x—qy)---(x—g*'y) is the Cauchy polynomials.
The g-differential operator is defined as:

b = L@=100)

with the Leibniz rule for D, [34]:

D]'{f(a)g(a)} = ; q“k”)[Z]DJ‘ {f(@}D; " glg ),
and the g-exponential operator is given by [13]:
@, (bD,)"
T(bD,)=
(0 Dy) Z(; (@ q)n
where
T(Dg){x"} = hy(x1q). (4)

Chen, Saad and Sun [15] gave the following operator identity:

(avi@)oo | (bV;q)so (V/t,bs' )
(as,at;q)oo}_(as,bs,bt;q)ooz¢1 by dat) 5)

where max{|bs|,|bt]} < 1.
Chen, Fu and Zhang [12] introduced the homogeneous ¢q-difference operator:

flx,g7'y)—flgx,y)

T(qu){

D VY)=
oy F(X,9) gy
and the homogeneous g-shift operator:
(=) Dk
E(D,,)= -,
H ; (4 )
where
ny{Pn(x’y)} =(1—67n)Pn—1(x,)/), (6)
(yt;q)oo} (Y69
D, { =t ) @)
"Wt @)oo ) (x8q)0
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2. The Euler operator

Based on the homogeneous g-difference operator D, , we can give our operator as:

oo

Z qq)k

k=0

which is reminiscent of the Euler’s identity (2) so we call it as the Euler operator. Compared with the homogeneous
q-shift operator [E(Dy, ), our operator can be considered a general form of E(Dy ), where the homogeneous q-shift

operator E(D, ) is a special case of the Euler operator J(bD,,) for b = 1. Let us give the following two operator
identities of the Euler operator.

Theorem 2.1.
Let Dy, and J(b Dy ) be defined as above, we have
(yt;q)oo}_ (Y1;,q)oo
J](bD"y){(xt; Joo ) (b1, X15¢)o0’ ®
where|bt| < 1.
Proof.
(yt;Q)oo — bt k (ytyQ)oo
S B [N
(B D) (Xt 0)oo kzz(;(q;q)k Y (xt;q)oo
_(5q)es 2 (b1)F
(x85q)oo =4 (q5q)k
__8d)e
(bt,xt;q)co
O
Theorem 2.2.
We have
_ o n n—k
J(bey){pn(x,y)}—;[k]pk(x,y)b - 9)
Proof.
J(bey){Pn(ny’)}Z fy{Pn(va’)}
= -k (X, )
2( qqn kp ey
[ :|pn k X, J’)bk
By setting k — n— k, we get the required identity. O

3. The trivariate Rogers-Szego polynomials

Here we define the trivariate Rogers-Szego polynomials h,(x, y,z/q) as a polynomials with three variables x, y and
z as follows:

Definition 3.1.

k

h,(x,y,2/q)= [n]pk(x,y)zn"“- (10)
k=0
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The trivariate Rogers-Szegd polynomials (10) can be considered a general form for four kinds of polynomials, when
setting z = 1 in definition (10), get the bivariate Rogers-Szego polynomials &,(x, y/q), also if we set y = 0 we will
get the generalized Rogers-Szegod polynomials r,(x, z), so that if we set y = 0 and z = 1 we will get the classical
Rogers-Szego polynomials h,(x/q), and finally setting x = 0 and z = x to get the Cauchy polynomials p,(x, ).
Therefore all the identities of h,,(x, y, z/q) which is deriving in this paper are a generalization of the corresponding
identities of h,,(x,y/q), r.(x,2), h,(x/q) and p,(x, y).

In the following propositionosition, we represent the trivariate Rogers-Szeg6 polynomials h,(x, y, z/q) by the Euler
operator.

Proposition 3.1.
J(zDyy)=hy,(x,y,2/9). (11)
Proof. By Lemma 2.2 and definition 3.1. O

Depending on the operator representation (11) for i, (x, ¥, z/q), we derive the generating function, Mehler’s formula
and the Rogers formula.

Theorem 3.1 (The generating function for s, (x, y, z|q)).

We have
. (59)e
Zh (x, J”Z/q)(q 9 (X1,28q)00 :

wheremax{lxtl,lztl} <1.

Proof.

Zh (x,y,2/4)

ZJ(szy){pn(x Al

( n_ n
J(zDy,) ( ;x| <1
Y {Zp @ q)n}

(Y q)oo
){(xt;ci)oo
_ (Y55)00
S (xt,2t;9)00

=J(zDy, }; lzt] <1

O

e Setting z =1in Theorem 3.1 to get the generating function of the bivariate Rogers-Szeg6 polynomials h,(x, y/q)
[10, 12, 15, 36]:

" (Y85q)00
hy(x, = , (13)
; (x ym)(q;q)n (£, X1 q)oo

where max{|t|,|x¢|} < 1.
e Setting y =0in Theorem 3.1 to get the generating function of the generalized Rogers-Szeg6 polynomials r,(x, z)
[10, 16, 17]:

o

Zr (x,2) A L "
=0 TG, (xtz2tq)e

where max{|x¢|,|z¢|} < 1.

e Setting z =1and y =0in Theorem 3.1 to get the generating function of the classical Rogers-Szegt polynomials
hn(x/q) [lr 5) 9) 11r 15]

— " 1

hy(x1q) = : (15)
; " @), X6

where max{|z|,|xt]} < 1.

e Setting x =0 and z = x in Theorem 3.1 to get the generating function of the Cauchy polynomials p,(x, y) [10

12, 15, 36]-

t" (ytvq)oo
P,(x, , xt|<1. (16)
Z Ngan - e
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4. Mehler’s formula for h,(x, y, z|q)

In this section, we introduce Mehler’s formula for the trivariate Rogers-Szeg6 polynomials with it’s special cases,
after we give Mehler’s formula, the following lemma will be derive to get a new identity for the Euler operator ap-
proaching to Mehler’s formula for h,(x, y, z|q) polynomials.

Lemma4.1.
We have
(¥ £5q)o0 Pulx,¥) (V15 q)oo ”[n}(y/z,xt;q)k K nek
J(zD, { } R e AP A (17
(2Dsy) (x5q)0 V1@ ) (x1,28q)00 <=L k] (¥ E5q)k o

wheremax{|xt|,|zt|} < 1.

Proof.  Let us solve the following sum in two ways:

(q q)n

In the first way we express h,(w|q) as T(D,){w"} by (4), the sum (18) equals

Zh (%, ¥, 2l@)ha(wlq) (18)

Zh (x,y,21q)T(D,) {w" }

(Dq){z ha(x, ¥,
n=0

(Ywt;q)eo
(xwt,zwt; q)so

(a; Q)n

) s(lxwt| <1, |zwt|<1)
(q;q)n

=T(Dq){ }; (Ixtl <1, |zt] < 1).

According to (5), (18) equals

(V5 q)oo
(xwt,xt,2t;q4)o

2¢1( )’/z,

,q,zwt).
On the second way, we express h,(x, y,2/q) as J(zDy ;) {P,(x, y)}, (18) equals

(o]

D 1z Dy ) {Pulx, )} Bn(wlq)

n=0

=1(zD,,) {an(x,y)hn(wm) o }

n=0
)

=I(zD,,) {an(x, y)z [Z]wk (qtq
k
= {Z(ZP x,q y)—))Pk(x,y)%}

k=0 \n=0

> (wr)k (V15 9)oo Pe(x,y)
_Z ; J(ZD”){(xt;q)oo(yt;q)k}’

l.n
(G;q)n

where ||, |xt],|z¢|,|zxt| < 1. Now by equate the two results, we get

2¢1

Mz

(Y69)o0 Pe(x,¥)) (Y8000
(2D =1

(y/z xt
(X Q)0 (VDS (xwi,x1,28q)00

< (q; q)k 'q’zwr)'

Express 1/(xzt;q). by Euler’s identity (2) to get

(Yq)oo Pr(x,y) Vt;9)oo (y/z,xt;q), (wt)kxkzn
{(xt Doo (V15 q)k} (xt,zt;q) OOZO; (@, yt:q)n @ak

Mz

k=0 q q)k

Equating the coefficients of w” then set n — n — k, get the desired identity. O
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Theorem 4.1 (Mehler’s formula for /,,(x, y, z|q)).

We have
i t" (Yywt, xvt;q)oo (xwt,y/z,v/u )
hy(x,y, h,(u,v, = iq,uzt |, 19
; n(X, ¥, 2lq)h,(u, v wlq)(q;q)n (Wi, zwt, xut;q)e ¢ ywt,xve DU (19)

wheremax{|xwt| |zwt|,|xut|,|uzt|} <1.
Proof. By (11)
(o]

hy(x,y,zlq)h,(u, v, wlq)
; Y2l PG,

=J(zDy,) {;P(xyh(u v, @), }
=J(zDy,) an(x,y) [ ]Pk(u v)w"” }
Jn k 0

(St} v
’ n=0 »Hn

tk (q"ywt;q)w}

n

P(u, v)P(x,y)

P.(u, U)Pk(x’y)(q;q)k (xwt; q)oo

b8 118

_°° tk (ywt;qloo Pi(x,y) ‘
—;Pk(u V)( Cf)kJ(ZD ){(xwt;q)oo(ywt;q)k}’ (xwel,lzef <1).

By setting t — wt in Lemma 4.1, the above summation equals

Ywt; @ ~— th &Ik (v/z,xwt;q); . , .
L= 2Te NTp(y, J k=i
(xwt,zwt;q) Z k(v (ywi;q); z7 X

k=0
Exchanging the order of summations, get

(Ywt;q)oo (y/z,xwt;q); (xo)k
mz Pilu, )W( f)’ZPk(u q’V)( o (xutl<D)

_ (Yywt,xvt;q)oo ZP( (y/z,xwt;q)]- 2ty
(xwt,zwt,xut;q)oo = q ywt,vxt;q);
(Ywt,xvt;q)oo i(v/u'y/z’XWt;q)j(uzt)j

(xwt,zwt, xut;qoo <= (g, ywt,vxt;q);

_ (ywt,xvtq)eo (p(xwt,y/z,v/u
(xwt,zwt,xut;q)oo3 z ywt,xvt
The proof is complete. U

34, uzt); (luzt|<1).

° Setting z=1and w=11in (19), we get Mehler’s formula of s, (x, y/q) [10, 15, 36]:

" e, vxt;q)eo (y,xt,v/u )
iq, ) 2
Zh O L R il ey e L ISR L LT (20)

wheremax{ltl,lxtl,Ixutl,lutl}< 1.
e Setting y =0and v =01n (19), we get Mehler’s formula of r,,(x, z)[10, 16, 17]:

N " (x21%q)oo
Z Tn(x, 2) 1 (U, w) = , @D
P (@q)n  (2t,xt,yt,Xy1;q)00
where max{|xwt|,|zwt|,|xut|,|uzt|} <1.
e Setting y=0,z=1,v=0and w =1 in (19), we get Mehler’s formula of h,(x/q)[13, 24, 28, 30, 37, 38]:
2.
(xut* q)oo 22)

(@@ (6, X0, Ul, XUL;G)oo

D halxlq)hy(ulq)
=0

where max{|t|,|x¢|,|xut|,|ut|} <1.
e Setting x =0and z = x in (19) then u =0 and w = u to get Mehler’s formula of the Cauchy polynomials p,(x, y)
(36]:

" _ (yut;q)oo
(@:q)n  (xut;q)oo

o
P,(x,y)P,(u,v) 1¢1( ,q,xvt), |xut|<1. (23)
; yut
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5. The Rogers formulaof /2,(x, y, z|q)
In this section, we introduce the Rogers formula of the trivariate Rogers-Szego polynomials #,,(x, y, z|q) using the

Euler operator and the technique of parameter augmentation. This Rogers formula implies a linearization formula
for h,(x,y,z|q).

Theorem 5.1 (The Rogers formula for #,,(x, y, z|q)).

We have
Zzhnm(x ¥,2lq) Sp—AL) 2¢1( yEe ;q,zt), (24)
n=0 m=0 (q q) (q q)m (ZS;XS’Xt;Q)oo ySs

wheremax{|xs|,|xt|,|zs|,|zt|} <1.

Proof. By (11), we have

o oo n sm
h +m )
;mzo wim(%, ¥ Zlq)(q Do (@D
o " sm
=J(zD Poim(x
e ”){;mz:o e Y @ }
_J(Zny){ZPn(x ) (me(x q" J’ i )}, (Jxs|<1)
n=0 n
N " 4"V Qoo
=J(zD P
e ”){,,:0 G D (i )es }

_N (V85 G)oo Pul(x,¥)) .
X (@ @)n J](ZD”){(m;q)oo (ys;q)n}' (lzsI <1 Jxsi< )

From Lemma 4.1, we get

(VS @)oo <o " [ ](y/z XS Q) k n-k
(zs,x5;4) Z(q q)nz K osae

© n=0 k=0
_ (Y8 q9)co (v/z,x8;q) . ‘
_(zs,xs;q)ookZ:O @75k zt) Z( ;o (lxtl<1)
(¥$;q9)oo o (V/2,%8;q)k

= zt)F
(28, X5, X85q)o0 &= (4, S q)k )

__ (89) é (y/z,xs
(28, X8, X15q)00 °" " ys

The proof is complete. O

;q,zt); (lzt] < 1).

e Setting z =1 in Theorem 5.1 to get the Rogers formula of polynomials h,(x, y/q) [10, 15, 36]:

(¥$9)00 (y,xs )
Ry = 3q,t ], (25)
Zo,nzo s ym)(c] Dn (q D Goasxtiges 2P ys

where max{|s|,||,|xs|,|xt|} < 1.
e Setting y =0in Theorem 5.1 to get the Rogers formula of polynomials r,,(x, z)[10, 16, 17]:

er (x " sm (xzst;q)co 26)
mm 2 (q Dn @D (x5, %1,25,26,0)00’

n=0 m=0

where max{|xs|,|xt|,|zs|,|zt]|} <1.
e Setting y =0and z =1 in Theorem 5.1 to get the Rogers formula of polynomials #,(x/q) [13, 30, 31]:

s™ (x$t;q)oo
Rpsml( = , 27
ZZ ’ Iq (q; q)n (@D (5,6,X5,Xtq)00

n=0 m=0

where max{|s|, ||, |xs|,|xt|} < 1.
e Setting x =0 and z = x in Theorem 5.1 to get another Rogers-type formula of the Cauchy polynomials p,(x, y)
as:
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Corollary 5.1 (Another Rogers-type formula of p,(x, y)).

We have
O " s™ (VS q)oo (y/x,O )
P m » vXI ’ (28)
;,;) " (6] q)n (CI q)m (xS;q)oo 2¢1 ys q

wheremax{|xs|,|xt|} <1.
Sukhi[36], give the Rogers formula of the Cauchy polynomials p,(x, y) in the following form:
N s (Y5 9)oo
Poim(x, = ( ; S) (29)
ZZ e ) @ s xtiqe Pyt Y

where max{|xs|,|xt|} < 1.
By comparing the Rogers formulase (28) with (29), we can give the following important transformation from ; ¢,
sumto »,¢;:

Corollary 5.2.

We have
5 (xr_ s)_(xt.ys;q)oo p (y/x,O. xt) (30)
1¥P1 ytvq)y - (yt,q)oo 2%¥1 ys rq! )

wheremax{|xs|,|xt|} <1.

As an application of the Rogers formula 5.1, we derive the linearization formula for the trivariate Rogers-Szego poly-
nomials h,(x, y, z|q) as a double summation identity.

Corollary 5.3.
Forn,m >0, we have
Z|: :||: ]y/z q) (y/x;q)lxlzkhn+m—k—l(xyy,Z|Q)
= Z|: :||: ] )’/Z q) (y/x;q)l (qu)l hn—k(xyJ’»Z|Q)hm_l(x,y,z|q)- (31)
=0 =

(¥$, 75 q)oo

Proof. Multipl h si f Th 1 :
roof. Multiply both sides of Theorem 5.1 by (05,20 0)os to get
(s d)w (¥1; q)oozzh (., 21q)
(X8 @)oo (215G)oe Lt ™" g ) (q Dm
(y/z @)k (ysq* q)oo S < s™
= (x,y,2 m(X,¥,2 .
,Z (@ (xsqkiq Z G o mZ L v
Verify (¥ 8;G)oo/(X8;@)oor (¥ 15 G)oo /(21 G)oo and (¥ 5sG%; q)oo /(X 5G*; )oo by Cauchy identity (1) and comparing the
coefficients of 1" s™, the proof will be completed. O
Corollary 5.4.

Forn,m >0, we have

min{n,m}

|:Z:||:’Z:|(q’ q)k (xz)k rn+m—2k(x’ Z)

:(zn:[k]y Py (X, y,z/q)(i[ ] P (%, y,z/q)) (32)

k=0 Jj=0

k=0
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Proof. Putting y =0 in the Rogers formula Theorem 5.1, we get

i S T, x Z e s”
Lt Lt 5 ) (G5 G
1 o (x5
= (xs’q)kzktk ilzt] <1
(28, x5, X1;q)o0 £ (q; G
_ 1 (x52t; )00
C(28,X85,XG)00 (25G)oo
(x528;q)c0 (¥S;@)oo  (V15q)00
= lxelxsl |zl |zs[} <1
(¥$,¥t:q)00 (zs xS'q) (2t,x1;q)00
(x521;9)co t" s
= h,(x,y,z19)h,(x,y,2|q) ——— ———. (33)
syt q)oo;,;) Y (@D (@ 9)m
Hence
(ool o] n sm
rn m
(xsthoo;z=0 O @
1 t" s
h (x ,Z| (x ’ | ) N
T s Y60 ZOMZ) Y Al@hnlx, .z (4 9)n (G5 9)m

Expand 1/(xsz2t;q)eo,1/(¥ t;q)eo and 1/(y s; )0 by the Euler’s identity (2), then comparing the coefficients of " s™
in both sides, the proof will be completed. O

e Setting y = 0 in (32) to reduce the linearization formula of the generalized Rogers-Szegé polynomials r,(x, z)
[17]:

min{n,m}

T(x,2)1y(x,2)= Z [Z][’:](q:q)k(xmkrn+m_zk(x,Z)- (34)
k=0

e Setting y =0 and z =1 in (32) to reduce the linearization formula of the classical Rogers-Szegd polynomials
h,(x/q)[11, 13, 24, 26, 32]:

min{n,m}

h(x1g) hn(xl)= Y [Z][’Z](q;mkxkhn+m_2k(x|q). (35)

k=0
e Setting m =0 in (32) to obtain the following relation between polynomials r,,(x, z) and h,(x, y, z|q):

n

rn(x,z):Z[Z]ykhnk(x,y,zlq), (36)

k=0

which has the inverse relation:

n

hn(xryrzlq)ZZ[Z](_l)kq(g)ykrnk(xrz)- (37)

k=0

Lemma5.1.
For n,m >0, we have

>3 ey a2

Jj=0 k=0

min{n,m}

= > [Z][’:](q; D D (=x2) By i(x, v, 219) hyn_i(x, 3, 214). 8)
k=0

Proof. Rewrite (32) by multiplying (y £, ¥ s; )0 On both sides:

sm

(¥$, 7840 Fiem (X
Zmzo G
1" sm
= (xszt; q)w;;)h n(X, 9, 21q) hy(x, y, ZIq)( PRCTR
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Now expand (¥S; q)oo, (¥ ;G)oo and (xszt; q)so by Euler’s identity (3), we get
(—1)i+k g(HC)(y)i+k gy gmrk

222 Gaaa "o wan

0 k=0

S
I}
=3

M8
QM8

n+k Sm+k

& & (—1)k ) (x2)k t
= —h » Vo hm »y Vo - N 7 N
ZEZ (F; 9k 0y, 21, y Zm)(q,q)n (@ D

Comparing the coefficients of " s, we get the required identity. O

e Setting y =01in 5.1 to get the inverse relation of the linearization formula of the generalized Rogers-Szego poly-
nomials 7,,(x, z) [16]:

min{m,n}

Faam(,2)= D [Z][?](q;q)kq(ﬁ)(—xz)krn_k(x,z)rm_k(x,z). (39)
k=0

e Setting y =0and z =1in Lemma 5.1, to get (the Askey-Ismail formula) or the inverse relation of the linearization
formula of the classical Rogers-Szeg6 polynomials %,(x/q) [5, 13]:

min{m,n}
Bonin(x1q) = Z [Z][ﬂ(q:q)kq(z)(—x)"hn_k(xIq)hm_k(xlq). (40)
k=0
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