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Abstract

In this article, we consider infinite sums derived from the reciprocals of the Fibonacci
polynomials and Lucas polynomials, and infinite sums derived from the reciprocals of
the square of the Fibonacci polynomials and Lucas polynomials. Then applying the
floor function to these sums, we obtain several new equalities involving the
Fibonacci polynomials and Lucas polynomials.
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1. Introduction

For any variable quantity x, the Fibonacci polynomials F,,(x) and Lucas polynomials L,
(x) are defined by F,,,»(x) = xF,;1(x) + F,(x), n > 0 with the initial values Fy(x) = 0 and
Fi(x) = 1; L,,»(x) = xL,,.1(x) + L,(x), n > 0 with the initial values Ly(x) = 2 and L,(x) =
x. For x = 1 we obtain the usual Fibonacci numbers and Lucas numbers. Let

1 1

=3 (x+ Va2 + 4) and g8 = 3 (x — Va2 + 4), then from the properties of the sec-
ond-order linear recurrence sequences we have

O{"—ﬁ"

Va2 +4

Various authors studied the properties of Fibonacci polynomials and Lucas polyno-

F, (x) = and L, (x) = o" + B".

mials, and obtained many interesting results, see [1-3]. Recently, several authors studied
the infinite sums derived from the reciprocals of the Fibonacci numbers and Pell num-
bers, and obtained some important results. For example, Ohtsuka and Nakamura [4] stu-
died the properties of the Fibonacci numbers, and proved the following conclusions:

-1
i 1 | Fa-a, if nis even and n > 2;
F, " |Fi—2—1,ifnisodd and n > 1.

-1
i 1 _ | Fa-1Fu—1,if nis even and n > 2;
F2 " | FioiFy, if nis odd and n > 1.
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Wenpeng and Tingting [5] studied the infinite sums derived from the Pell numbers,
and obtained two similar results.

In this article, we considered infinite sums derived from the reciprocal of the
Fibonacci polynomials and Lucas polynomials, and proved the following:

Theorem 1. For any positive integer x, we have

o0 -1
(Z 1 ) _ {F,, (x) —Fp_1(x), ifnisevenandn > 2;

- Fi (x) F,(x) —F,_1(x) —1,ifnisodd and n > 1.

Theorem 2. For any positive integer x, we have

-1
i 1 _JxFp 1 () Fy(x) — 1, if nis even and n > 2;
F2 (x) " | xFp_q (x) Fy (%), ifnisodd and n > 1.

k=n

Theorem 3. For any positive integer x, we have

~ -1
(Z 1 ) _{L,,(x)—L,,l (x) — 1,if niseven and n > 2;

< Ly, (x) "L, (x) — L, (x), if nis odd and n > 3.

Theorem 4. For any positive integer x > 2, we have

| xLlon1 ) + 1, if nis evenand n > 2;

21
(; Li (x)) - {xLG_l (x) — 2, ifnis odd and n > 3.

If x =1 and x = 2, then from our theorems we can deduce the conclusions of [4,5].
Especially, we also have the following:
Corollary 1. For any positive integer 7, we have the identities

-1
ii _|Lyp»—1,ifniseven and n > 2;
—~ L "\ Lo, ifnisodd andn > 1.
=n

Corollary 2. For any positive integer n, we have the identities

-1
i i | Py =Py, if nis even and n > 2;
p Py “|P,—P,_1 —1,ifnisoddand n > 1;
=n

Corollary 3. For any positive integer 7, we have the identities

-1
i 1 _ | 2P, P,—1,ifnis evenand n > 2;
p P? " | 2Py— Py, ifnis odd and n > 1.
=N

2. Proof of theorems

In this section, we shall complete the proof of our theorems. We shall prove only The-
orems 1 and 2, and the other two theorems are proved similarly and omitted. First we
prove Theorem 1. We consider the case that n = 2m is even. At this time, Theorem 1
equivalent to
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1 - i 1 1 o
Fam () = Fam—1 () + 1 = Fip (x) = Fom (%) — Fam—1 ()’ '
Now we prove that for any positive integers x and k > 1,
1 1 1 1
+ < - . (2.2)
Fop (%) Faps1 () Fap (%) — Fap—1 (%) Fapsa (%) — Faies1 (%)
This inequality equivalent to
Fap—1 (x) - Fapsa (%)
Fap, () (Fare (%) — Far—1 (%))~ Fajea1 (%) (Fags2 (%) — Fapea1 (1))
or
For—1 (%) Faier1 (0) (Faka2 (%) — Fope1 (X))
> Fop (%) Fae2 (x) (Far (%) + Fap—1 (%)) ,
applying the identities
l n
Fin (x) Fy (x) = 214 (Lm+n (*) = (=1)"Lip—n (x)) /
Ly (X) Ly (X) = Lypin (%) + (=1)"Lip—p (%),
Fin (%) Ly (%) = Fipn (0) + (=1)"Fp—yy (%) = Fopen (1) — (=1)"Fy_py (%),
the inequality (2.2) equivalent to
(Lag (x) + L (%)) (Fars2 (%) — Faiey1 (%))
> (Lagsa (%) — Lo (%)) (Far (x) — Fap—1 (%)),
or
Fokia (%) + 2Fp42 (x) — Fop1 (x) (23)

+Fo (X) — 2Fp—1 (x) — Far—3 (x) > 0.

It is easy to check that the inequality (2.3) holds for any positive integers x and k > 1.
So the inequality (2.2) is true. Using (2.2) repeatedly, we have

[e.¢] o]

Z 1 _ Z ( 1 + #)
k=2m Fk (JC) k=m sz (JC) F2k+1 (X)
e e 04
— For (x) — For—1 () Fopsn (X) — Fope1 (%)

1
" Fam (%) — Fapm 1 (@)

On the other hand, we prove that for any positive integers x and k > 1,

1 1
L S
For () Fope1 (%)
: . (2.5)

> — )
For, () = For—1 ) + 1 Fopyo (X) — Fope1 (%) + 1
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The inequality (2.5) equivalent to

Fopea (x) + 1 - For1(x) — 1
Fope1 () (Forsa (%) — Fape1 (0) + 1) Fap (%) (Fare (x) — Fop—1 (x) + 1)

or

Lajess (¥) — Lag—1 (¥) — Fapas (¥) — (x* + 3) Farea (0) + (247 + 8) Fapeur (%)

5 5 (2.6)
+2Fp (x) + (x* + 3) Fop—1 (%) + Fop—2 (x) — 2x> — 4 > 0.

It is easy to check that the inequality (2.6) holds for all positive integers x and k > 1.
So the inequality (2.5) is true. Using (2.5) repeatedly, we have

> (e )
k=2m Fie () k=m For (x)  Fope1 (%)

(o]

=3 ( 1 _ ! ) 2.7)
For, () = Fop—1 ) + 1 Fopyo (X) — Fope1 () + 1

k=m
1

" Fom @ —Fapg @+ 1

Now the inequality (2.1) follows from (2.4) and (2.7).
Similarly, we can consider the case that n = 2m + 1 is odd. Note that F(x) - Fo(x) -
1 =0 and

> 1 1 1
Z =1+—+ +.0>1,
k_le(x) x x2+1

So Theorem 1 is true if m = 0. If m > 1, then our Theorem 1 equivalent to the

inequality
1 > 1 1
<> < : (2.8)
Famer () = Fam (), 2= Fe () ™ Famsr () = Fam (x) — 1

First we can prove that for any positive integers x and k > 1,

1 1
+
Foie1 (%) Fapez (%) (2.9)
1 1
< - )
Fope1 () = For (0) =1 Fopy3 () — Fope2 () — 1
The inequality (2.9) equivalent to
Fopz (x) — 1 - Fop (x) +1

Forio (%) (Fors3 (X) — Fopea (1) — 1) Fopy1 (%) (Foge1 (%) — Fop (x) — 1)
or

Lagis (X) — Lags1 (%) — Fopas (X) — Forea (X) — 3Fop43 (X) — Fopen (%) (2.10)

—3Fops1 (X) + For (¥) — Fap1 (%) + Fopp (%) +2x> + 8 > 0.

It is easy to check that the inequality (2.10) holds for all positive integers x and k > 1.
So the inequality (2.9) is true. Using (2.9) repeatedly, we have

Page 4 of 8
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%) x 1 1
22 F;, (x) g <F2k+1 (x) " Foria (X))

-y ( 1 _ 1 ) (2.11)
P Fore1 ) — Fopr (X) =1 Fopys (X) — Fope2 (0) — 1

B 1

~ Font () — Fom (0) — 1

On the other hand, we prove that for any positive integers x and k > 1,

1 1 1 1
+ > — . (2.12)
Fope1 (%) Fopsa (X)) Fope1 () — F2p () Fages (X) — Fopeo (%)
The inequality (2.12) equivalent to
Fapes (x) - Far (x)
Foieo () (Forss (X) — Faia2 (%)) Fage1 (%) (Fore1 () — For (X))
or
Fors 2F5., — Fops
25 (X) + 2F2143 (%) — Fopsa (%) (2.13)

+Fpsr (¥) — 2F5p (x) — Fop—2 (x) > 0.
It is easy to check that the inequality (2.13) holds for all positive integers x and k > 1.

So the inequality (2.12) is true. Using (2.12) repeatedly, we have

[ee] [ee]

Z Z ( 1 . 1 )
k( ) Fore1 (X)  Fapez (%)

k=2m k=m

1

) (2.14)
— P ()

kX: (F2k+1 () — For ®)  Fapes (%)
B 1
~ Fome1 (%) = Fam ()

Combining (2.11) and (2.14) we deduce the inequality (2.8). This proves Theorem 1.
Proof of Theorem 2. First we consider the case that n = 2m is even. At this time,
Theorem 2 equivalent to

[o¢]
1 3 1 1 015
— < = . .
XFom—1 (%) Fom (%) & Fp () © XFam—1 () Fom (%) — 1
Now we prove that for any positive integers x and k > 1,
1 1 1 1
(2.16)

F3, (%) Fz;“l (%) xFZk—l () For (X)) XFape1 (%) Farez (1)
So the inequality (2.16) equivalent to

Fopys (%) _ o (x)
F%kn (%) Fopsa () Fop—1 (%) F%k (%)

or

(Ls (¥) — 2) (Laks2 (X) + Lag (x)) > 0. (2.17)
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It is clear that the inequality (2.17) holds for all positive integers x and k > 1. So the
inequality (2.16) is true. Using (2.16) repeatedly, we have

=1 > 1 1
2 F} (x) -Z(ng ® B 1(x))

k=2m k= e+

i ( 1 ) (2.18)
P XFo_1 (x) Far ®)  %Faie1 (%) Faea (%)

B 1

~ xPom—1 (%) Fam ()

On the other hand, we prove that for any positive integers x and k > 1,

1 1
N S
B () F,, )
1 1
< — )
XFop—1 (%) For, (x) — 1 xFope1 (%) Fopyo (x) — 1

(2.19)

So the inequality (2.19) equivalent to

Fope1 (X) Fopez () — 1 - Fop—p (x) For (x) + 1
F2,., (%) (Fape1 (%) Forga (¢) — 1) F2, (%) (xFope—1 (0) Fore (1) — 1)’

or

2Lg 4 6 (x) + 4Lgp 4 4 (X) -4Lgy (x) -2Lg—2 (x) + Laj + 8 (X)

(2.20)
-6L4p + 4 (x) -11Lgp 4 2 (x) -11Lgp (x) -6Lgr—2 (X) + Lgr—6 (x) > 0.

It is clear that the inequality (2.20) holds for all positive integers x and k > 1.
So the inequality (2.19) is true. Using (2.19) repeatedly, we have

=1 > 1 1
2 Fr@ 2 (Fﬁk (x) F%M <x>>

k=2m k=m

i ( 1 ) (2.21)
— xFop_1 (x) sz (X) =1 XPape1 (%) Fapa () — 1

1
"~ XFom—1 (%) Fap (x) — 17

Now the inequality (2.15) follows from (2.18) and (2.21).
Similarly, we can consider the case that n = 2m + 1 is odd. Note that xFy(x)Fi(x) = 0
and

So Theorem 2 is true if m = 0. If m > 1, then Theorem 2 equivalent to

[ee]

! <y L _ ! : (2.22)

xFZm (x) F2m+1 (x) +1 k=2m+1 F;z (x) xFZm (x) F2m+1 (x)

Page 6 of 8
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First we prove that for any positive integers x and k > 1,

1 1 1 1
- . 2.23
By o, @ %00 Faen ) %otz (0 Faies () (2.23)
So the inequality (2.23) equivalent to
Fapsa (%) - Far—1 (x)
F%]Hz (%) Farss () Fop (x) 2k+1 (%)
or
(La (x) — 2) (Lagera (%) + Lagaz (x)) > 0. (2.24)
It is clear that the inequality (2.24) is correct. So the inequality (2.23) is true.
Using (2.23) repeatedly, we have
i 1 i < 1 1 )
k=2m+1 F}% (JC) k=m 2k+1 (JC) F§k+2 (JC)
> 1 1
-y ( _ ) (2.25)
i \XFp (%) Foren () xFopea (%) Fapes (%)
_ 1
XFam (%) Fame1 (%)
On the other hand, we prove that for any positive integers x and k > 1,
1 1
F%IHI (JC) F2k+2 (X) (226)
1 1
> - .
xFop (%) Fape1 (X) + 1 XFapsa (%) Faias (1) + 1
So the inequality (2.26) equivalent to
Fopvo (%) Popea (X) +1 - Fap—1 () Fopeq (x) — 1
F3pn (%) (¢Fapan (0) Fares (1) + 1)~ F3 1 (%) (6Fap (%) Foeer (1) + 1)
or
2Lgk +10 (X) + 4Lgk+ 8 (X) ~4Lgk + 4 (%) =2Lgp + 2 (X) ~Lage + 10 (x) (2.27)
+6Lak s () + 1Lagsa () + 1Lgty 2 (x) + 6Lag (¥) ~La—a (x) > 0. '
It is clear that inequality (2.27) is correct. So the inequality (2.26) is true.
Using (2.26) repeatedly, we have
S
k=2m+1 Fl% (X) k=m F2k+1 (X) F2k+2 (X)
> 1
=S ( ) (2.28)
= \xba (%) F2k+1 ) + 1 XFap (%) Foez (x) + 1
1

~ XFa (%) Famyr (x) + 1

Now the inequality (2.22) follows from (2.25) and (2.28). This proves Theorem 2.

Page 7 of 8
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