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Abstract

We study a number of characteristics of the inverses of the elements of a family
of Pascal-like matrices that are defined by Riordan arrays. We give several forms of
the bivariate generating function of these inverses, along with four different closed-
form expressions for the general element of the inverse. We study the row sums and
the diagonal sums of the inverses, and the first column sequence. We exhibit the
elements of the first column sequence of the inverse matrix as the moments of a family
of orthogonal polynomials, whose coefficient array is again a Riordan array. We also
give the Hankel transform of these latter sequences. Other related sequences are also
studied.

1 Introduction

It is known [4] that the family of Riordan arrays defined by

T(r>=< 1 x(l—i—m:))

l—2" 1—=

is a family of Pascal-like matrices. By this we mean that if 7}, x(r) is the (n, k)-th element

of the matrix (ﬁ, d%?), then we have

TnO = Tn,n = 1a Tn,n—k = Tn,k-

)
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We note that as Riordan arrays, these matrices are lower-triangular. The matrix 7°(0) is
Pascal’s triangle A007318, defined by (1=, t). The matrix 7'(1), defined by (L M),

-2’ 1—x

is the Delannoy triangle A008288. This array begins

10 0 0 0O
110 0 00
13 1 0 00
15 5 1 00
1 713 7 10
19 25 25 9 1

The (n, k)-th element of T'(1) counts the number of lattice paths from (0,0) to (n, k) using
the steps (1,0), (0,1), and (1,1). Its central elements 1,3,13,63,... A001850 count the
number of such paths from (0,0) to (n,n).

The general array T'(r) begins

1 0 0 0 0 0
1 1 0 0 0 0
1 r+2 1 0 0 0
1 2r+3 2r+3 1 0 0 7
1 3r+4 r246r+6 3r+4 1 0
1 4dr+5 3r24+12r+10 3r2+12r+10 4r+5 1

and is of significant combinatorial interest, particularly in the area of lattice paths. In this
note, we shall be interested in various combinatorial aspects of the inverse matrix 7'(r)~'.
The matrix inverse T'(r)~! begins

1 0 0 0 0 0
-1 1 0 0 0 0

r+1 —r—2 1 0 0 0

—2r2 —3r —1 2r2 4+ 5r +3 —2r—3 1 0 0
5r3 +10r2 +6r + 1 —5r3 — 1572 — 1dr — 4 572 +11r + 6 —3r—4 1 0
r—5 1

—14r% — 3573 —30r2 —10r — 1  147* 44973 +60r2 +30r +5 —1473 — 3972 —35r —10 92 4+19r +10 —4

Among the results concerning T'(r)~! that we shall discuss, we give the following examples.
The elements of T(r)~' are polynomials in r, with the (n, k)-th element S, x(r) of the
inverse matrix S(r) = T'(r)~! being given by

n

Snn(r) =Y ;111 jzt (n j+ 1) <2:_—Z:JJ) ((1 —7) (Z i) k) + r(i _1 k;>> (—=1)? (—r)"",

1=0
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We shall give other expressions for S, () during this note. The bivariate generating function
(g.f.) of the triangle T'(r)~! may be described by the following continued fraction,

1

T —xy

1+
T

(r+1)x
rT

(r+ 1)z
14—
1+---

1+

1+

1+

We shall be particularly interested in the first column elements of T'(r)~'. The first column
sequence a,(r) = S, o(r) of T(r)~! can be expressed as

n—1
n+k—1
i) =0+ a3 (" e

k=0

where C), = 5 —L_(*") is the n-th Catalan number A000108, and the Hankel transform of a,(r)
is given by

2n+1

ho(r) = g )(r + 1)(2:).

1

The row sums sequence of T( )~! is the sequence 0" with elements 1,0,0,0, ..., while the

diagonal sums sequence Z pl JO Sn—kk(r) has a g.f. expressible as the continued fraction
1
2 )

r—x

1+
rT

(r+1)x
rT

+1
et
14+.-.

1+
1+

1+

and we conjecture that this sequence has Hankel transform given by

1+x—(r+2)z* —rad

h, = ()(7“4—1)[ ][ "] 1—2(r +2)22 + r2z*

In addition, various factorizations of the inverse matrix T'(r)~! are examined, which lead
to many interesting intermediate results.

In the next section, we shall cover the elements of integer sequence theory, the theory of
Riordan arrays, and the Lagrange Inversion theorem that are relevant to this note. Readers
familiar with these notions may skip this section.

3
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2 Integer sequences, Lagrange Inversion and Riordan
arrays

For an integer sequence a,, that is, an element of Z", the power series f(z) = >0, ara” is
called the ordinary generating function or g.f. of the sequence. a, is thus the coefficient of

2" in this series. We denote this by a,, = [2"]f(z). For instance, F,, = [2"];—"—5 is the n-th

Fibonacci number A000045, while C,, = [x”]# is the n-th Catalan number A000108.
The properties and examples of use of the notation [2"] can be found in [13]. Note that
0" = [2"|1 = 0ppo = (2) is the sequence with terms 1,0,0,0, .. ..

For a power series f(z) =Y~ a,2" with f(0) = 0 and f'(0) # 0 we define the reversion
or compositional inverse of f to be the power series f(z) (also written as fI=!(z)) such that
f(f(x)) = x. We sometimes write f = Revf.

The Hankel transform [10, 11] of a sequence a,, is the sequence h,, where h,, = |a;+;]0<i j<n-
If the g.f. of a, is expressible as a continued fraction of the form

Ho

1 — apxr —

52$2
53$2

l—agr —---

1—oaqx —

1 — agx —

then the Hankel transform of a, is given by [10] the Heilermann formula

ha = pg BB By B

If the g.f. of a, is expressible as the following type of continued fraction:

Ho
mx
Y2x
1+---

1+
1+

then we have
hn, = M3+1(7172)n(7374)n_1 T (72n—372n—2)2(72n—172n)-

The Riordan group [6, 14, 17], is a set of infinite lower-triangular integer matrices, where
each matrix is defined by a pair of generating functions g(z) = 1+ g1z + goz* + --- and
f(x) = fix+ fox? + -+ where f; # 0 [17]. The corresponding matrix is the matrix whose
i-th column is generated by g(x)f(z)" (the first column being indexed by 0). The matrix
corresponding to the pair g, f is denoted by (g, f). The group law, which corresponds to
matrix multiplication, is then given by

(9, 1) - (h 1) = (g, f)(h, 1) = (g(ho f), Lo f).

4
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The identity for this law is [ = (1, z) and the inverse of (g, f) is

(9./)" =1/(go ). f) (1)

where f is the compositional inverse of f. We denote by R the group of Riordan matrices. If
M is the matrix (g, f), and a = (ag, a1, ...)T is an integer sequence with ordinary generating
function A(x), then the sequence Ma has ordinary generating function g(z)A(f(z)). The
(infinite) matrix (g, f) can thus be considered to act on the ring of integer sequences Z" by
multiplication, where a sequence is regarded as a (infinite) column vector. We can extend
this action to the ring of power series Z|[[x]] by

(9, f) - Alz) = (g, f) - Alz) = g(z) A(f(x)).
Example 1. The so-called binomial matriz B A007318 is the element (-, %) of the
Riordan group. It has general element (Z), and hence, as an array, coincides with Pascal’s
i £_) of the Riordan group, with general

triangle. More generally, B is the element (;——
term (7)m™*. We find that the inverse B~™ of B™ is given by (1 ).

mzx’ 1—max

k 1+mazx’ 14+mzx
Example 2. The row sums of a Riordan array have g.f. given by Z (fx()x) For instance, the

row sums of the binomial matrix have g.f. given by

1
w1
1-:2  1-2

Thus the row sums of the binomial matrix are

as expected. The diagonal sums of the Riordan matrix (g(z), f(z)) have g.f. given by

9(z)
zf
Thus the g.f. of the diagonal sums of the binomial matrix have g.f. given by

1—zf(z)"

1
1—x 1

1—1‘(%):1—1‘—1'2’

which is the g.f. of the Fibonacci numbers F},,, as expected.

The bivariate generating function of the Riordan array (g(x), f(z)) is given by

g9()
1—yf(x)

An important feature of Riordan arrays is that they have a number of sequence characteri-
zations [5, 9]. The simplest of these is as follows.
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Proposition 3. [9, Theorem 2.1, Theorem 2.2] Let D = [d, | be an infinite triangular
matriz. Then D is a Riordan array if and only if there exist two sequences A = [ag, a1, as, . . .
and 7 = |29, 21, 22, . . .| with ag # 0, zo # 0 such that

[ ] dn+1,k+1 — Zjio a]dn7k+j, (k}, n = O7 ]_’ . )
° dn+170 = Z]O.;O Zjd”,j7 (n = 07 ]_7 . )

The coefficients ag, a1, as,... and zg, 21, 22,... are called the A-sequence and the Z-
sequence of the Riordan array D = (g(z), f(z)), respectively. Letting A(z) be the generating
function of the A-sequence and Z(z) be the generating function of the Z-sequence, we have

T 1 1
A = Ty Z@—m(“—gw»)' @

We shall need the following version of Lagrange inversion in the sequel [12, 18].

Theorem 4. (Lagrange-Biirmann Inversion). Suppose that a formal power series w = w(t)
is implicitly defined by the relation w = to(w), where ¢(t) is a formal power series such that
#(0) # 0. Then, for any formal power series F(t),

L) P (6(0))"

n

"] F(w(?))

A consequence of this is that if u(z) =) ., a,2™ is a power series with ag = 0, a; # 0, we

have
P (Rev(u) = ~ [P () (2)".

n u

Example 5. We use Lagrange inversion to calculate the inverse of the Riordan array

(1+m x(1+m:)>‘

1—rz?2” 1 —rz?

This matrix is an element of the Bell subgroup of the Riordan group, consisting of matrices
of the form (g(x),zg(x)). The inverse of such a matrix is given by (@,v(z)), where

v(z) = Rev(zg(z)). In this example,

g(x) = Lo & U(x):Rev(

1 —ra? 1 —ra?

2(1 +7“:£)> |



1
The (n, k)-th element of (%, 11(1:;;:5)> is given by

R O

_ ] (Rev ($1(1_+T;:§))>k+1

= ek et (1 - TxQ)nﬂ

n+1 1+rx
k+ 1[ k] 1—ra2\"
= T
n—+1 1+4+rx
Etl e (n+1 S »
e DOl (R TETE) Sl AR
n+l §=0 J i=0
“Hw”z“(”“) mi("“)
= T , T )rtx
n+1 = 7 P

—
3
~—
i
S
<

B k+1§ n+1\ (20 —k—2j
o n+]_j:0 j TL—]{?—2]
Finally we note that many of the sequences we shall encounter are documented in the

On-Line Encyclopedia of Integer Sequences [15, 16]. Sequences in this database are referred
to by their Annnnnn number. For instance, Pascal’s triangle is A007318.

3 Some preliminaries on T(r)"!

In this section, we conduct a preliminary study of the inverse matrix 7'(r)~!. First of all,
the theory of Riordan arrays allows us to prove the following result [4].

Proposition 6. The inverse of the Pascal-like matriz T(r) = (L M) s given by

-z’ 1-=z

T(r)™ = (1 -v(z),v(2)),

where

V1I+2z(2r+1)+ 22—z —1
2r '

v(x) =

Proof. We solve the equation

v(1 +1v)

= 1.
1—w

Thus we have
rv? + (x4 1)v—2=0,

7
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which yields

V1+22(2r +1) + 22—z —1
v(x) = o ;

the solution with v(0) = 0. Finally equation (1) yields

TWV1=( } wﬂ@)Zﬂl—v@%MQ)
1—v(x)
We note that

1—=x

v(z) = Rev (

In order to motivate our discussion, we now give some results concerning the inverse matrix.

xﬂ+r@>'

Corollary 7. The bivariate generating function g(x,y;r) of T(r)~' is given by

( ) 1—v(@) 14+2r+z(l—y)+/1+222r +1)+ a2
YT = = .
ST T T () y+r—zyly—1)

We now wish to characterize g(z,y;r) as a continued fraction.

Proposition 8. We have

gz, y;r) =
T —xy
1+

rT

(r+ 1)z
rT
r+1)x

L+l
1+---

1+

1+
1+

Proof. Let u(x) be the solution of the equation

1
u = ,

- r
1L+ (r+1)zu

which satisfies u(0) = 1. Then the continued fraction above is equal to

1
1+ (z — zy)u(z)




We find that

() = V1+2z@2r+1)+a2+2—1
nEr= 2z(r +1) '

Substituting and evaluating, we find that
1

= g(x,y;r).
1+ (z — zy)u(z) 9y r)
L]
Proposition 9. We have the following expression for the g.f. g(z,y;r) of T(r)~ .
1
g(@,y;r) = 1= )
1+z(l—y)— 5
r(r+1)x
1+ 2r+1)x — 5
r(r+1)x
1+ @2r+ 1)z -~
1+

Proof. An equivalence transformation shows that this is the same as the expression in the
previous proposition. Otherwise we can let u(z) be a solution of the equation

1
L+ (2r+ 1)z —r(r+1)22u’

u =

and then compare g(z,y;r) with 1+3:(1—y)—r1(1—y)a:2u(x)' ]

Corollary 10. The row sums sequence of T(r)~! is equal to the sequence 0™ with terms

{1,0,0,0,...}.

Proof. The generating function of the row sums is equal to g(x, 1;7). Now g(z,1;r) = 1 and

the result follows. O
We can use the continued fraction form of g(x,y;r) to deduce the Hankel transform of

the sequence given by the first column of 7'(r)~.

Proposition 11. The Hankel transform h,(r) of the first column sequence of T'(r)~! is given
by
ha(r) = (") (4 1)),

Proof. The g.f. of the first column of T'(r)~! is given by g(z,0;r). Now
1

g(z,0;7) =
1+

T
(r+1)x
rT
r+1)x
Lt
14---

1+

1+
1+



The proposition now follows from Heilermann’s formula for the Hankel transform [10].

Note that we have the equivalent expression for the g.f. of a,(r):

1
g(z,0;7) = 5

T
1+x—

r(r+1)a?
r(r+1)a?
1+ ---

1+ 2r+1)x —

1+ @2r+1)z—

We can characterize the first column elements as follows:

1

Proposition 12. The first column elements a,, of T'(r)~" are given by

n—1
k —
an(r) = )" (n i ) Cr*,
k=0
where C, = —5 (*") is the n-th Catalan number (A000108).

Proof. From the above, we have

an(r) = [z"](L —v(z)) = 0" — [2"]v(z).
We find it convenient to express this as

an(r) =0" — [x"_l]%z).

As an intermediate step, we calculate [ac"]v(‘r)

Thus we have

[w”]? = [:En]év(x)
= [2"o(2)
— [@""'Rev (—x(ij;x))
_ nil[x"] ( 114:72)%1 (by Lagrange inversion)

10

]

——, subject to letting n — n — 1 subsequently.
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n+1
1 n+1 o n-+1
= e (T e ()
n+l1 =0 J i=0 ¢
1 n+1 1 A o ‘ A
_ 1 (n+ )(_1)] (n+n ]) (_1)n—jrn—]
n —+ 0 7 n-—J

Here, we have used the fact that
()0 =005 = 057)0)
2j J J 2j =] J i)
The sequences |a,,+1(r)| have a particularly interesting interpretation. We have
"N (n+E\
a0 =3 ("5 )

k=0

For instance, |a,4+1(1)| gives the large Schréder numbers, and we can similarly link the se-
quences |a,1(r)| to generalized Schroder paths in the plane. We can arrange these sequences
column-by-column, to get

1 1 1 1 1 1

1 2 3 4 5 6

1 6 15 28 45 66

1 22 93 244 505 906
1 90 645 2380 6345 13926
1

304 4791 24868 85405 229326

This array of numbers coincides with A103209, the square array of structurally-different
guillotine partitions of a k-dimensional box in R* by n hyperplanes [1].

11
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We give the following results without proof. The reversion of z(1 — v(x)) is given by the

gﬁ(lgﬁi—r V_lz)m. If b,, denotes the sequence with g.f. given by

iRev(m(l—v(aj))) _ 1+2r+\/m7

function

2147 —x)
then we have .
“n—k+ 0% p(n+k—=1\ 4
b, = ———(—1 ,
and the Hankel transform of b, is given by
hy, = (—7“)”2.

The coefficients in the expression (3) for b, are given by a signed version of the Catalan
triangle A009766 (the reversal of the Riordan array (1, zc(—x))).

We can exhibit the first column terms a,(r) of T(r)~! as the moments of a family of
orthogonal polynomials [2, 3]. This is the content of the following proposition.

1

Proposition 13. The first column terms a,(r) of the inverse matriz T'(r)~" are the moments

of the family of orthogonal polynomials with coefficient matriz given by

( (1 —rzx)? T )
I—2r+Dz+r(r+1)22 1= 2r+Da+r(r+1)22)

Proof. The Riordan array <1_(2Tﬁ);f2;+1)x2, 1_(2r+1)f+r(T+1)m2> is clearly the coefficient ar-

ray of a family of orthogonal polynomials. In fact, the production matrix [7, 8] of its inverse
is given by

-1 1 0 0 0 0
r —2r+1) 1 0 0 0
0 rr+1) —(2r+1) 1 0 0
0 0 r(r+1) —(2r+1) 1 0
0 0 0 r(r+1) —(2r+1) 1
0 0 0 0 r(r+1) —(2r+1)

It is easy to verify that the first column of the inverse matrix coincides with that of T'(r)~!.
]

The family of orthogonal polynomials P,(x) defined above can be defined by the three-
term recurrence
P,(z)=(x+ 2r+1)P,_1(x) —r(r+1)P,_o(x),

with Py(z) =1, Pi(z) =2+ 1, and Py(z) = 2* + 2x(r + 1) + 7 + 1.
The relationship between 7'(r) and this matrix is made evident by the following result:

12
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Proposition 14. We have the matriz identity

T (1—rxz)? x
T(r)= 1|1, : , :
1+rz 1= 2r+Dax+rr+1)22 1 —2r+z+r(r+1)2?
Equivalently,

T(r)! (1 —rx)? T - L2

r) = : — |-
I—=@2r+Daz+r(r+ 122" 1—2r+ Dz +r(r+1)a? "1—rx

Proof. Straightforward multiplication of Riordan arrays. m

We have the following result linking the polynomials
Pu(y;r) = Sus(r)y
k=0

and orthogonal polynomials.

Proposition 15. The polynomials

Po(y;r) =Y Sur(r)y”
k=0

are the moments of the family of orthogonal polynomials whose coefficient array is given by
the Riordan array

1—(y+nr)z x

l—(r+ D2’ 1= 2r+Da+r(r+1)22)
Proof. The generating function of P,(y;r) is given by g(x,y;r). A straight-forward calcula-
tion shows that the first column of

(1—(y+r)x x )_1
1—(r+ D2’ 1= 2r+Dz+r(r+1)a?

has g.f. equal to g(z,y;7). ]

We finish this section by looking at a series characterization of the matrix 7'(r)~!. The
production matrix of T'(r)~! is given by

—1 1 0 0 0 0
ro—(r+1) 1 0 0 0

-2 rir+1) —(r+1) 1 0 0

o =r?(r+1) r(r+1) —(r+1) 1 0 7

-t 3 r+1) —*(r+1) r(r+1) —(r+1) 1

5 —rtr+1) Br+1) —r2(r+1) r(r+1) —(r+1)

corresponding to the fact that the A-sequence of T'(r)~! is given by [z"] 11;;’; and the Z-
sequence is —(—r)".

13



4 The general term of T'(r)”

We shall now look at the technicalities of computing a closed expression for the general
(n, k)-th term of the matrix inverse T'(r)~!. In this section, we find two expressions for this
general term. Other expressions will be given in later sections.

A customary way to calculate the general term of a Riordan array (w(x),v(x)) is to begin
by decomposing the matrix as

(w(z), v(z)) = (w(z), ) - (1, v(2)).

In the case of T'(r)~!, we get

T(r)™ = (1-v(x),2) (1,v()).

The (n, k)-th element of the Riordan array (1 — v(x),x) is given by a,_; for k& < n, and
0 otherwise, where a,, = a,(r) = [2"](1 — v(x)). This leaves us the task of calculating the
general term of (1,v(x)). We can do this as follows.

1—x\"
n—1 k—1
[:v ]k::v <1+7’x>
11—z
1+rx
B w ke 2n—k—j7—1 -
- @()( )

Thus we have the following result.

(" Ju()* =

3|?T‘ S|

Proposition 16. The general (n, k)-th element of the inverse array S = T(r)~! is given by

" kO s i\ (2 —k—j—1 L
= E . - E 1) (—p)i ki
Sn,k s an Z(T) < i+ Ok g (]>( i—k—j )( ) ( T) )7

n—

k-1
an(r) = 0" + (—1)" (”'+2k )cark.

where

H

=
Il
o

To find a second expression for .S, ;, we use the following decomposition device. We have

T(r)™" = (1-v(z),v(z)) = (Lv(2)) — (v(2), v(2)).

The Riordan array (1,v(z)) is a standard Riordan array, equal to

(1,v(z)) = <17 M) .

l1—=z

14



The array (v(x),v(x)) is given by the matrix

0 . 0 .
- —1
(2. 0) (e =)
—1
Thus our task is equivalent to finding the general terms of the two matrices <1, x(%;x))
—1 —1

and (1;:—’;”, %) . We have already calculated the general term of <1, %) . We
now use Lagrange inversion to find the general term of the matrix

(12 Ay ()

We have
e

I L 1=\

- n+1[x](k+1)x <1+7’J]>
k+1, o 1=z \""

= "]
n+1 14 rx
E+ 1S M+ 1\ /2n—k—j . 4

= 1) (=)
n+1;( j )(n—k—j)( e

This is the (n, k)-th element of the matrix

(v(xx)w@)) i (11—1;7‘;’ x(i —_i—;x))_l |

Letting n — n — 1 in this latter term, subtracting and simplifying, we get the following
proposition.

Proposition 17. The general (n,k)-th term of the inverse matriz S(r) = T(r)~! is given
by

st S () (07 ) (e el

Note that care must be taken in evaluating terms such as

k0"
2n—k—j+02n—Fk=j

zero or indeterminate expressions such as 8 would otherwise result.

Qn_kk_j. In practice, the term

should be used, with similar terms for other expressions where division by

Now that we can calculate S, ;, we can calculate the diagonal sums Z,&ijo Sp—kk- This
sequence begins

L,—1,7r+2,—2r* —4r — 3,5/ + 12r* + 11r + 5, ...

15



Proposition 18. The g.f. of the diagonal sums of the inverse matriz T'(r)~1 is given by

2(14r)
1+ 2r + 20— 22+ (1 —x)y/1 +22(2r + 1) + 22

Proof. The g.f. is given by g(z, x;r), which takes the form

1
g(z,z;7) = 5
r—x
1+
- re
r+1)x
1+ ( )
1+ S
(r+1)x
14—
T4 .-
Thus
(x, ;1) = !
A (x — 2?)u(x)’
where u(z) satisfies
1
u =
- re
1+ (r+ 1azu

]

We can conjecture the following expression for the Hankel transform of the diagonal sums:

1+x—(r+2)2? —ra?
1—2(r+2)a? +r2z* -

hy, = r(g)(r + 1)[§] [2"]

Viewed as a sequence of polynomials in r, the diagonal sum sequence has a coefficient
array that begins

1 0 0 0 0 0
-1 0 0 0 0 0
2 1 0 0 0 0
-3 4 -2 0 0 0 7
5 11 12 5 0 0
~8 26 —45 —40 —14 0

whose bi-variate generating function (in x and r) is given by g(x, z; 7). We note the presence
of the signed Fibonacci numbers in the first column (equal to [z"] and the Catalan
numbers in the sub-diagonal.

1
Traa?)
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5 A binomial conjugate

It is interesting to calculate the matrix
B~t-T(r)' B,
- ) We find the following:

where B is the binomial matrix (-, <=

BTyt B ( 1+ x(1+m)>—1_

1—ra2’ 1 —ra?

1+x  x(1+rx)

~1
T ) has the interesting feature that its row sum sequence has

The matrix <

Hankel transform equal to
n+1)

h = (—r) (B (1 — ) ("2
This can be seen from the form of the g.f. of the row sum sequence, which is given by
1
(r—1)a2?
r(r—1)z?
r(r—1)z?

14+ 2rz —---

1+

1+ 2rx —
1+ 2rx —

The row sum sequence of B~1-T'(r)~!- B is the moment sequence for the family of orthogonal
polynomials that has

(1—2rx+(r2—1)x2 z )

1—2re+r(r—1z2"1—=2rx+r(r—1)z?

as coefficient array. The bivariate g.f. of the triangle B~!'- T(r)~! - B may be expressed in
the following continued fraction format:

1
r—1)x?
l+z(1—y)+ ( )7y 5
r(r—1)x
1+ 2rx —
r(r—1)z?
142re — ——
1+
For instance, the diagonal sums of this conjugate matrix have g.f. given by
1
r—1)a?
1+z(1—2x)+ ( ) 5
r(r—1)x
14 2rx —
r(r—1)z?
1+ 2rp — — 27
14+ ---
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We can conjecture that this sequence, which begins
1,—1,2,—r —2,2r> + 3, =5r3 + 2r* — 2r — 3, 14r* — 1013 + 502 +4, .. .,
has Hankel transform

l+z—(r+1)2?—(r—1)2*
1—2(r+ )22+ (r—1)22*

By = (1 — 1) (8215 [y

As an example, for r = 4, we get

hy = 3(3)16L"5

I3+ (=1)") (3" +1)/8.
The corresponding diagonal sum sequence begins
1,1,15,3024, 7651584, 236059951104, 87868169917562880, . . . .

We can easily calculate the general term of the conjugate matrix B! - T(r)~! - B by matrix
multiplication, since

R T RN ()}

but we choose to adopt another route. We have
l+2z z(l+rx) 1+2 l+rz z(1+rx)
- —,T |- 5 5
1—ra?’ 1—ra? 1+rx’ 1—ra2” 1—ra?

Ltz a(l+re)\7  (1+rz z(l+ra)\ (1+rz
) - ) ()

—rz?2’ 1 —rz? 1—ra?2’ 1 —ra2 142’

and hence

B™'-T(r)™'-B= (1

14+rz  x(l4+rz)
1—rz?7 1—rax?

-1
Now the general (n, k)-th term of the Riordan array ( ) is given by

k+1es (n+1\ 20—k —2j .
Vok = - nii]a
. n—i—ljgo( J )(n—k—Qj (=r)

while the (n, k)-th term wy, x of the Riordan array (£, z) is equal to (1—7r)(— 1)”_’“—1-7” 0”"“,

for k < n, and 0 otherwise. Thus the general term of the binomial conjugate B~!-T'(r)~'- B
of T(r)~" is given by > 7 Vi iwi .

The intermediate product T'(r)~" - B is also of interest. We find that
-1
T B = (1, 2! +1 :_;; Dz ))
_ (1 V1 + 2( 27“+1)+x2—|—a:—1>
’ 2(r+1)
= (Lu(x

18



where
z(1+ (r+1)x)

1+
The function u(z)/z is the g.f. of the polynomial sequence (in r) that begins

u(z) = Rev

1, —r, 22 4 T, —5r% — 51?2 — T, 14r* + 2173 + 9r% 4+ ro.o..,

with
u(r) 1
a 1
147z — rir+ Dz
20t 1) r(r+ 1)z
" ‘ 14+2(r+ 1)z —---

The Hankel transform of this polynomial sequence is thus

n+1)

T = (r(r + 1))z

The sequence of polynomials with g.f. @ has a coefficient array that begins

10 0 0 0 0
0 -1 0 0 0 0
01 2 0 0 0
0 -1 -5 =5 0 0 ,
01 9 21 14 0
0 -1 —14 —56 -84 —42

which is (—1)™ A086810, itself an augmented version of A033282, whose (n, k)-th element is
the number of diagonal dissections of a convex n-gon into k£ + 1 regions.
The row sums of T'(r)~! - B also deserve attention. They have g.f. given by

1 3+42r—z+/14+22(2r+1)+a?
1—w(r) 22+r—2) ’

and begin
L1L,l—r2r—r+1, -5 —2r + 1,147 + 73 + 602 —2r +1,.. ..
The g.f. of the row sums sequence can be expressed as the continued fraction

1

rr

1—a+
r(r+1)a?

r(r+1)a?
1+---

14+ @2r+1)x —
1+ (2r+1)x —
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This shows that the Hankel transform of the row sums of T'(r)~! - B is given by

n+1

hn = (—r)( 2 )(—7" — 1)(3)

The coefficient array of the row sum polynomials begins

1 0 0 0 0 0
1 00 0 00
1 10 0 0 0
1 12 0 0 0 ,
1 20 -5 0 0
1 -2 6 7 140

where we recognize the Catalan numbers in the sub-diagonal. The reversal of this matrix,
which begins

1 0 0 0 0 0
001 0 0 0 0
0 -1 1 0 0 0
002 -1 1 0 0 ,
0 -5 0 -2 1 0
014 7 6 -2 1

is an invertible matrix with the following bivariate generating function:

1
x2y
1—zy+
! 2?(1 4 y)
1422 4+ 2y — 20+ 7)

The row sum sequence s, of this matrix (corresponding to the row sum sequence of T'(1)~! -
B), which begins
1,1,0,2, —6,26, —114, 526, —2502, . ...

therefore has a g.f. given by

1—xz+
1+ 3z —

1+ 3z —
+x1+

20



and a Hankel transform equal to
h = (—1)"2(2).
We note that the once shifted sequence s,.; has g.f. given by

1
222 ’
222
222
14

1+

1+ 3z —
1+ 3z —

and Hankel transform B
hy = (=2)("2).

This sequence is (—1)™ A114710, where A114710 represents the number of hill-free Schréder
paths of length 2n that have no horizontal steps on the x-axis.

Calculating the general term of the matrix T'(r)~!- B will allow us to give another closed-
form expression for the general term of T'(r)~'. The (n, k)-th element of

T(r)L B = (1’ (14 (r+ 1):1:)

1+

is given by

) (e (F0E )Y

()
()Y

Proposition 19. The general (n, k)-th term S, x of the inverse matriz S = T(r)™! of the
Pascal-like matriz T(r) is given by

= SIS () (T (et -

Proof. This follows since

Sl 31 3=

B
Il

T(r)y ' =(T(r)"-B)-B™.
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As usual, for calculations we use

"0t S n\ (2n—i—j—1\ [ - ey
Sk = : . T —1)"F(=r = 1)" .
* §”+0’"Z<J)( n—i—j )(k)( 7= )

=0

We finish by giving one more expression for S, ;. Again, a judicious factorization helps
to find this. The ease of calculation with Bell matrices suggests the following simple factor-

ization:
T(r) = 1 ) 1+7’xja:(1+rx) .
14+rx 1—=x 11—z

1+ 1+rz)\ ™
T(r)™ = ( 1 _7:» 1:(1 — ;x)) (14 rz,x).

Thus

The general (n, k)-th element of the Bell matrix <1+_—7";, x(iJr;x)) can be shown to be

k+1e=(n+1 2n—k—j> . -
— 1)/ (=) ke
n""l;( J )(n—k—j (=1)'(=n)

Thus we find the following:

Proposition 20. The general term S, . of the inverse matriz S = T(r)~*

as

O oF 1) [t RN T )

6 Conclusion

can be expressed

The nature of the inverse of the Pascal-like matrices T'(r) = (ﬁx, (}+;m > has been inves-
tigated. In this note, we have confined our study to the nature of the general terms of the
inverse, the first column sequence, the row-sum sequence and the diagonal-sum sequence of
the inverse matrix. Each investigation has led to interesting results or conjectures. This

suggests that the family of triangles T'(r)~! merits further study.
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