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1. INTRODUCTION

Let
S (@, dy=a"+(a+d) +(a+2d)" + - +[a+(n-1DdT, (1.1

where k and n are nonnegative integers with #» >0, and a and d are complex numbers with d = 0.
We shall use the notation

Sen=S AL D=1+2"+...+n". (1.2)
Similarly, let 7; ,(a, d) be the alternating sum
T, (a,d)= a* —(a+d)* +(a+2d)* - + (1" a+n-DdT, (1.3)
and let
Lo=T,Q D=1 =243 -t (-1 "n". (1.4)

Tt is, of course, well known that
Sk,o =mnm, Sk’l =n(n+1)/2; Sk’2 =nn+)(2n+1)/6

and so on. Many different writers have worked on the problem of finding simple formulas for
S} »» and many different methods have been used; see [3], [5], [6], [9], [10] for just a small sam-
pling of recent articles. The formulas for 7; , are certainly less well known.

In the present paper we use generating functions to find new recurrences for S, ,(a,d) and
T, ,(a,d). We also show how S, ,(a,d) and T, ,(a,d) can be determined from S, ; ,(a,d) and
1,1 .(a, d), respectively, and we show how S, ,(a,d) and 7, ,(a,d) can be expressed in terms of
Bernoulli numbers. One of the main results is a new "lacunary" recurrence formula for §; , with
gaps of 6 (Theorem 3.1); that is, we can use the formula to find S, , for m=0,1,...,5; then, using
only §,,,, we can find S, ,; then, using only S, , and S, ,, we can find Sy,,, ,, and so on.
There is a similar recurrence for 7 ,,.

There are several motivations for this paper: (1) A recent article by Wiener [10] dealt with
equation (1.1) and generalized some well-known properties of S; ,. We show how the formulas
of [10] can be derived very quickly and how they can be extended. (2) In a recent article by
Howard [4], formulas were found which connected Bernoulli numbers to 7, ,. Evidently, the
properties of 7; , are not well known, so the results of [4] are a stimulus to study 7 , and
;. .(a,d) in some detail. (3) The new lacunary recurrences mentioned above are useful and easy
to use, and (in the writer's opinion) they are of considerable interest. In Section 3 we illustrate
the formulas by computing S ,,, Si2,,, and g ,; in Section 6 we compute 7, ,, 7, ,, and T .
(4) Perhaps the main purpose of the paper is to show how generating functions provide a simple,
unified approach to the study of sums of powers of integers. The many, and often repetitious
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articles on §, , that have appeared in the last twenty-five years seem to indicate a need for such a
unified approach.

2. RECURRENCES FOR §, (a,d)

We first note that by (1.1) the exponential generating function for S, ,(a,d) is

k e(a+nd)x_eax
;Skn<a )T = e e g o0V L L @1
s —

We can use (2.1) to prove the next two theorems in a very direct way.
Theorem 2.1: Let k >0 and n>0. We have the following recurrences for 5 ,(a,d):

z (k + l)dkﬂ—jS J(a,d)=(a+ndy* ~a"*, (2.2)

k

z 1)j(k + 1)dk+l—ij’n(a’ d) — (~l)k[(a+nd_d)k+l _ (a—d)k“]. (23)

Proof: From (2.1) we have
(e -1) E Si (a d)—k = gl@tmdr _ o o
k=0 Y T

=) w0 k 0 J
Y X Z S, (a, d) =Y [(a+ndy —aE (2.4)
- | = | ]l
Jj=1 = j=0
If we examine both sides of (2.4) and equate coefficients of x**!/ (k +1)!, we have (2.2). Now if
we replace x by —x in (2.1), we have, after simplification,
k e(d—a)x _e(d—-a-—nd)x

LV S, d) = 29)

Multiplying both sides of (2.5) by e” —1 and equating coefficients of X1/ (k+1)!, we have
(2.3). This completes the proof.

Formulas (2.2) and (2.3) generalize known formulas for a =d =1 [8, p. 159]. We note that
(2.2) was found by Wiener [10]; see also [2, p. 169]. Bachmann [1, p. 28] found a recurrence for
S, »(a,d) involving only S, ,_, for j=1,.... k.

We now add (2.2) and (2.3) to obtain the next theorem.

Theorem 2.2: For k=123, ..., we have
k~1
2y (Zk)d”‘ U8, (a,d) = (@+ndy* —(a+nd-d)* +(a-d)* - a**
j:

and for £ =2,3, ..., we have
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k-1 , _ -
2»21 @’J‘ - D d¥2S, | (a,d)= (a+ndy* ™~ (a-+nd —dP* + (@ - ) —a?
<

Theorem 2.2 can be compared to results of Wiener [10] and Riordan [8, p. 160].

3. RECURRENCES WITH INDICES 6K + M

We now show how to find formulas of the type (2.2) where the index j varies only over
integers of the form 6k +m, with 0<m<5. To the writer's knowledge, these formulas are new.
After stating Theorem 3.1 and its corollary, we give some applications; the proof of Theorem 3.1
is given at the end of this section.

Let & be the complex number — B

+%71, 50

1
2
#=1 and +6+1=0, (3.1
and define the sequence {w,} in the following way:
w,=1+(-1)/(¢' +6°/) forj=0,1,..,5,
. =D/( ) J (3.2)
W, =W, forj=0,£1,£2, ...

For example, w_; =ws=2. The values of w, forj=0,1,..., 5 are given in the following table:

o1 | 2] 31| 4/]°S5
w, | 3| 2| 0|10 2

(3.3)

Theorem 3.1 Let w; be defined by (3.2) and (3.3). Then, for m=0,1,...,5 and n>0,k 20, we
have:

k
6k +m+3 -6j
62( 6] +m )de 61+3S6j+m,n(aad)

Jj=0

6k+m+1
6k +m+3 mi3— / -
= Z‘i ( Jm )d6k+ +3 ‘w,_ [(a—d+nd) —(a-d)].
j=

Corollary: Form=0,1,...,5 and n> 0, k >0, we have:
6k +m+3 ek +m+3 158 6kt m+ 3 :
( 3 )Sﬁk“”,“ = _Z( 6j+m )S6j+m,n +_6' Z ] )Wm__jnj.
Jj=0 J=1

The corollary gives us an easy way to write S, , as a polynomial in n of degree £+1. In
particular, we have for m=0,1,...,5:

m+3 1% w43 :
e 5 e

J=1

Using the corollary, we easily compute S, , =7 and
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9 1<
(3)&;,” = —n+gzl(2-)w_ n
Jj=

By (3.2) and (3.3), the numbers w_; are easy to find. We have w_ j=2forj=1,57w_;=0 for
Jj=2and4;w_,=-1forj=3; w_ .—3for] 6. Thus, we have

Ssn:—l—n—ln3+1n5+ln6+ln7
426 2 2 7

Continuing in the same way, we have

15 15 1 15
R e

J=1
$O
1
on = O e B2 e oy Lo +~—1—n’3.
’ 2730 3 10 7 6 2 13

It is easy to keep going:
21 21 21 1321 :
YN ) R P W
j:

4867 3617 3 s 23494 5 1105, 663 i
7798 10 35 3 5
34 15 3 17 1 18 1 19

+34nB -y 2T o e —
5 2 2 19

which gives

Another application of Theorem 3.1, involving Bernoulli numbers, is given in Section 4.

Proof of Theorem 3.1: Let

e € - X
A== YD G4
and define 4,(x), 4(x), and Az(x) as follows:
3

A(x) == A(x)+ A(6x) + A(F*x)] = zS3k @, d) GO 3.5)

(et
4, = S1(AC) + A + AEI]= 2 S ) G (.6)

3k+2
4,(6) = LA +84(@) + 8 )= 2. S0, ) G ex)

The equalities on the extreme right of (3.5), (3.6), and (3.7) follow from (3.1) and (3.4). Using
(3.4) and the equalities on the extreme left of (3.5), (3.6), and (3.7), we can write

A, (x) =
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with Dy = D, = D, = (™ - 1)(e** - 1)(e62d” —1). Using (3.1), it is easy to compute

6643 6k+3
Dy=D,=D,=6%d%"® _—
o ,;) (6k +3)"

The formulas for N,, N,, and N, are more complicated, but they are easy to work out from (3.4),
(3.5), (3.6), and (3.7). We first note that, for m=0, 1, 2, we have

A() =LA+ @) O A= S S ne ) s
Thus, we have:
N, = (T _ gay(gmdk _ gt _ g% )
4 63—m( platnd)ox _ eaax)(e—dex _e edﬁzx +1) (3.8)
+ em(e(a+nd)92x _ eaﬁzx)(evdﬁzx _ 0 _ x| 1).

We now multiply, regroup, and expand the terms in (3.8). For example, we have

2
e(a+nd—d)x + 03—me(a+nd—d)9x + Bme(a+nd—-d)9 x _ z (a +nd - d)j (1 + 63—m+_] + 9m+2j)
J=0

=3 d — 3j+m
jz;)(aJrn d) —————(3 sy

Regrouping and expanding the other terms in (3.8), we have, for m=0,1, and 2,

le =Y [a+nd +d)™" +(a+ndy’*™" +(a+nd ~ d)*" ~ (a +dy7*" —a®*"

3 =0
_(a_d)31'+m Z 3] / i (a+nd)3j+m_a3j+M] x3j+m .
(3J+7n)' =0 (3 N i (3j+m)!
Since
3k+m 1
D, ZS3k+m n(a d)( m)| ENma (39)

we can equate coefficients of x**” / (3k +m)! in (3.9) and state the following: For m=0,1,2

32’63[1+(—1)’f—f+1 (3’” ”’)aﬂk Y8, (a,d)

3,] +m 3j+m,n
= (a+nd +dy**" + (@ +nd)* ™ + (a+nd - d)***" — (a +d)*F™ (3.10)

3k+m (a d)3k+m 32 (gfim)[(a +nd)3j+m _a3]-+m]d3k—3j"

At this point we observe how the sums in (3.10) can be simplified. By using properties of 8 and
the binomial theorem, we see that
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3 E(3k+m YT 33
;} 3j+m (@ +nd)

=(d+a+nd)*™ +0*"(d +ab +nd0yF" +6"(d +a6* +nd6*)
= (d +a+ndy**" 1+ 6*"[-d6" + {(a~d) + nd}OT*" + 0"[-d6 + {(a - d) +nd}G* "

_ 3k+m 3k +m ktm~j g3k+m—j om—; | p2mtj J
=(d+a+ndy 4 3 | TN + 2 Y a -~ d +nd)

Jj=0

"(d+ 3k+m Skim 3k +m lkd3k+m—j j
=(d+a+n + 2 77)En (~1+w,_Ya—d+ndy. G.11)

J=0

We substitute (3.11) [and also (3.11) with #= 0] into (3.10), and we consider the two cases of k
even and k odd. Then using the binomial theorem and the fact that w,_ ;=0 when j=6k+m+2,

we can easily simplify (3.10) to get Theorem 3.1. This completes the proof.

4. 8 ,(a,d) IN TERMS OF BERNOULLI NUMBERS

The Bernoulli polynomial B,(x) may be defined by means of the generating function
k

- X
:];Bk(z)ﬁ 4.1)

xe*

e -1

When z = 0, we have the ordinary Bernoulli number B, , i.e., B,(0) = B,. It is well known [2, pp.
48-49] that By =1, B=—1, B, =¢, and B,,,,, = 0 for m> 0. It follows from (4.1) that

k
k X
B,(2) = jz:;)(j)Bk_ 2. (4.2)

Comparing (4.1) and (1.2), we see

Sy (@, d) = %{Bkﬂ(g—mj - Bkﬂ(-g—ﬂ_ (4.3)

Now, for fixed a and d, suppose we write S, ,(a, d) as a polynomial in (@ ~d +nd); ie,

Sk,n(a’ d) = Sk,n—l(aa d) +[Cl + (n - l)d]k

4.4
=V 0tV (@a—d+nd) +vk,2(a—a'+na’)2 +eo v en(@—d +nd)

k+1

By (4.2) and (4.3), we have the following result.

Theorem 4.1: 1f S, ,(a,d) is written as a polynomial in (¢ ~d +nd) and v, ; is defined by (4.4)
for j=1,2,...,k+1, then

T (k+1) s :
v,w.:m( ) )d By, (<j<k-1),

v—lv S v——c—lf-—B ~B. |2
ke T Vet T gy Veo T | P T Pl g
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When a =d =1, Theorem 4.1 gives the well-known result [2, pp. 154-55]:

1 Hik+1 -
S n =S (L) =0 +—— ( . )B .
k. k. k+lj.z=:l Jo )R

Here, we can give another application of Theorem 3.1. Since v, , =B, for £ >1, and
a=d =1, we see from the corollary to Theorem 3.1 that, for m=0, ...,5 and 6k +m>1,

6k +m+3 &6k +m+3 1
( ! )Bﬁkm:_zl( o )BGj+m+g(6k+m+3)wm_1. (4.5)
J:

Formula (4.5) is a lacunary recurrence for the Bernoulli numbers that is equivalent to a formula of
Ramanujan {7, pp. 3-4]. See also [8, pp. 136-37].

5. FINDING S, ,(a,d) FROM §,_, ,(a,d)

Several writers, like Khan [6], have pointed out that when a =d =1, if we know just S, _, ,
we can evaluate S, ,. Using (2.1), it is easy to prove this and to generalize it. First of all, we can
use mathematical induction on (2.2) to prove that S, ,(a,d) is a polynomial in # of degree & +1,
with constant term equal to 0. (That also follows from Section 4.) Thus, for fixed a and d, we
can write

Seala,dy=c nto i+ to 5.1

Theorem 5.1: For fixed a and d, let ¢, ; be defined by (5.1) for j=1,...,k+1. Then, for k=1,

we have

kd .
ck,j :—j—- k-1, j~1 (]=2,...,k+l), (52)

ok
1= ~C = C 3 TG k- (5.3)

Proof: Define the polynomial P, (z) by means of the generating function

k e(a+zd)x _e™

- x
B()—=5—_"¢ 5.4
RO = (54)
so F.(n)=S, ,(a,d). Thisimplies that
B(2)=c, 2+ 2"+ +0p s (5.5)

for all positive integers z, and hence for all complex numbers z. Now we differentiate both sides
of (5.4) with respect to z to obtain

o xk dxe(a+za’)x dx(e(a+zd)x _ ewc) dxe™
Pr Zy) = = + . 56
,é) k()k! e* -1 e* -1 e* -1 (56)
We recall the definition of the Bernoulli polynomials, formula (4.1), and we see that
dee™ & .o (a)xF
=Y d"'B,| = |— :
7 ;:;) k(d)k!, (5.7)
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and we note that B,(%) is independent of z. From (5.4), (5.6), and (5.7), we have

i P,;(z)i‘i = di P(2) 2 id’ka (ﬁjﬁ (5.8)
= /2 B k' = d)k!
Equating coefficients of x* / k! in (5.8), we have
P!(z) = dkP,_(z)+d"B, (%) (5.9)

Thus, by using (5.5) and equating coefficients of z/™ in (5.9), we have

fd .
ck’jz—j—ck_l,j_1 (G=2,...,k+1).
Also, by (5.1) and the fact that S, ,(a, d) =a*, we have

k ay_ _k
d Bk(g)_ck,l“a G273 T G ks

and the proof is complete.

Thus, if we know the coefficients of S,_; ,(a,d), we can determine the coefficients ¢, ; of
S o(a,d) for j=2,..,k+1 from(5.2) and then compute ¢; ; from (5.3). For example,

SO,n(a> d)=cyn=n,

50, by (5.2) and (5.3), we have ¢, , = 4¢,; =%, and ¢, =a—4; that is,

S, .(a, d)zcun+cl’2n2 :(a-%)n%—%n? (5.10)
Equivalently, by (5.9), we can integrate to find £,(z):
P(z) = dk|[ B,_(z)dz+d"B, (%)z, (5.11)

[The dz in (5.11) should not be confused with the complex variable d.] The constant of integra-
tion is 0, and ¢, , =d”* B,(%) can be found by means of (5.3). When a=d =1and k> 1, B,(§) is
the 4™ Bernoulli number. We illustrate (5.11) by finding S, ,(a,d). From (5.10) and (5.11) we
have, after integrating S, ,(a, d) with respect to n and multiplying by 3d,

a a? 4>
SZ,n(aa d) = d232 (E)n +(ad— -2—)n2 +?n3,

so by (5.3) we have

2 2 2
S,n(a, d) = (az —ad+%jn+[a —%—an +d?n3.
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6. RECURRENCES FOR T, ,(a, d)

Let 7, ,(a,d) be defined by (1.3), with £ 20, n> 0, and d # 0. This type of sum is discussed
briefly by Bachmann {1, pp. 27-29] and Turner [9]. We note that 7; ,(a,d) can be expressed in
terms of S, , (a, d) in the following ways:

]I;,Zn+l(a’ d) = Sk,n+1(a’ 2d) - Sk,n(a +d’ Zd)’
I ona, d) = 8, ,(a,2d) - 8, (a+d,2d).
Also, if a=d =1, then
1;6,2n = Sk,2n - 2k_lSk,n> (6 1)

which makes some of the formulas for 7, , trivial in light of the results of Sections 1-5.
In the remainder of the paper, we find formulas for 7; ,(a, d) that correspond to the ones for
S8;.n(a,d). The essential tool is the generating function

a0 k n—-1_(a+nd)x ax

- _ -1
Z];c,n(a’d)%: ™ _e(a+d)x RN +(—1)n le(a+nd d)x _ ( ) edx +e . (62)
=0 ! e~ +1

The following three theorems are analogs of Theorems 2.1, 2.2, and 3.1, and they are proved
in exactly the same way as those earlier theorems. The proofs, which use (6.2) instead of (2.1),
are omitted.

Theorem 6.1: We have the following two recurrences for 7, ,(a,d): For k >1,n>0,

. R
2T,y 1(a, d) + Z(k j 1) dk“‘f]}’n(a, d) = (-1)"Ya +nd) ! +a**, (6.3)

Jj=0

2y 0+ )DL 0 d) = O @ nd - @B 69

7=0
Formula (6.3) generalizes a formula of Turner [9].
Theorem 6.2: For k=1,2,3,..., we have
k=1
2k -1\ pk-2j-
2_20( S PO
=

= (- a+ndy* ' + (-1 (a+nd —dy*" - (a-dy* " +a*!

’

and
k
2k vy
22 (Zj - l)d% 2]“751'—1,;1(“, d)
j=1
= (=" a+nd)* +(-1)"(a+nd - d)* - (a - d)* +a**.

Theorem 6.3: Let w; be defined by (3.2) and (3.3). Then, for m=0,1,...,5, and n>0,k >0, we
have
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6k +
8Tst4m n(@, d) = ~6Z (6 ! +Z)d6" T semm@, )

6k+m—1
4 2 (6k ;—m

+ 4[(— 1)n~1(a -d +nd)6k+”' + (a _ d)6k+m]-

)d6k+m—jwmwj[(_1)n—l(a —d +nd)j +{a— d)l]

J=0

Corollary: Letn>0,k>0. Form=40,1,...,5, and m and k not both 0, we have

6k+m—-1

6k +m -1 6k +m :
6k+mn_ 62(6]—}-771) 6]+mn+( 1) Z ( ] )wm—jn]
j=0
FAEDT A L [+ (D) .

Note that, for m=1,2,...,5, we have
m-1 )
87, ,=(- 1)"*121(’;?)%_];11 FAEYT R A [ D)
=

To illustrate Theorem 6.3, we first calculate 7, ,:

8T, =(- 1)"—1[4714 + (g) 2n’ + G) on* + G) (-Dn+ O};

SO

Then
8T, = (lo)T (- 1)"—12(1°)w4_ 4 (-1 4n',

Jj=1

which gives us

= (™! 155 _23 n +63n° 15n7+£n9+1n1° )
2 2 2
Continuing in the same way, we have

n- 16 n—
8T16,n=—6(1§)7;,,, o] )Tmn+< D ‘Z( )w4 A (14,

Jj=1

which gives us

Tgn= (- 1)"—1(— 2%6—9-;1 +764540n° — 3772861 +88660n’

~121552° +10925'! — 70n" + 41" +—;—n16).
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T, .(a,d) IN TERMS OF GENOCCHI NUMBERS

The Euler polynomial £, (z) may be defined by the generating function [2, pp. 48-49]

2exz [=2] xk
=Y F —_— 7.1
) é «(2) 0 (7.1)
For z =1, we have
2(2F1 -1 1
Em=22"Vp ___1 s (12)

k+1 T k4

where B, ., is a Bernoulli number and G, ,, is called a Genocchi number [2, p. 49]. The Genocchi
numbers are integers such that G,,,, =0 for m>0; the first few are G; =0, G, =1, G, =-1
G, =1, G, =-3. It follows from (7.1) that

2

k
kY Gy
E(2)= ( )——————’ z, 7.3
¢ Z;, J)k-j+1 7:3)
Comparing (7.1) and (6.2), we see that
d* — a a
I (a d)= 7[(—l) 'E, (E+n)+Ek (E)] (7.4)

By (7.3) and (7.4), we have the following result. For fixed @ and d, if we write 7; ,(a,d) as a
polynomial in (a—-d +nd), i.e,,
L (@, d) =Ty (@, d) +(a~d +nd)’ (
7.5
=t +uk,1(a—d+nd)+uk,2(a—d+nd)2 +-.- +uk,k(a —d+nd)k, )

then we have explicit formulas for the coefficients #; ; in terms of Genocchi numbers.

Theorem 7.1: 1f T, ,(a,d) is written as a polynomial in (a—d +nd) and u, ; is defined by (7.5)
for j=0,1,... &, then

-1'a*’ (k) G .
=%  (1<j<k-1
uk,j 2(k—]+1) J k—j+1 ( J )7
-1y"d* d* . (a -+t
”k’oz(z(k)u) Gent E"(ﬁ)’ = 2) '
When a=d =1, we have
- Y k_l(k) G ; G
I, =T 11=( . 1 S kAl .
en=Tep(L D) =" —n jz:(:) DE=j+1" 2k +1) (7.6)

When 7 is even, (7.6) follows from (6.1) and the formulas in Section 6 [1, p. 27].

For example, T, =¥ = 2% + -+ (-1)"'r’

_ 12)"'1 Wy 3(‘41)" Gy + (‘21)" G+ [(*1§ g - 2"_1 [4n + 61 — 1+ (~1)"].
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An application of Theorem 6.3 that is analogous to (4.5) is the following. Ifnis odd and a =
d =1, by Theorem 7.1 we have u, g = -G,/ (k+1). Thus, by Theorems 7.1 and 6.3 we have,
form=12,..,5,

k-1

6k +m+1

8G6k+m+1 =-6 Z (6] +m+ 1) G61'+m+1 - 2(6k +tm+ 1)Wm;
J=0

which is equivalent to a formula of Ramanujan [7, p. 12].

8. FINDING T, ,(a,d) FROM T,_, ,(a, d)

We proceed as we did for S, (a,d). By using induction on (6.3), we can prove that
T, ,(a,d) is a polynomial in n of degree £, and the constant term is O if » is even. That also
follows from the results of Section 7. Thus, for fixed a and d, we can write

(8.1)

T (@.d) lk’ln+tk,2n2+-~-+tk,knk (n even),
BT B g+ by B st (0 odd),

Using the generating function (6.2), we prove the next theorem just as we proved Theorem 5.1.

Theorem 8.1: For fixed a and d, let #, ; and /, ; be defined by (8.1) for j=0,...,k. Then for

k =1 we have

kd ) kd )
be,j = 7tk——l,j—l U=2,..,k) hk,j = —j—hk—l,j—-l (J=2,...k)

i
L= “’]%—Ek—l(g) = %[ak —(a+d)*1- (21, » +22tk,3 tee +2k_1tk,k);

_ K .
hk,o =4a _hk,l— "'_hk,ka

kd* a

By, = ——Ek_1(~) vhdhy_ o=t +kdh_,.
2 d

Thus, if we know 7;_, ,(a,d), we can use Theorem 8.1 to find 7; ,{(a,d). For example,

o) 0 (neven), . _|d/2n (n even),
@, )—{1 modd, D a-dir@in  (odd).

Then, for n even, we have T, ,(a,d) =, n+1, ;n°, with
Ly=dh,= -d* /2, L= %[a2 —(a+d)*}+d* =—ad +d* /2.

Thus,
L (a,d)= (%dz —ad)n—- -;—alzn2 (n even).

Fornodd, T, ,(a,d) =hy o +hy n+hy *, with
By, =dh,=d*/2, hy,=t,,+2dh,=ad—d*|2; hg=da’—h,,—h,,=a’-ad
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Thus,

% (@, d) = (@* - ad) +(ad —%d2)n+%d2nz (n 0dd).

Equivalently, by Theorem 8.1, we can integrate to find S, ,(a, d):

kd*

Suala ) =d [ S,y (o d)n-22- B, (4o,

where E, (%) can be found by means of Theorem 8.1, and

o (n even),
7 = {hk,o =d* “hg =By~ =By (nodd).

9. FINAL COMMENTS

In summary, we have used generating functions to prove and generalize some of the basic

formulas for sums of powers of integers. In particular, we have used the generating function
technique to find: recurrence relations for S, ,(a,d) and 7 ,(a,d); explicit formulas (involving
Bernoulli numbers) for S, (a,d) and 7, ,(a,d) if they are written as polynomials in »; methods
for finding 5, ,(a,d) and T, ,(a,d) from S, , ,(a,d) and 7;_, ,(a,d). Some of the results are old
(and scattered in the literature), and most of the proofs are straightforward. However, the writer
believes that many of the generalizations are new, and he believes that Theorems 3.1 and 6.1 give

us

'wt\).—n

10.

new recurrence formulas that are of interest.
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