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Abstract

In this paper, we define Tribonacci-Lucas polynomials and present
Tribonacci-Lucas numbers and polynomials as a binomial sum. Then,
we introduce incomplete Tribonacci-Lucas numbers and polynomials. In
addition we derive recurrence relations, some properties and generating
functions of these numbers and polynomials. Also, we find the generating
function of incomplete Tribonacci polynomials which is given as the open
problem in [12].
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1 Introduction

Recently, Fibonacci and Lucas numbers have investigated very largely and
authors tried to developed and give some directions to mathematical calcula-
tions using these type of special numbers [2,9,16,17]. One of these directions goes
through to the Tribonacci and the Tribonacci-Lucas numbers. In fact Tribonacci
numbers have been firstly defined by M. Feinberg in 1963 and then some impor-
tant properties over this numbers have been created by [5,8,10,13,19]. On the
other hand, Tribonacci-Lucas numbers have been introduced and investigated
by author in [4]. In addition, there exists another mathematical term, namely
to be incomplete, on Fibonacci, Lucas and Tribonacci numbers. As a brief
background, the incomplete Fibonacci, Lucas and Tribonacci numbers were in-
troduced by authours [6,11,12,18], and further the generating functions of these
numbers were presented by authours. Moreover, in [14,15], it is defined and
examined recurrence relations of the incomplete Fibonacci, Lucas p-numbers
and p-polynomials . We may also refer [3,18] for further studies about to have
incompleteness of special numbers.



For n > 2, it is known that while the Tribonacci sequence {7}, },, o is defined
by
T =T +Th 1+ T2 (Tp=0 Ty =T>=1), (1)

the Tribonacci-Lucas sequence { K}, o\ is defined by

Kn+1 - Kn + Kn—l + Kn—2 (KO = 3, Kl = 1, K2 = 3) (2)

There is also well known that each of the Tribonacci and Tribonaccci-Lucas
numbers is actually a linear combination of o™, 8" and 7". In other words,

an+1 n+1 n+1
@B T B=a)(B=n T (=a)(7=B)
and (3)

Kn:an+ﬂn+7nv
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where «, 5 and v are roots of the characteristic equations of (1) and (2) such
that
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Meanwhile we note that equations in (3) are called the Binet formulas for Tri-
bonacci and Tribonacci-Lucas numbers, respectively.

Moreover, authors defined a large class of polynomials by Fibonacci and
Tribonacci numbers [1, 7]. Such polynomials are called Fibonacci polynomials
and Tribonacci polynomials [9], respectively. In 1973, Hoggatt and Bicknell
[7] introduced Tribonacci polynomials. The Tribonacci polynomials T), (z) are
defined by the recurrence relation

Toys(x) = $2Tn+2 (z) + 2Tht1 (2) + Ty (),

where T (z) = 0, T1 (z) = 1, Ty (x) = 22.
On the other hand, in [12], incomplete Tribonacci polynomials are defined

by
Z Z ( ) (n i 3 - 1) g2n =30+ =2 (4)

1=0 j=0

where 0 < 5 < L"T_lJ In here, for z = 1, it is obtained incomplete Tribonacci

numbers. The recurrence relation of these polynomials is
T, (@) = ST, (o) + o7 (@) + T ()~ 3 (j) (" —o- J) 2n-3(st9)
J:

S
_ XS: <5> <” —5—J— 1>I2n3(s+j)2
=0 \J $

(5)



Also the generating function of incomplete Tribonacci numbers is

_ Tost1+ 2 (Tosyo — Tost1) + 2% (Tosts — Tosto — Tost1 — 2) — g (2)
1—2z—22-23

Qs (2)

)

(6)
where g (z) = (2% + 2°) % and T, is n-th Tribonacci number.

In the light of the above paragraph, the main goal of this paper is to improve
the Tribonacci-Lucas numbers with a different viewpoint . In order to do that
we first define Tribonacci-Lucas polynomials and then by presenting Tribonacci-
Lucas numbers and polynomials as a binomial sum, we define the incomplete
Tribonacci-Lucas numbers and polynomials.

After that we find the generating function of incomplete Tribonacci poly-
nomials which is given as the open problem in [12]. Also, we obtain some
properties and generating functions of incomplete Tribonacci-Lucas numbers
and polynomials.

2 Tribonacci-Lucas polynomials and pascal-like
triangle
In the following table, we give the pascal-like triangle of Tribonacci-Lucas

numbers and each element of this table is defined in similar way as in the
tribonacci triangle.

n\i |0 1 2 3 4 5
0 |3

1 |1 2

2 |1 6 2

3 /1 8 10 2

4 |1 10 24 14 2

5 |1 12 42 48 18 2

Tablel. Tribonacci-Lucas triangle

Let B(n,i) be the element in the n-th row and i-th column of the
Tribonacci-Lucas triangle. By using the triangle, we have

B(n+1,i)=B(n,i)+B((n,i—1)+B(n—-1,i—1), (7)

where B (n,0) =1, B(n,n) =2 for n € Z*.
By using the Table 1, we have the Tribonacci-Lucas numbers as binomial
sum
|3

K, = B(n—i,1).
i=0

[I—



In here, the sum of elements on the rising diagonal lines in the Tribonacci-Lucas
triangle is the Tribonacci-Lucas number K,. Furthermore, we write

i=0 j=0

since these coefficients hold the relation

B (n,i) = Z:o Z‘f; (;) ("), (n>1)
B(n,i) =2, (n =)
Now, we introduce the Tribonacci-Lucas polynomial
Knys(x) = $2Kn+2 () + 2Kny1 (2) + Kn (2),

where Ky (z) = 3, K1 (z) = 2?2, K (x) = 2* 4+ 22. Note that K,, (1) = K,,
n € N. It is given a few Tribonacci-Lucas polynomials in the following:

Ky (z) =3, Ky (z) = 2® + 425 + 622,

K (z) = 22, K5 (z) = 2% + 527 + 102* + 5u,

Ky (z) = o* 4 2z, Ke (z) = 212 + 62% + 152% + 1423 + 3,

K3 () =2%4+32° +3, Ky(z) =2+ 72! + 212% 4 2825 + 1422

In similarly with the Tribonacci-Lucas triangle, we define the Tribonacci-
Lucas polynomials triangle:

n\i | 0 1 2 3 4 5

0 3

1 22 2x

2 xt 32 +3 222

3 28 4z° + 422 5zt 4 bx 223

4 28 527 4+ 5% 925 + 1223 + 3 Ta® + Tx? 2z

5 20 629 + 628 142% +212° 4+ 722 1627 +242* + 8z 920 +92%  22°

Table2. Tribonacci-Lucas polynomials triangle

Let B (n,i)(z) be the element in the n-th row and i-th column of the
Tribonacci-Lucas polynomials triangle. By using the triangle, we have

B(n+1,i)(x) = 2°B (n,i) (z) + B (n,i — 1) (x) + B(n — 1,i— 1) (z), (9)

where B (n,0) (z) = 2°", B (n,n) (z) = 22" for n € Z*.



By using the Table 2, we have

i=0

In here, the sum of elements on the rising diagonal lines in the Table 2 is the
Tribonacci-Lucas polynomials K, (z) .Furthermore, we write

2 i

k=35 (), wsien o

n—1i1—7 7
i=0 j=0 I NI

since these coeflicients satisfy the relation

Bni) (@)= 50D, )
=2z

. Jr
i nid
B(n,i)(x) n
Thus, by considering equations (8) and (10), we introduce the incomplete
Tribonacci-Lucas numbers and incomplete Tribonacci-Lucas polynomials.
Now, we get new recurrence relations, some properties and generating func-

tions of incomplete Tribonacci-Lucas numbers and polynomials.

3 The incomplete Tribonacci-Lucas polynomials
and Tribonacci-Lucas numbers

Definition 1 The incomplete Tribonacci-Lucas polynomials K (x) are de-
fined by

=
>

S

S—
I

ZB(n—i,i) (z) (11)

ZZ _ _Z_j (;) (n —; —J>$2n:>’(i+j)7

i=0 j=0

where 0 < s < L%J forn € Z+.

In Definition 1, for z = 1, we define the incomplete Tribonacci-Lucas num-
bers, that is, K (1) = K, (s) .

To reveal the importance of this subject, we can express the relationships as
in the following;:

. K,(L\-%J) () = K, (z) (the relationship between incomplete Tribonacci-
Lucas polynomials and Tribonacci-Lucas polynomials),



o K, (L%J) = K,, (the relationship between incomplete Tribonacci-Lucas
numbers and Tribonacci-Lucas numbers).

From Definition 1, we have a few incomplete Tribonacci-Lucas polynomials
as

n\s | 0 1 2 3

1 x?

2 x4 zt + 22

3 20 28+ 323 +3

4 28 a8 + 425 + 422 28 + 425 + 622

5 210 210 4527 452 210 4527 + 102t + 5z

6 21?2 22 462 +62% 212 4+62% + 1525 + 1223 +3 212 + 62 + 1525 + 1423 + 3

Table3. Incomplete Tribonacci-Lucas polynomials

By taking account of Table 3, we can write

K (z) = 2®", (12)
K,(f) (z) = 2*" + nz®™ 3 4 na® 5 n>3 (13)
kLD @) = K, (@), (14)
(|252]) B K, (r) —2z%, n > 2, even
Kn () = K, (z) — (nxnjs + n:vngs) , n > 2, odd (15)

Proposition 2 For 0 < s < {%J andn € Z™, we have the following recurrence
relations;

i) The homogeneous recurrence relation of the incomplete Tribonacci-Lucas
polynomials K. (x) is

ESED () = 2 K0 () + 2K (), () + K (). (16)

ii) The non-homogeneous recurrence relation of the incomplete Tribonacci-

Lucas polynomials KL (x) is

Kby (@) = 2Ky @) + 2k, (@) + K& (2) (17)
—xB(n+1—s,8)(x) —B(n—s,s) ().

Proof.



i) From Definition 1, let us label $2K7(15++21) (x)+ :EKff_zl (x)+ K (x) by RHS.
Actually we write

s+1 s S
RHS = xQZB(n+2—i,i)(x)+xZB(n+1—i,i)(:z:)+ZB(n—i,i)(a:)
" "
= 2*Y Bn+2-ii)(@)+xY Bn+2—ii-1)(z)+ Y Bn+1—ii-1)(z)
=0 i=1 i=1
s+1
= > (@®B(m+2-ii)(@)+aBn+2—ii—1)(x)+B(n+1—ii—1)(z))
1=0

—zB(n+2,-1)(z)—B(n+1,-1)(x).

Then, by considering ( nl) = 0 and the equation (9), we finally have

s+1
RHS =Y B(n+3—ii)(x) = K3 (x)
1=0

as required.

ii) By considering the equations (9), (16) and Definition 1, we have

s+1 s+1 s S
> Bn+3-ii)(x) = 2*°Y Bn+2—ii)(@)+zY Bn+1-ii)(x)+ Y B(n—ii)(z)
1=0 =0 =0 =0
Y B(n+3—ii)(z) = 2> Bn+2—ii)(x)+x» Bn+1—ii)(z)+» Bn—ii)(x)
1=0 =0 =0 =0
—Bn+2-s,s+1)+2’°B(n+1—-s,5+1)
K7(f_23 (x) = x2K,(fJ22 (x) + xK,(szl () + K () —aB(n+1—s5,5) — B(n—s,s).

]
By using Table 3, for x = 1, we have incomplete Tribonacci-Lucas numbers
in the following Table 4:

n\s |0 1 2 3
1 1

2 1 3

3 1 7

4 1 9 11

) 1 11 21

6 1 13 37 39

Table4. Incomplete Tribonacci-Lucas numbers



Corollary 3 For 0 <s < L%J and n € ZF, we have the following recurrence
relations;

i) The homogeneous recurrence relation of the incomplete Tribonacci-Lucas
numbers K, (s) is

Kniz3(s+1)=Knpa(s+1)+ Ky (s) + Ky (s). (18)

ii) The non-homogeneous recurrence relation of the incomplete Tribonacci-
Lucas numbers K, (s) is

Knys(s) = Kny2(s)+ Knga (s) + Kn (s) (19)
—B(n+1—s,8)—B(n—s,s).

Proposition 4 The relation between of incomplete Tribonacci polynomials Tff) (x)

and incomplete Tribonacci-Lucas polynomials K,(f) (z) is
K (@) = T3, (o) + T30 (2) +21,757 ().
where 1 < s < L"T_lJ and n > 2.
Proof. Proof of its can easily do by using Definition 1 and the equation (4). m

Corollary 5 The relation between of incomplete Tribonacci numbers Ty, (s) and
incomplete Tribonacci-Lucas numbers Ky, (s) is

K,(8)=Tn41(8) + Tn-1(s—1)+2T,—2(s—1),
where 1 < s < L%J and n > 2.
Theorem 6 Forn, h>1 and0 < s < {%J , the sum of incomplete Tribonacci-
Lucas numbers is
h—1 1

S Kei (9) = 5 (Kt (s + 1) = K (5 1) + Ko (5) = K ) (20)

Proof. Let us use the principle of mathematical induction on h to prove (20).
While, for h = 1, it is easy to see that

Kn(s) =5 (Kngs(s+1) = Kppa (s + 1) + Kn (s) = Kny1(s)) -

N =

As the usual next step of inductions, let us assume that it is true for all positive
integers h. That is,

1

Z Knti(s) = 5 (Knntz (s +1) = Knpa (s + 1) + Kn (s) = Kntn (5)) -



Therefore, we have to show that it is true for A + 1. In other words, we need to
check

D Kok () = 5 (Kusnss (5 + 1) = K (54 1)+ Ko (9) = Ko (5))

h h
Z Knyi(s) = Knyi (8) + Knsn (5)

|
—_

~
i
=]
<
Il
=]

(Knght2 (s +1) = Knpa (s +1) + Ky (s) = Kt (8)) + K (s)
(Knght2 (s +1) = Knga (s +1) + Ky (8) + Kptn (5))

(Kntnts (s +1) = Knia (s +1) + Kn (5) — Kpgni (8)) -

NN~ DN~ 5

The following proposition give the sum of incomplete Tribonacci-Lucas poyno-
mials, that is, sum of the n-th row of the Table 3.

Proposition 7 Forl = L%J , we have the equality

ZI:K,(LS)() (I1+1)K. Zzn_l_]<)(”_z__3) 220 =3(i+7)

s=0 =0 j=0
(21)

Proof. From Definition 1, we have

K (z) = ZB (n—14,7) (x).

Then, we can write

S

l l
Y EP (@) = Y ) Bn—ii)()

s=0 s=0 i=0

= ((+1)B®n,0)(z)+IB(n—1,1)(z)+ -+ B(n-11)(v)

M- =

(I+1—1d)B(n—iki)(z)

i=0
! !
= (l+1)B(n—i,i)( Zan—zz x)
=0 i=0
= (+1)KY (z n—i—j p2n—=3(i+3)
t+1) zzn_z_y(>< Z-

1=0 5=0



Since [ is {%J , we obtain

l %

;Kﬁs) (@) =+ 1) Kp(x) =YY n_li?_] (;) <” _z - j> L 2n—3(i+5)

i=0 j=0

]
The following corollary shows the sum of the n-th row of the Table 4. It is
obtained from (21) with z = 1.

Corollary 8 Forl = L%J , we have the following equality;

: L& in (i (n—i—j

;Kn(S)Z(l-i—l)Kn—;;m(j>< ; ) (22)

4 Generating functions of the incomplete Tri-
bonacci and Tribonacci-Lucas polynomials and
numbers

Lemma 9 Let {S,},~, be a complex sequence satisfying the non-homogeneous
third-order recurrence relation. Then we have

Sn = aSnfl + bSn72 + CSn73 + T,

where a,b,c € C, n > 3 and r, : N = C is a sequence. Hence the generating
function U (x) of Sy is given by

_ So —ro+x(S1 —aSy —r1) + 2 (S — aSy —bSy —r2) + G (x)

1—az —bx?2 —ca3

, (23)

U (x)

where G (x) denotes the generating function of r.,.

Proof. Let U(z) and G(z) be two generating functions for complex sequences
S, and r,, respectively, where

U(z) = So + S12 4 Sox? 4+ Sza® 4+ ... + Spa™ + ..., (24)
G(x)=rg+rz+rw? +rszd + .. Frpa” ..., (25)
If U(z) given in (24) multiply with ax, bx? and cx®, respectively, then we get

axU (1) = aSox + aS12? + aS2x® + aSzax* + ... + aSp,z" ™ + . ..
bx2U (x) = bSoz? + bS123 + bSex* + bS325 + ... +bS,2" 2+ ... . (26)
cx®U (z) = eSox® + cS1at + ¢Sox® + ¢S325 + ... + eSpa™ ™3 + ...

Consequently, by subtracting (25) and (26) from (24), it is obtained the equation

So—7r0+x(S1 —aSy —r1) + 22 (S — aS; — bSy — r2) + G (x)
1—ax — bx? — ca3

U(x) =

10



which completes the proof of the Lemma. m
Now, we examine the problem which is given for incomplete Tribonacci poly-

nomials in [15] .

Theorem 10 The generating function of the incomplete Tribonacci polynomials
7 (x) is given by

= Z Ti(s) (z) 2" = 221U, (, 2),
i=0

T25+1(z)Jrz(T2S+2(m)7m2T23+1(m))+z2 (T2S (1)72x3+1)7(x22+23)%
where Us (x, z) =

(1—z2z—x22—23)

Proof. Let s be fixed positive integer. By using the equations (4) and (5), we
have

T (z) = 0 (0<n<2s+1),
T (@) = Tawpr (@),
T (@) = o (@),
Téils () = Tosys(x)—

and

O @) = T )+ )+ T, () - <) (n_g—s_j>x2n53(m

where n > 442s. Also, we replace Sy, S1, ..., Sy, by T;ji_l (x), T2(j1_2 (@), .oy Tfﬁ%ﬂ (x),
respectively. Assume that 7o =r; =0, 79 = 25! and

rn_z( ><n—2+s—1> 2n—3ts— 3J+Z( ><n—3+s—j> a—

Furthermore, by considering [20, page 127], the generating function G (z, z) of
the {r,} is

(z+2)°
(1—a22)" T
Therefore, by using Lemma 9, the generating function Us (x, z) of the sequence
S,, 1is

G (z,2) = (22 + 2°)

Us (z, 2) (1 — a2z —x2? — zg) +G(x,2) = Tost1(z)+2 (T25+2 (z) — 22The iy (a:))
+2° (Tas (z) — 22°11) .

11



Eventually, we conclude that Q, (z,2) = 22T1U; (z, 2) as required. m
In the above theorem, if we take x = 1, it is obtained the generating function
of the Tribonacci numbers in [12].

Corollary 11 The generating function of the Tribonacci numbers T, (s) is given
by

Qs(2) =) _Ti(s) 2" = 2>V, (),
=0

T2s+1+Z(T2s+27T2s+l)+22(T2572)7(Z2+23) (1+2)°

1—z)s+1
where U (z2) = Er——" Q=27

Theorem 12 The generating function of the incomplete Tribonacci-Lucas poly-
nomials K. (x) is given by

W (z,2) = i Kff) (z) 2" = 271Q, (z,2) + (3:2 + 2z2) Qs-1(z,2),
n=0

where s > 1 and Qs (x, z) is the generating function of incomplete Tribonacci
polynomials.

Proof. Let W (z, z) be generating function of the incomplete Tribonacci-Lucas
polynomials, that is W (z,2) = > " K (x) 2™

By using Proposition 4, Theorem 10 and the property of sum , we definitely
have

o0

S ED @ = 3 (18 ) + T @)+ 2105 (@) 2"
n=0

n=0

= 27'Q (z,2) + (z2 +22°) Qs_1 (2, 2).

]
For £ =1 in Theorem 12, we can present the generating function of incom-
plete Tribonacci-Lucas numbers.

Corollary 13 The generating function of the incomplete Tribonacci- Lucas num-
bers Ky, (s) is given by

Wi (2) = Z Kn(s)z" = Zﬁle (2) + (Z + 222) Qs-1(2),
n=0

where s > 1 and Q4 (z) is the generating function of incomplete Tribonacci
numbers.

12
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