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We define the incomplete k-Fibonacci and k-Lucas numbers; we study the recurrence relations and some properties of these

numbers.

1. Introduction

Fibonacci numbers and their generalizations have many
interesting properties and applications to almost every field
of science and art (e.g., see [1]). Fibonacci numbers F, are
defined by the recurrence relation

F,=0, F =1, F, =F+F,_, n>1l ()

There exist a lot of properties about Fibonacci numbers.
In particular, there is a beautiful combinatorial identity to
Fibonacci numbers [1]

L(=1)/2] ,

n—i—1

F,= ) ( i ) b))
i=0

From (2), Filipponi [2] introduced the incomplete Fibonacci
numbers F, (s) and the incomplete Lucas numbers L ,(s). They

are defined by
Fn(s):i<n_1._]> (n—1,2,3,...;0S$S[n_1J),
A 2

Ln(s):;n’jj<n;j) (n: 1,2,3,...;0<s < ED
(3)

Further in [3], generating functions of the incomplete
Fibonacci and Lucas numbers are determined. In [4], Djord-
jevi¢ gave the incomplete generalized Fibonacci and Lucas
numbers. In [5], Djordjevi¢ and Srivastava defined incom-
plete generalized Jacobsthal and Jacobsthal-Lucas numbers.

In [6], the authors define the incomplete Fibonacci and Lucas
p-numbers. Also the authors define the incomplete bivariate
Fibonacci and Lucas p-polynomials in [7].

On the other hand, many kinds of generalizations of
Fibonacci numbers have been presented in the literature. In
particular, a generalization is the k-Fibonacci Numbers.

For any positive real number k, the k-Fibonacci sequence,
say {F}. ,},.en 18 defined recurrently by

Fo=0,  Fo=1 Fy =kF, +F,p, nzl

In [8], k-Fibonacci numbers were found by studying
the recursive application of two geometrical transformations
used in the four-triangle longest-edge (4TLE) partition.
These numbers have been studied in several papers; see [8-
14].

For any positive real number k, the k-Lucas sequence, say
{Ljn} cpp 18 defined recurrently by

Lio=2, Ly =k, Lip1 =kLiy + Ly, (5)

If k = 1, we have the classical Lucas numbers. Moreover,
Ly, =Fg, 1 +F ., n>1;see[15].
In [12], the explicit formula to k-Fibonacci numbers is

L(n-1)/2] .

_ n—i—1\, 21

Ra= oy (TR ©
i=0
and the explicit formula of k-Lucas numbers is
[n/2] .

_ n n-—1 n—2i

Lk’n(x)—ZE< i )k . (7)

i=0



From (6) and (7), we introduce the incomplete k-
Fibonacci and k-Lucas numbers and we obtain new recurrent
relations, new identities, and their generating functions.

2. The Incomplete k-Fibonacci Numbers

Definition 1. The incomplete k-Fibonacci numbers are
defined by

1 .
—“1=i\ i -1
p}()nzz<” ; ’)k a 0gls{”2 J (8)

i=0

In Table 1, some values of incomplete k-Fibonacci num-
bers are provided.
We note that

FlU VP ZF 9)

For k = 1, we get incomplete Fibonacci numbers [2].
Some special cases of (8) are

F, =K (n>1),

Fo,=k""+mn-2)kK"> (n>3)

_ _ —4)(n-3), .

F =K 4 (n-2) k" + (”)Z#k" 5% (n>5)
Fk[’(:—l)/ZJ — Fk,n; (1’1 > 1)
nk
_ F,,_.—— (neven
g g e g
F, -1 (n odd)
(10)

2.1. Some Recurrence Properties of the Numbers Fllm

Proposition 2. The recurrence relation of the incomplete k-
Fibonacci numbers F,lm is

n—2
0<l< . 1
sls— (11)

I+1 I+1
Fk,n+2 = kF,

!
kn+1 + Fk,n’

The relation (11) can be transformed into the nonhomoge-
neous recurrence relation

I 1 1 n—1-1\, n1-2
Fk,n+2 = ka,n+1 + Fk,n - < 1 ) K" . (12)
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Proof. Use Definition 1 to rewrite the right-hand side of (11)
as

A n—i 2i ! n—i—1 2i—1
(e g (e

i=0

1+1 n_i Sitl I+1 n_i sisl
_ - n—2i+ - n—2i+
-2 (e 2 ()

i=1

_ ! (lo [(” : ") v (j’_‘;)]) o (_nl) (13)

Uin-i+1 ~
_ < ; )kn—21+1_0

Proposition 3. One has
s\ i I n-s—1
Y (1.)13,(;“1{1 =Fl . 0<1< — 1
i=0

Proof (by induction on s). Sum (14) clearly holds for s = 0 and
s = 1 (see (11)). Now suppose that the result is true for all
j < s+ 1; we prove it for s + 1:

s+1 s+1 i .
+1 1
> (1) Ek

i=0
(/s s i g
S1)+ ()]
i=0
- S\ pl+i i < S I+i i
= Z (l) Fk,n+ik + Z <1 _ 1> Fk,n+ik
i=0 i=0
N I+s+1  7.s+1 > (s I+i+1 7+l
+ <5+ 1>Fk,n+s+1k + ‘Zl<i>Fk,n+i+1k
i=—

s

_ pl+s S\ pl+i+l g+l S )

_Fk,n+2$+0+z<i>Fk,n+i+lk +<_1>Fk,n
i=0

_ Fl+s

= T knt2s

s

_ pl+s S\ Ll+itl 4

- Fk,n+25 + kz <1> Fk,n+i+lk +0
i=0

_ pl+s I+s+1
- Fk,n+2$ +kF,

k,n+2s+1
I+s+1
= Fk,ns+25+2'
(15)
O
Proposition 4. Forn > 2l + 2,
PR ! !
s—1—i +1 s l+1

ZFk,nﬂ'k = Fk,n+s+1 -k Fk,n+1' (16)

i=0
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TAaBLE 1: The numbers F,lm, for1 <n<10.

n\l 0 1 2 3 4
1 1

2 k

3 K K+1

4 K K+ 2k

5 K K* +3K2 K +3kE + 1

6 IS K+ 4K K+ 4k’ + 3k

7 K° K® + 5k* kS + 5Kk* + 6k* K +5k* + 6k + 1

8 K K + 6k’ K +6k> + 10K° K +6k> + 10k + 4k

9 K K® + 7K° K8+ 7K + 15k* K® + 7Kk° + 15K* + 10K? K® + 7k° + 15K + 10K* + 1
10 K K + 8K’ K+ 8k” + 21K° K + 8Kk” + 21K° + 20k° K+ 8K” + 21k° + 20k” + 5k

|
—

Proof (by induction on s). Sum (16) clearly holds for s =
(see (11)). Now suppose that the result is true for all j < s.
We prove it for s:

S s—1

! s—i _ ! s—i—1 !
ZFk,nﬂ'k - kZFk,rHik + Fk,n+s

i=0 i=0
=k (Fllcj—nl+s+1 - kSFllcjran) + Fllc,n+s 17)
= (kFll:nl+s+1 + Fllc,n+s) - ks+1FIl:nl+l
= Fll:nl+5+2 - kSHFIl:nlﬂ‘

O

Note that if k, in (4), is a real variable, then Fy , = F, , and
they correspond to the Fibonacci polynomials defined by

1 ifn=0
F,(x)=1x itn=1 (18)
xF,(x)+F,_,(x) ifn>L
Lemma 5. One has
F’ (x) — nFrH—l (x) - an (X) + nFrl—l (X)
" x2+4
(19)
_ nL, (x) — xF, (x)
x2+4 ’

See Proposition 13 of [12].

Lemma 6. One has

L(n—znmi <n - i) . ((k2 +4)n- 4) Fi, - nkLy,

par i 2 (k> +4)
(20)
Proof. From (6) we have that
[(n-1)/2] .
_ n—1-1\, n2i
kE, = Y ( ; >k . (21)

i=0

By deriving into the previous equation (respect to k), it is
obtained

Ln1)/2] ne1—i ,
F,+kF,= Y (n- 21')( ; )k”‘z“l

i=0

(22)
/2 , o _
= an)n -2 Z i <n .1 l) kn_ZI_l.
i=0 !
From Lemma 5,
nL, - kF,
F,+k (—knz ko >
k*+4
(23)
L(n-1)/2] . ,
= an,n -2 Z l <n 11 l) kn_ZI_l.
i=0
From where, after some algebra (20) is obtained. O
Proposition 7. One has
4Fk,n + nkLk)n

[(n-1)/2] 1 2 (kz + 4) (T’l BVel’l)

F. = (24)
& | (K + 8) By, + mkLy, p
n odd).
2 (k2 +4) ( )
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TABLE 2: The numbers le,n, forl <n<9.

n\l 0 1 2 3 4

1 k

2 K’ K+2

3 K K+ 3k

4 K* K* + 4k K+ 4k* +2

5 K k° + 5K° K + 5k + 5k

6 K® K + 6k* K® + 6k* + 9K? kS + 6k* + 9K* + 2

7 K K + 7k K + 7k + 14K° K + 7k + 14K° + 7k

8 K® K + 8K° K® + 8k° + 20k* K® + 8Kk°® + 20k* + 16K> K® + 8Kk°® + 20k* + 16Kk> + 2

9 K K + 9K’ K+ 9k” + 27K° K+ 9k” + 27K + 30k> K+ 9K” + 27k° + 30k’ + 9k

Proof [(n-1)/2]

R
Fk
1=0

N

= F,S,n + F,in 4ot F,E(:_l)m

_n—1—0 n—1
(0

kn—1—2[(n—1)/2J

AR

L(n-1)/2] .
(n—1- —1-2i
- Z l(” i l) 1

i=0
[(n-1)/2] .

-1 _1-— .

=<[n2 J+1>Fk’n— i(n ll l)knlm.

From Lemma 6, (24) is obtained. O

3. The Incomplete k-Lucas Numbers
Definition 8. The incomplete k-Lucas numbers are defined by
! .
L, = i(”.")k”‘z", OSZSFJ' 26
=2 : (26)

In Table 2, some numbers of incomplete k-Lucas numbers
are provided.

We note that
Ly =1L, (27)
Some special cases of (26) are
L, =K (n=1),
L, =kK'+nk" (nz2),
- -3),
Lom ke PO sy
2 (28)

2
L =Ls (n=21),

[ _ Lk =2 (neven)
o Ly, -nk (nodd)
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3.1. Some Recurrence Properties of the Numbers le)n

Proposition 9. One has

0gls[§J. (29)

Proof. By (8), rewrite the right-hand side of (29) as

. 1 .
—1 n—2-2i n—ti n—2i
)k +z( 1- >k

i=0

+Fl

kn+12

I _ pl-1
Lk,n - Fk,n—l

B[ ()

O

Proposition 10. The recurrence relation of the incomplete k-
Lucas numbers le)n is

1 1 1 n
Ly, =kLi + Ly, 0<I< [EJ (31)

The relation (31) can be transformed into the nonhomoge-
neous recurrence relation

1 I I n (n-1 ol
Lk,n+2 = kLk,n+1 + Lk,n - m < I >kn . (32)
Proof. Using (29) and (11), we write
I+1 1 1+1
LI:rH-Z = Fk,n+1 + Fk-,"n+3

_ 1 -1 1+1 1
- ka,n + Fk,n—l + ka,n+2 + Fk,n+1

) I ! ! (33)
+1 -1
= k (Fk,n + Fk,n+2) + Fk,n—l + Fk,n+1
I+1 1
= KL + Ly,
[

Proposition 11. One has

I 1 -2 n-1
kLk,n = Fk,n+2 - Fk,n—Z’ 0<I< [ J . (34)
Proof. By (29),
1 ) -1 -2 -1 -1
Fk,n+2 = Lk,n+1 - Fk,n > Fk,n—Z = Lk,n—l - Fk,n > (35)
whence, from (31),

1 1-2 1 I-1 1
Fk Fk,n—Z = Lk,n+1 - Lk,n—l = kLk,n' (36)

N+2 -

Proposition 12. One has

IN

S
S\ pl+i i 1
Z<i>L,:;+ik':L,:;+28, 0<l > (37)

i=0

Proof. Using (29) and (14), we write

N S
S\ 1+ i N I+i—1 I+i i
Z (1) Lk,ln+ik1 = Z <1> [Fk,rzﬂ'—l + Fk,r:+i+1] K

i=0 i=0

S S

S\ plvicl i S\ i+ i (38)
; <l> ijrrZJri—lkl + Z() (l) ijrriﬂ'ﬂkl
i= i=

Fl—1+s

+ Fl+s — Ll+s

k,n—1+2s kn+142s k,n+2s®
O
Proposition 13. Forn > 21 + 1,
s—1 .
Zle,nJriks*lil = Lll:r,:wsﬂ - ksLlI:,rllJrl' (39)

i=0
The proof can be done by using (31) and induction on s.

Lemma 14. One has

R3] n—i ; n
Y i— ( l. )k”‘z’ =3 [Lin—kF,].  (40)

The proof is similar to Lemma 6.

Proposition 15. One has

k
/2] : Li,+ %Fk,n (n even)
Y Liw=11 (41)
1=0 B (L, +nkF,) (n odd).

Proof. An argument analogous to that of the proof of
Proposition 7 yields

[n/2] ln/2]

; Ly = <[gJ + 1>Lk,n D (”i—i> K (42)

o n-i
From Lemma 14, (41) is obtained. O
4. Generating Functions of the Incomplete

k-Fibonacci and k-Lucas Number

In this section, we give the generating functions of incomplete
k-Fibonacci and k-Lucas numbers.

Lemma 16 (see [3, page 592]). Let {s,}.-, be a complex
sequence satisfying the following nonhomogeneous recurrence
relation:

s,=as, ,+bs, ,+r, (n>1), (43)



where a and b are complex numbers and {r, } is a given complex
sequence. Then, the generating function U(t) of the sequence

{s,} is

G(t)+sy—1y+(s; —spa—r)t

1 —at — bt? (44)

U(t) =

>

where G(t) denotes the generating function of {r,}.

Theorem 17. The generating function of the incomplete k-
Fibonacci numbers Fllm is given by

Rk,l (x) = sz,itl
i=0

t2

(1 _ kt)l+1

21+1
t For + (Fk,zl+2 - ka,zl+1) t-

x[1 —kt—tz]fl.
(45)
Proof. Let I be a fixed positive integer. From (8) and (12),

1 ! _ ! _
F,=0for0<n<2l+1,F,, = Fy,andF,,, =
Fi o142 and

F= ki Ha = (P )
Now let
So = Fll<,21+1’ S1 = Fll<,21+2’ S = Fllc,n+21+1' (47)
Also let
ro =1 =0, T, = <n2£—22> K2, (48)

The generating function of the sequence {r,} is G(¢) = 2/(1-
kt)m (see [16, page 355]). Thus, from Lemma 16, we get the
generating function R, ;(x) of sequence {s,}. O

Theorem 18. The generating function of the incomplete k-
Lucas numbers le)n is given by

S (x) = Y Lt
i=0
' 2-t) | (49

21
=17 | Ly + (Liper —kL (1- ko)™

k21 ) -

X [1 — kt — tz]il.

Proof. The proof of this theorem is similar to the proof of
Theorem 17. Let I be a fixed positive integer. From (26) and

(32), L}, = 0for0 <m < 2L, L}, = Liypand Ly 5, = Lyyry,

and
/ . ) n-2 n—-2-1 —2-21
Ly = kLigyy + Ligpy = n-2_1 <n—2—21> K
(50)
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Now let
=1} =1} =r (51)
So = Lo S1= Lo Sn = Linrar
Also let
ro =1 =0, r, = <r;:211_—22> K2, (52)

The generating function of the sequence {r,} is G(¢) = 22 -
t)/(1 - kt)l+1 (see [16, page 355]). Thus, from Lemma 16, we
get the generating function S ;(x) of sequence {s,}. O

5. Conclusion

In this paper, we introduce incomplete k-Fibonacci and
k-Lucas numbers, and we obtain new identities. In [17],
the authors introduced the h(x)-Fibonacci polynomials.
That generalizes Catalan’s Fibonacci polynomials and the
k-Fibonacci numbers. Let h(x) be a polynomial with real
coefficients. The h(x)-Fibonacci polynomials {F, , (x)},,cy are
defined by the recurrence relation

Fyo(x) =0,
Fp i1 (X) = h(x) B, (%) + By (%),

It would be interesting to study a definition of incomplete
h(x)-Fibonacci polynomials and research their properties.

Fh,l (x) = 1)
(53)
nzl.
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