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1. INTRODUCTION

The polynomials Φn(p, q;x) are studied in [1]. In this note we consider these polynomials
for p = 0 and q = −1. Namely, we introduce the polynomials Un(x) = Φn(0,−1;x) with
U0(x) = 0, U1(x) = 1, U2(x) = x, and Vn(x) = Φn(0,−1;x) with V0(x) = 2, V1(x) = x and
V2(x) = x2. So we have the following recurrence relations:

Un(x) = xUn−1(x) + Un−3(x), n ≥ 3, U0(x) = 0, U1(x) = 1, U2(x) = x, (1.1)

and
Vn(x) = xVn−1(x) + Vn−3(x), n ≥ 3, V0(x) = 2, V1(x) = x, V2(x) = x2. (1.2)

Let’s note that Un(x) are the generalized Fibonacci polynomials, and Vn(x) are the gen-
eralized Lucas polynomials.

Using the standard method, we can prove that the polynomials Un(x) and Vn(x) possess
generating functions as follows

U(t) = (1− xt− t3)−1 =
∞∑

n=0

Un+1(x)tn, (1.3)

and

V (t) = (2− xt)/(1− xt− t3) =
∞∑

n=0

Vn(x)tn. (1.4)

Using (1.3) and (1.4), respectively, we find that

Un+1(x) =
[n/3]∑
j=0

(
n− 2j
j

)
xn−2j

is an explicit representation of the polynomials Un+1(x), and

Vn(x) =
[n/3]∑
j=0

n− j
n− 2j

(
n− 2j
j

)
xn−2j

is an explicit representation of Vn(x).
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If x = 1 in (1.1) and (1.2), we get two sequences of numbers: {Un(1)} and {Vn(1)}. These
sequences we denote by {Un} and {Vn}, respectively. Obviously, these sequences satisfy the
recurrence relations

Un = Un−1 + Un−3, n > 3, U1 = U2 = U3 = 1,

and
Vn = Vn−1 + Vn−3, n > 3, V1 = V2 = 1, V3 = 3.

It is easy to prove the relation

Vn = Un+1 + Un−2.

The incomplete Fibonacci and Lucas numbers are studied in [3]. Namely, the correspond-
ing generating functions of these numbers are found. Similarly, the incomplete generalized
Fibonacci numbers and generalized Lucas numbers are discussed in this note and the corre-
sponding generating functions are found.

2. INCOMPLETE NUMBERS

The incomplete generalized Fibonacci numbers {Un(k)} are defined by

Un(k) =
k∑

j=0

(
n− 1− 2j

j

)
, n = 1, 2, . . . , 0 ≤ k ≤ [(n− 1)/3], (2.1)

and the incomplete generalized Lucas numbers {Vn(k)} are defined by

Vn(k) =
k∑

j=0

n− j
n− 2j

(
n− 2j
j

)
, n = 1, 2, . . . , 0 ≤ k ≤ [n/3]. (2.2)

¿From (2.1) and (2.2), we see that

Un([(n− 1)/3]) = Un and Vn([n/3]) = Vn,

where Un and Vn are the generalized Fibonacci and generalized Lucas numbers, respectively.
The purpose of this paper is to derive the generating functions for these classes of numbers.

First, we are going to prove the following statement.
Lemma 1: Let {sn}n∈N be a complex sequence satisfying the recurrence relation

sn = sn−1 + sn−3 + rn, n > 2,

where rn : N → C is a given sequence. Then the generating function F (t) of sn is

F (t) =
G(t) + s0 − r0 + t(s1 − s0 − r1) + t2(s2 − s1 − r2)

1− t− t3
,

where G(t) denotes the generating function of rn.
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Proof: This statement is a special case of a known result [3, p. 592, Lemma with
a = b = 1], so the proof will be omitted.

Now we are going to prove the following theorem.
Theorem 1: Let k be a positive integer. Then

Rk(t) :=
∞∑

j=0

Uk(j)tj = t3k+1

(
A

1− t− t3
− t3

(1− t)k+1(1− t− t3)

)
, (2.3)

where
A = U3k + t(U3k+1 − U3k) + t2(U3k+2 − U3k+1),

and

Sk(t) :=
∞∑

j=0

Vk(j)tj = t3k

(
B

1− t− t3
− t3(2− t)

(1− t)k+1(1− t− t3)

)
, (2.4)

where
B = V3k+1 + t(V3k − V3k−1) + t2(V3k+1 − V3k).

Proof: In the proof of this theorem we use Lemma 1. Namely, let k be a fixed positive
integer. From (2.1) and (2.2) it follows that Un(k) = 0 for 0 ≤ n ≤ 3k + 1, U3k+1(k) =
U3k, U3k+2(k) = U3k+1, U3k+3(k) = U3k+2, and

Un(k) = Un−1(k) + Un−3(k)−
(
n− 4− 2k
n− 4− 3k

)
, if n ≥ 3k + 4. (2.5)

Let s0 = U3k+1(k), s1 = U3k+2(k), s2 = U3k+3(k) and sn = Un+3k+1(k)(n > 2), and
r0 = r1 = r2 = 0 and rn =

(
n−3+k

n−3

)
.

It is simple to prove that G(t) = t3(1− t)−(k+1) is the generating function of the sequence
rn =

(
n−3+k

n−3

)
.

¿From Lemma 1 and (2.5), it follows that the generating function Φk(t) of the sequence
sn satisfies the equality

Φk(t) =
U3k + t(U3k+1 − U3k) + t2(U3k+2 − U3k+1)

1− t− t3
− t3

(1− t)k+1(1− t− t3)
.

Finally, the generating function Rk(t) of the sequence {Un(k)} is t3k+1Φk(t), and it im-
mediately yields (2.3).

For the sequence {Vn(k)} we have that: Vn(k) = 0 for n < 3k, V3k(k) = V3k−1, V3k+1(k) =
V3k, V3k+2(k) = V3k+1 and

Vn(k) = Vn−1(k) + Vn−3(k)− n− 3− k
n− 3− 2k

(
n− 3− 2k
n− 3− 3k

)
, for n ≥ 3k + 3. (2.6)

Let
s0 = V3k(k), s1 = V3k+1(k), s2 = V3k+2(k), sn = Vn+3k(k) (n > 2). (2.7)
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Also, let

r0 = r1 = r2 = 0, rn =
n− 3 + 2k
n− 3 + k

(
n− 3 + k

n− 3

)
. (2.8)

Thus, we find that the generating function of the sequence rn is

G(t) = t3(2− t)(1− t)−(k+1),

and the generating function Ψk(t) of sn satisfies the equality

Ψk(t)(1− t− t3) +
t3(2− t)

(1− t)k+1
= s0 − r0 + t(s1 − s0 − r1) + t2(s2 − s1 − r2).

So, by (2.7) and (2.8), it follows that

Ψk(t) =
V3k(k) + t(V3k+1(k)− V3k(k)) + t2(V3k+2(k)− V3k+1(k))

1− t− t3

− t3(2− t)
(1− t)k+1(1− t− t3)

.

Finally, the generating function Sk(t) of the sequence {Vn(k)} is t3kΨk(t).

3. GENERALIZATION

In this section we introduce the generalized Fibonacci polynomials fn,m(x) and generalized
Lucas polynomials ln,m(x) by:

fn,m(x) = xfn−1,m(x) + fn−m,m(x), n > m, (3.1)

with fn,m(x) = xn−1, if n = 1, 2, . . . ,m, and

ln,m(x) = xln−1,m(x) + ln−m,m(x), n > m, (3.2)

with ln,m(x) = xn, if n = 1, 2, . . . ,m.
Remark: For m = 2 and m = 3, we have:

fn,2(x) = Fn(x) (Fibonacci polynomials),
ln,2(x) = Ln(x) (Lucas polynomials),
fn,3(x) = Un(x), ln,3(x) = Vn(x).

Using the standard methods, we find that

fn,m(x) =
[(n−1)/m]∑

j=0

(
n− 1− (m− 1)j

j

)
xn−1−mj , (3.3)
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and

ln,m(x) =
[n/m]∑
j=0

n− (m− 2)j
n− (m− 1)j

(
n− (m− 1)j

j

)
xn−mj , (3.4)

are explicit representations of the polynomials fn,m(x) and ln,m(x), respectively.
For x = 1 in (3.3) and (3.4), we obtain two sequences of numbers {fn,m} and {ln,m}.

Hence, we get

fn,m(k) =
k∑

j=0

(
n− 1− (m− 1)j

j

)
, n = 1, 3, . . . , 0 ≤ k ≤ [(n− 1)/m], (3.5)

which are the incomplete generalized Fibonacci numbers, and

ln,m(k) =
k∑

j=0

n− (m− 2)j
n− (m− 1)j

(
n− (m− 1)j

j

)
, n = 1, 2, . . . , 0 ≤ k ≤ [n/m], (3.6)

which are the incomplete generalized Lucas numbers.
Therefore, we can observe that fn,m([(n− 1)/m]) = fn,m and ln,m([n/m]) = ln,m; where

fn,m and ln,m denote generalized Fibonacci and generalized Lucas numbers, respectively.
Our main purpose is to determine generating functions of the sequences {fn,m(k)} and

{ln,m(k)}.
First, we can prove the following statement.

Lemma 2: Let {sn} be a complex sequence satisfying the recurrence relation

sn = sn−1 + sn−m + rn(n > m),

where rn : N → C is a given sequence. Then the generating function Θ(t) of sn is

Θ(t) =
H(t) + s0 − r0 +

∑m−1
i=1 ti(si − si−1 − ri)

1− t− tm
,

where H(t) is generating function of the sequence rn.
Proof: This proof is similar to the proof of Lemma 1.
The following satement represents the main result of this note.

Theorem 2: Let k be a positive integer. Then

Rm
k (t) :=

∞∑
j=0

fk,m(j)tj = tmk+1

(
Am

1− t− tm
− tm

(1− t)k+1(1− t− tm)

)
, (3.7)

where

Am = fmk,m +
m−1∑
i=1

ti(fmk+i,m − fmk+i−1,m)
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and

Sm
k (t) :=

∞∑
j=0

lk,m(j)tj = tmk

(
Bm

1− t− tm
− tm(2− t)

(1− t)k+1(1− t− tm)

)
, (3.8)

where

Bm = lmk−1,m +
m−1∑
i=1

ti(lmk+i,m − lmk+i−1,m).

Proof: The proof of Theorem 2 is based on Lemma 2. Namely, if

Θ(t) = s0 + s1t+ s2t
2 + · · ·+ snt

n + · · · =
∞∑

n=0

snt
n,

then

tΘ(t) =
∞∑

n=0

snt
n+1, tmΘ(t) =

∞∑
n=0

snt
n+m,

and

H(t) =
∞∑

n=0

rnt
n,

so we get

Θ(t)(1− t− tm)−H(t) = s0 − r0 + t(s1 − s0 − r1) + t2(s2 − s1 − r2) + · · ·
+ tm−1(sm−1 − sm−2 − rm−1). (3.9)

Let k be a fixed positive integer. It is known (see [2]) that fn,m(k) = 0 if 0 ≤ n < mk +
1, fmk+1,m(k) = fmk,m, fmk+2,m(k) = fmk+1,m, fmk+3,m(k) = fmk+2,m, . . . , fmk+m,m(k) =
fmk+m−1,m, and that

fn,m(k) = fn−1,m(k) + fn−m,m(k) =
(
n− 1−m− (m− 1)k
n−m− 1−mk

)
, n ≥ mk +m+ 1.

Set

s0 = fmk+1,m(k), s1 = fmk+2,m(k), . . . , sm−1 = fmk+m,m(k),
sn = fn+mk+1,m(k). (3.10)

Also, let

r0 = r1 = · · · = rm−1 = 0 and rn =
(
n−m+ k

n−m

)
. (3.11)
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The generating function of the sequence rn is H(t) = tm(1− t)−(k+1). Hence, from (3.9) and
using (3.10) and (3.11), we have

Θ(t)(1− t− tm) +
tm

(1− t)k+1
= fmk,m + t(fmk+1,m − fmk,m)

+ t2(fmk+2,m − fmk+1,m) + · · ·+ tm−1(fmk+m−1,m − fmk+m−2,m).

Thus, we get

Θ(t) =
Am

1− t− tm
− tm

(1− t)k+1(1− t− tm)
,

where

Am = fmk,m + t(fmk+1,m − fmk,m) + t2(fmk+2,m − fmk+1,m) + · · ·

+ tm−1(fmk+m−1,m − fmk+m−2,m) = fmk,m +
m−1∑
i=1

ti(fmk+i,m − fmk+i−1,m).

The generating function Rm
k (t) of {fn,m(k)} is tmk+1Θ(t).

In the proof of (3.8), we use the following facts:

ln,m(k) = 0 if 0 ≤ n < mk, lmk,m(k) = lmk−1,m,

lmk+1,m(k) = lmk,m, . . . , lmk+m−1,m(k) = lmk+m−2,m and (3.12)
ln,m(k) = ln−1,m(k)− ln−m,m(k)− αm, n ≥ mk +m,

where

αm =
n−m− (m− 2)k
n−m− (m− 1)k

(
n−m− (m− 1)k
n−m−mk

)
.

Let

s0 = lmk,m(k), s1 = lmk+1,m(k), . . . , sm−1 = lmk+m−1,m(k), sn = ln+mk,m(k).

Furthermore, let

r0 = r1 = · · · = rm−1 = 0 and rn =
n−m+ 2k
n−m+ k

(
n−m+ k

n−m

)
.

So, we find that K(t) = tm(2− t)(1− t)−(k+1) is the generating function of the sequence
{rn}, and the generating function of the sequence {sn} satisfies the following equality

L(t)(1− t− tm) +K(t) = s0 + t(s1 − s0) + t2(s2 − s1) + · · ·+ tm−1(sm−1 − sm−2),
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i.e.

L(t) =
lmk,m(k) +

∑m−1
i=1 ti(lmk+i,m(k)− lmk+i−1,m(k))

1− t− tm

− tm(2− t)
(1− t)k+1(1− t− tm)

.

Thus, using (3.12), we get

L(t) =
lmk−1,m +

∑m−1
i=1 ti(lmk+i,m − lmk+i−1,m)

1− t− tm

− tm(2− t)
(1− t)k+1(1− t− tm)

.

The generating function Sm
k (t) of the sequence {ln,m(k)} is tmkL(t) (see (3.8)). The proof of

Theorem 2 is complete.

REFERENCES
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