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1. INTRODUCTION

In this paper, we consider the generalized Fibonacci and Lucas functions, which may be
defined by
a* - eimcﬂx
AL - 1
U= M

V(x)=a* +e™p*, 2

where o =(p+A)/2, B=(p-+JA)/2>0, A=p?—4q, p and q are integers with ¢ > 0, and x
is an arbitrary real number. It is clear that U(x) = F(2x) and V' (x) = L(2x) when p=3 and g =1,
where F(x) and L(x) are the Fibonacci and Lucas functions, respectively (see [2]).

In [2], R. André-Jeannin proved that well-known identities for Fibonacci and Lucas numbers
are again true for F(x) and L(x). Basic results regarding these topics can be found in [1]. Some
special cases of the functionts U(x) and V' (x) are treated in [4] and referred to in the Remark in
[8]. The aim of this paper is to establish some identities for U(x) and V' (x). We are interested in
calculating the summation of reciprocals of products of U(x) and V' (x).

and

2. MAIN RESULTS

From the definitions of the generalized Fibonacci and Lucas functions, we can obtain the
main resuits of this paper.

Theorem: Assume that », r, and s are positive integers, and x is an arbitrary real number. Then

n eiﬂ(k——l)rx q(k—l)rx 5 U(nrx) 3
kglU(er~rx+sx)U(km+sx)_U(rx)U(sx)U(sx+nrx) 3)
and
n eilr(k——l)rx q(k—l)rx B U(nrx) 4
kZ::l V(sx +krx —rx)V(sx +krx) ~ U(rx)V(sx)V(sx+nrx)’ “)

Proof: From (1) and (2), it is easy to verify that U(x) and V(x) satisfy

V(sx) V(sc+rx) _ 2¢™q*U(rx) ©
U(se) U(sc+rx)  U(se)U(sx +rx)

and

U(sx) U(sx+rx) _ —2¢™¢"U(rx) ©)
V(sx) Visx+rx) V(sx)V(sx+rx)’

In (5) and (6), replacing s by s, s+r, s+2r, ..., s+(n—1)r, and adding the results we can obtain
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ﬁ: m'(k l)rxq(k e e—in’sxq—sx V(SX) _ V(SX’FI’IVX)
S U(sx+hre—m)U(sx +hrx) | 20(x) \U(sx)  Ulsx +7rx)
and

Zn: m(k l)lxq(k Drx e-ilrsxq-—sx ( U(S?C) _ U(Sx + nrx)
SV (sx+hre—rV{sc+hkx)  2UGx) \V(sx) Visc+nrx) )

From (5) and (6), we can prove that the equalities (3) and (4) hold. [

Remark: From (1) and (2), we can show that the following relations are valid;
V(2rx)— ei”("s)xq("s)xV(st) =AU @rx —sx)U(rx + sx);
V(2rx) + ™% gr=9% (25x) = V(e — sx)V (rx + s%);
U(rx) — ™ 92gr=972 (%) = U(rx — sx)U(rx + sx);
V2(rx) — ™0 =qU=5 2 (sxy = AU(rx — sx)U (rx + ).

From (7) and (8), we have

irkrx Jorx ferx

i e q i em'erq
“ V(2krx +1x + 285x) — e emrkmg ik et AU (e + sx)U (B +7x + 5x)

and
mer krx n ei rthrx qer

9
¢ V(Q2krx +7x + 25x) + e T FHRR) g tkrapy ey ,;) V{krxs +sx)V {(krx +rx +sx)

s

By the method used to obtain (3) and (4), we obtain the equalities

em‘erqer U(nrx +rx)
= V(2krx +rx +2sx) - T ARG oy~ AU(re)U(sx)U (sx +nre +7x)

M:

and

z": i el Unrx +rx)

& V(2krx +rx +2sx) + T ARG (oY~ U(re)V (sx)V (5% +mrx +1%)
Using (9) and (10) and applying the method used to obtain (3), we obtain the equalities

nz-l Qi g U(2nrx)

& U (2kx + 7% + 5x) — @ FFH U g2 () = U@r)U(sx)U(sx + 2nrx)
and

n e217rer qler U(znrx)

z;:o V2(2krx + rx + sx) — 7R gmAixy 2 (1) = AUQ@m)U(sx)U(sx +2nrx) .

Letting x be a positive real number and ]§| <1, dueto

Ume)y _ 1 Umx) _ 1
nl-lﬂoU(nx+r‘c) a™ and nl—limooV(nx-FI‘X) JAa™’

we immediately have the following corollary.

)
)
©)
(10)

Corollary: Suppose that r and s are positive integers, and x is a positive real number. If | §| <1,

then we have
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ein'(k—l)rxq(kvl)rx 1

;U(sx+er—rx)U(sx+er) - ™ U(re)U(sx)

and
eifr(k—l)rx q(k— Drx 1

kz;l Visc+ ke —mV(sx+kx)  JAa"Uro)V(sx)

We note that formulas (3.3), (3.4), (3.5), (3.6), (3.9), and (3.10) in [6] are special cases of
the Theorem and the Corollary.
Valuable references connected with the main results of this paper are [3], [5], and [7].
Finally, we give some special cases of the Theorem and the Corollary. If p=3 and g=1in
(3) and (4), we obtain
n

3 g k-Drx _ F(2nrx)
o FQRlax —2rx + 2sx)F(2krx +2sx)  F(Q2rx)F(2sx + 2nrx)

and

z": g/ k=Drx B F(2nrx)
=t LQ2krx — 2rx +25x) L(2krx +25%)  F(2rx) L(25%) L(25% + 2mrx)

If p=3, g=1, and x =1 in the Corollary, we have

i (_ l)(k—l)r _ 28
S F(2s+2kr —2r)F(2s+2kr) — (3+/5)° F(2r)F(2s)

and

© (_l)(k—-l)r N 28
k};l L(2s+2kr —2r)L2s+2kr) /5B +5)Y F(2r)L(2s)
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