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1. INTRODUCTION AND RESULTS

As usual, the Fibonacci sequence {F,} and the Lucas sequences {L,}(n = 0,1,2,...,)
are defined by the second-order linear recurrence sequences

Fopo=Fy1+F, and Lpyo=Lp1+ Ly

forn > 0,Fp=0,Fy =1,Lg =2 and L1 = 1. These sequences play a very important role in
the studied of the theory and application of mathematics. Therefore, the various properties
of F,, and L, were investigated by many authors. For example, R. L. Duncan [2] and L.
Kuipers [5] proved that (log F3,) is uniformly distributed mod 1. Neville Robbins [4] studied
the Fibonacci numbers of the forms pz? £ 1, px® £ 1, where p is a prime. The author [6] and
Fengzhen Zhao [3] obtained some identities involving the Fibonacci numbers. In this paper,
as a generalization of [3] and [6], we shall use elementary methods to study the calculating
problems of the general summations

Z Fm(al-‘rl) : Frn(az-‘rl) s Fm(ak-‘rl) (1)
ai1taz+--+ar=n

and

Z Lmal : Lmag . -Lmak; (2)
a1taz+--+ap=n

and give two exact calculating formulas, where the summation is taken over all k-dimension
nonnegative integer coordinates (ai,as,...,a) such that a; +ag + -+ -+ ax = n, k and m are
any positive integers, and n be any nonnegative integer.

For convenience, we first define Chebyshev polynomials of the first and second kind T'(z) =
{T,(x)} and U(z) ={U,(x)}(n=10,1,2,...,) as follows:

Thya(z) = 22T 41(z) — Tn(z) (3)
and

Uny2(2) = 22Un 41 (2) = Un(2) (4)

for n > 0,Tp(x) = 1,T1(z) = z2,Up(z) = 1 and Ui(z) = 2z. Let U,(Lk)(x) denote the k"
derivative of U, (x) with respect to z. We will use generating functions for the sequences
T, (z) and U, (z) and their partial derivatives to prove the following two theorems.

Theorem 1: For any positive integer k, m and nonnegative integer n, we have the identity

Eitt o (i
-\ TN m
Z Fr(ai+1) - Fm(ag+1) - - 'F"L(“k+1+1) = (=) 2’€—.]<;!Un+k <7Lm> ,

a1taz+tFagp1=n
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where i is the square root of —1.

Theorem 2: For any positive integer k, m and nonnegative integer n, we have

v Linas * Lonas -+ Limars
artaz+--t+ag1=n+k+1

k1 h ,
o (s 2 gmt2 kE+1 k §m
= (—iymmhED 2 ( Lm> ( h >Ur(z+)2k+1h - Lm |
h=0

k! 2

E+1y _ (k+1)!
where ( h ) = AL(kt1-h)"

(From these two theorems we may immediately deduce the following corollaries:
Corollary 1: For any positive integer m and nonnegative integer n, we have the identities

3 (-1 LE
2

Z Fm(aﬁ-l) ’ F‘m(az-H) ' Fm(a3+1) = 4— (—1)mL2
m

aitaztaz=n

(n+2)(n+4)F _ 2(n+3)Lm I (n+2)(71)mL,,2nF
3 fme) T T ymiz BN m(n+2) T - (-2 m(n+3) | -
m m

In particular, for m = 2,3,4 and 5, we have the identities

1
Y By Pt Fatasrn) = 5o [18(n + 3) Fanta + (n +2)(5n = 7) Fanvs,

a1taztaz=n

1
Z F3(ay+1) - F3(az+1) " F3(ag+1) = %[(n +2)(5n + 8) F3p49 — 6(n + 3) F3n16),

aitaztaz=n

1
> Fias) Fitassn) - Fagaarn) = Tegl(® 250 + 1) Fygrya) + 14(n + 3) Fagna)]

a1+aztaz=n

and

1
> Py Foaatrn)  Foaatn) = Tm[(n+2)(125n+ 137) F5(43) — 66(n+ 3) F5(11.9)]-

aitaztaz=n

Corollary 2: For any positive integer k and nonnegative integer n, we have the identities

n+5
Z Lay - Lay - Lay = 2 [(n +10)Frys + 2(n + 7) Fya],

ai+taz+taz=n+3

n+5
Z Lsa, - L2ay - L2ay = 9 [3(7’L +10) Fopts + (n + 16)F2n+4]

ai+az+az=n+3
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and

n+5
> Lsa,  Lsay  Lsay = —5—[4(n + 10)Fyni7 + 3(n +9) Fan y]-
ai1+taz+az=n+3

Corollary 3: For any positive integer m and nonnegative integer n, we have the congruences

(n+2)(4n +16 — (=1)"L2) - F(ura) = 6(n+3) - Ly - Fgnsz) mod 2(4 — (—1)"L2,)?

In particular, for m = 3,4 and 5, we have
(n+2)(5n + 8)F3,49 = 6(n + 3) F3,,4.6 mod 400;

(n + 2)(125n + 137) Fy(5 43) = 66(n + 3) F5(, 12) mod 156250.

2. SEVERAL LEMMAS

- Fp.

In this section, we shall give several lemmas which are necessary in the proofs of the
theorems. First we need two exact expressions and generating functions on T}, (z) and U, (z)

(see (2.1.1) of [1]). That is,

fie = 3[(e 4 VET) 4 o VAT

and

Un(z) =

sl V) )

So we can easily deduce that the generating function of T(z) nd U(x) are

Gty a) = —— 2t Z T

1— 22t + 2
and
1 “+o00
F(ta) = —s——==3 Un(z) t".
o) = e 2 n(2)

Applying these generating functions we can easily deduce the following

Lemma 1: For any positive integer k and nonnegative integer n, we have the identity

Z Ua1(37) . Uaz(.’lﬁ)Uak+1(x) = 2k1klUr(Llj-)k( )

aitaz+-t+akg41=n
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Proof: Differentiating (8) we obtain

8F(t, ./I}) 2t > (1) n+1
ox - (1 —2$t+t2)2 :;Urt-&-l(x) ot )
Do F'(t,x) 2! @) (2) . £7F2;
o9x2 (1- 2xt —|— t2)3 ;% Unya(2) -t
8’“F(t, x) k! - (Qt)k > (k) ntk
DuF (1 —2at + £2)F1 Z Upier(@) 477 )
n=0

where we have used the fact that U, (z) is a polynomial of degree n.
Therefore, from (9) we obtain

oo oo k+1
Z Z Ua, () - Ugy() ... U‘lk+1(x) "= (Z Un(z) - tn>

n=0 aitaz+-tagpp1=n n=0

1 1 OFF(t,x)

_ _ _ ®) [\
I ) L AT ) L P ;Un% z)- 1" (10)

Equating the coefficients of t" on both sides of equation (10) we obtain the identity

1 k
Do Ua(®) Uny(@) o Uas(0) = gy - Uni(@).
aitaz+-t+agpy1=n ’

This proves Lemma 1.

Lemma 2: For any positive integer k and nonnegative integer n, we have

k+1 k41 *)
Z Ta1 (37) e Tak+1 37 2k k! Z < >Un+2k+1 h( )

a1+az++ag41=n+k+1

Proof: To prove Lemma 2, multiplying (1 — z¢)**! on both sides of (9) we have

(1 - xt)k+1 _ (k) n k+1
(1 —2at 4 $2)k+1 2k k! Z s (7) 111 = o) )
n=0

Note that (1 — zt)*+! = Zk+é( z)"th (M), Comparing the coefficients of "+ on both
sides of equation (11) we obtain Lemma 2.
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Lemma 3: For any positive integers m and n, we have the identities

Um(n-‘rl)fl (.’E)

Tn (Tm (-’IJ)) = Trnn (.’E) and Un (Tm (.’IJ)) = Urr ,1(-’15)

Proof: For any positive integer m, from (5) we have

T2 (z)—1= i {(x—i— V2 —1)"+ (x — Va2 — 1)"”}2 -1
- % [+ Ve =)™ — (@ = Va2 = 1)"”}2
VT2 =1 = % [CEVZan L
Thus,

Tom(z) + VT2 () —1=(z+ Va2 -1)". (12)

Tom(z) = VT2 (x) —1=(z — Va2 -1)". (13)

Combining (6), (12) and (13) we have

0@ = [ (T VEETT) ™ (1) VT )

2 /T2 (z) — 1

(.’E 4 (22 — 1)m(n+1) _ (.’E —z2 = 1)m(n+1)
B (.’I,‘-f—‘/.’EQ—1)"L—(.’E—‘/.’IJ2—1)T”

_ Um(n+1)71($)
Umfl(x) .

Similarly, we can also deduce that T, (T, (x)) = Tinn(x). This proves Lemma 3.
3. PROOF OF THE THEOREMS

Now we complete the proofs of the theorems. Let i be the square root ofl—l. Taking z =
Tn(5) in Lemma 1 and Lemma 2, and noting that U, (5) = i"Fry1,Tn(5) = 5 Ln, Tn(Tn(5))
= S Lo, Un(Tin (%)) = "’””F%::’“, we may immediately deduce Theorem 1 and Theorem
2.

Proof of the Corollaries: First we note that U, (z) satisfies the differential equations

(1 = 2*)Up(2) = (n+ D)Up—1(2) — naUy(z) (14)
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and
(1 —2)U)/(x) = 32Uy, () — n(n + 2)Un(), (15)

So from Lemma 3, (14) and (15) we obtain

o (r (Yo 4 me @D " Lm )
n m 9 4 — (_1)'m L%L Fm 2Fm
and
i 44mn
UII Tm s =
" < <2>> Fm(4 - (_1)T”Lgn)
6(n+1)Lm (—1)"”3nL%L
{m mn — mF‘m(n-‘rl) —n(n+ 2)F‘m(”+1) :

(16)
Now Corollary 1 and Corollary 2 follows from the recurrence formula
Fn-‘rQ - Frz+1 + FrL7

(16), Theorem 1 and Theorem 2 (with k = 2).
Corollary 3 follows from Corollary 1 and the fact that F,|F,q41) for all integer a > 0.
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