Identities and generating functions
on Chebyshev polynomials

Clemente Cesarano

Faculty of Engineering, International Telematic University UNINETTUNO
Corso Vittorio Emanuele II, 39 — 00186 — Roma, Italy

email: c.cesarano@uninettunouniversity.net

ABSTRACT - In this article we present the classical theory of Chebyshev polynomials
starting from the definition of a family of complex polynomials, including both the first
and second kind classical Chebyshev ones, which are related to its real and imaginary
part. This point of view permits to derive a lot of generating functions and relations
between the two kinds Chebyshev families, which are essentially new, as exponential
generating functions, bilinear and bilinear exponential generating functions. We also
deduce relevant relations of products of Chebyshev polynomials and the related gen-

erating functions.
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1 Introduction

The Chebyshev polynomials and their nice properties permitting applications
in Approximation theory, Quadrature rules, etc. are well known [1], [2], [3]. In
this article the introduction of the twin families of the first and second kind
Chebyshev polynomials is performed starting by their complex representation.
This original point of view was first applied by G. Dattoli and his group in [4]
and [5].

This allows to derive, in a constructive way, many identities involving un-
usual generating functions of exponential, bilinear, and mixed type [6].

There are a number of distinct families of polynomials that go by the name
of Chebyshev Polynomials. The Chebyshev Polynomials par excellence can be
defined by:



Definition 1 — Let = a real variable, we say Chebyshev Polynomials of first

kind, the polynomials defined by the following relation:

T, (x) = cosn(arccos(z)). (1.1)

In the same way we can also introduce the second kind Chebyshev polyno-

mials, by using again the link with the circular functions.

Definition 2 — Let = a real variable, we say Chebyshev Polynomials of second
kind, the polynomials
U, (z) = sin[(n+1) arccos(sc)]' (1.2)
V1— 22

The study of the properties of the Chebyshev polynomials can be simplified

by introducing the following complex quantity:

T, (x) = exp [in(arccos(x)] (1.3)
so that:
Re[T,(z)] = cosn(arccos(z)) (1.4)
Im[T,(z)] = sinn(arccos(x)).

The above relations can be recast directly in terms of the Chebyshev Poly-
nomials of the first and second kind. In fact, by noting that the second kind
Chebyshev polynomials of degree n — 1 reads:

sin [n arccos(z)]

Up—1(z) = BT (1.5)

we can immediately conclude that:

To(z) = Re[Ty(z)] (1.6)
SRR N



2 Generating functions

To derive the related generating functions of the Chebyshev polynomials of the
first and second kind [1], [6], we can consider the generating functions of the
complex quantity, introduced in the (1.3); let, in fact, the real number &, such

that |£] < 1, we can immediately write:

+oo +o00 n 1

n _ i arccos(x) _
Z£ T”(x) - Z (56 ) - 1— €ei arccos(z) (21)
n=0 n=0

Proposition 1 — Let £ € R, such that || < 1; the generating function of the
first kind Chebyshev polynomials reads:

+OO”T _ & 2.2
nz::of n(ff)—m~ (2.2)

Proof — By using the link stated in equation (1.6) and by the (1.7), for a real

number &, such that |¢] < 1, we can write:

+oo +oo
nz:%fnTn(x) = nz:%g”}{e [T,.(z)] = Re {W] ) (2.3)

By manipulating the r.h.s. of the previous relation, we find:

{ 1 ] [1 — & cos(arccos(z))] + i€ sin(arccos(z))
Re | ——————~| =Re 2 :
1 — getarccos(@) [1 — € cos(arccos(z))]” + €2 sin?(arccos(z))
(2.4)
that is:
1 1 —¢cos(arccos(z))
Re [1 — Eet arCCOS(I)} 1 — 2¢cos(arccos(x)) + €2 (25)

and then, we immediately obtain the (1.8).

By following the same procedure, we can also derive the related generating
function for the Chebyshev polynomials U, (x).

It is easy in fact to note, from the second of (1.6) and (1.7) that:

+oo n B too o Im [T, ()] B 1 1
;::Of Ul = ;g Vi—zZ2 J1-— x2Im [1 é’eiarccos(m):| - (26)




By using the same manipulation exploited in the previous proposition, we

end up with:

§

1—26x + €2 27)

+oo
> U, (2) =
n=0

which is the generating function of the Chebyshev polynomials of second kind
of degree n — 1, with again |¢] < 1.

It is also possible to derive different generating functions for these families
of Chebyshev polynomials, by using the complex quantity in (1.7). In fact by
noting that:

+o00o f” +oo 1 ] n ]
z% ﬁTn(x) — z:o ﬁ (561 arccos(m)) = exp |:€ez arccos(z):|

we have:

Proposition 2 — For the first and second kind Chebyshev polynomials, the

following results hold:

400 om
Z%Tn(az) = e&”COS(é\/Q) (2.8)
n=0

+oo .
f: _ gpsin (f\/l—acQ)
2 Unele) = e e

where |¢] < 1.
Proof — From the identity:

+oo f" ,
Z ﬁTn(m) = Re {exp [«fez arccos(m)} } (2.9)
n=0
after setting:
1 = arccos(z)

we can rearranging the r.h.s. in the following from:

Re {exp [€ (cos()) + isin(¢)))]} = exp (€ cos(tp)) Re [exp (i sin())] . (2.10)

By noting that:



Re [exp (i€ sin(¢)))] = Re[cos (£ sin(e))) + i sin (€ sin(1)))] = cos (€ sin(v)))
(2.11)

we immediately obtain the first of the (1.14).

For the second kind Chebyshev polynomials, by using the complex quantity

T, (x), we write:

2 SUna(@) = <t {exp [eet @] (212

By using the same position 1) = arccos(z), we can write the r.h.s. of the

above identity in the form:

T {exp [€ (cos() + isin())]} = ———— exp (€ cos(y)) sin (€ sin(¥))

1
Vi—a? V-
(2.13)

and then the second of the (1.14) immediately follows.

The use of the complex representation of Chebyshev polynomials can be also
exploited to derive less trivial relations involving first and second kind Cheby-
shev polynomials. From definition of the first kind Chebyshev polynomials,

given in (1.1), we can generalize it, by putting:

Thnti1(x) = [cos(n + 1) arccos(x)] (2.14)

and, from the (1.3), we can immediately write:

T, (x) = exp [i(n + 1) arccos(x)] (2.15)
then:

Re[Typi(z)] = Th(z) (2.16)

I [To(@) = Lot

Vi—aZ '
By using the same procedure exploited in the propositions 1 and 2 to derive

the generating functions of the polynomials T,,(z) and U, (z) , help us to state
the following results [4], [6].



Proposition 3 — Let £ € R, such that |£| < 1; the following identities hold:

= 1—¢éx)Ti(x) —€(1—a?) U
> T (x) = U-t) i(f)%f_i @ 2) Uis (2.17)
n=0
and: N
ZgnUan»l(x) = ng(xl) ——Fééx_—le Ulil- (2.18)

n=0

Proof — From the previous results, it is easy to note that:

400 400
) . ) 1
n _ n in arccos(x) il arccos(x) __ il arccos(x)
725 T,yi(z) = nzz;)f e e =e T goiarceos(e) ek
(2.19)
Otherwise:
etlarceos(@) — cog(l arccos(x)) + i sin(arccos(z)) (2.20)
and so:

cos(l arccos(z)) + i sin(arccos(z))
1— §6i arccos(z)

+00 too
> Tup(@) = Y " Re[Tnpi(w)] = Re
n=0

n=0
(2.21)
The r.h.s. can be rearranged in the more convenient form:
Re [cos(l arccis(xg) + isirz(z)lrccos(:c))] _ (2.92)
— e'l, arccos(x

B [cos(l arccos(z)) + i sin(arccos(x))] [1 — £z + i€ sin(arccos(x)]
- { =260 +€2 }

to give:

R cos(larccos(z)) + isin(arccos(z))] (1 —&x) Ty(x) — & (1 —2?) Upy
€ |: 1— é—eiarccos(ér) :| - 1— 2§I 4 52
(2.23)

which prove the first statement.

In an analogous way, we note that:

+oo 1 +oo
E'Up—141(2) = —— > "Im [T, (z)] = (2.24)
ngo 1+1 1.2 nz::o +1

B cos(l arccos(z)) + i sin(arccos(z))
= Im 1— §€i arccos(z)




and by following the same procedure, we immediately obtain the (1.24).
The corresponding generating functions stated in the Proposition 2, for the

Chebyshev polynomials are also easily obtained.

Proposition 4 — For a real &, || < 1, the polynomials T;,(z) and U, (x) satisfy

the following relations:

5 0 a(a) = e [eon (6VT722) Tle) — VI sin (63/T=22) Ui (o)

(2.25)

and:

+§ %Un_1+l(x) = {\/ﬁcos (5\/ 1- 962) Ui—1(z) + sin (5\/ 1- 332) Tl(l“)} :
n=0

(2.26)
Proof — From the (1.15) it follows that:
X ¢n . ! arccos(e)
Z 7|Tn+l(x) = Re [ezl arccos(w)ege :| (227)
= nl
or in a more convenient form, by setting ¢ = arccos(z):
X ¢n .
> 21T si(x) = Re {[cos (1) + isin (Iy)] [eScosvesisinv] (2.28)
n=0
By exploiting the r.h.s., we obtain:
Re {[cos (1)) + isin (1)) [e5 5 Vesisin¥]} = (2.29)
= Re {cos (1)) €55 [cos (€ sin(1h)) + i sin (€ sin(y)))] +
+sin (1) €4 ) [cos (€ sin(v))) + i sin (€ sin(w))]}
and then, after substituting the previous position of :
Re {[COS (larccos(z)) + i sin (I arccos(z))] {egre& Sin(arccos(‘”))} } = (2.30)

= [cos (E\/ 1-— a?Q) Ti(z) — V1 —22sin (5\/ 1-— :cz) Ul,l(x)}



that is equation (1.31).

Regarding the second statement, we have:

=3 n 1 il arccos(z) cel arccos(w)
Z Un 141(x 721111 [e e (2.31)
n= O 1 -z

and it is easy, by following the same procedure previous outlined, to state
the second identity (1.32).

In the next sections it will be shown that the simple method we have pro-
posed in these introductory remarks offers a fairly important tool of analysis for

wide classes of properties of the Chebyshev polynomials.

3 Products of Chebyshev polynomials.

In this section we will show some important identities related to the generating

functions of products of Chebyshev polynomials. We permit the following results

(1], [5]-

Proposition 5 — For the polynomials T}, (z) and U, (z) and for their complex

representation T, (z), the following identities are true:

no

‘ [Tn(x)]Q + (1 - x2) [Un—l(x)]Z =1, (3-1)
Re[T,(2)]” = [Tu(x)]® = (1 2%) [Unoa (@),
m ([T, ()] = 2V1-— 22T, (2)Un_1(2).

Proof — By noting that:

T, (2)]*> = ReT,,(x)* + ImT,,(z)? (3.2)

that is:

T (@) = [Tu(2)]” + (1 = 2%) [Una (). (3-3)

After substituting the explicit forms of the polynomials T}, (z) and U,(z),
we obtain the first of the (2.1).

We can also note that:



and by exploiting the r.h.s.:

[T (2)]? = [T (2)]® + i2/1 — 22T, (2)Up—1(z) — (1 — 2%) [Up_1(2)]>  (3.5)

which once explicated as real and imaginary part allows us to recognize the
second and the third identities of the statement.

From the (2.1) it also immediately follows that:

Yo HITu@)? = exp(§) (3.6)

exp [€ exp (2i arccos(z))] .

g
2

=]
3

&

o
I

The (2.1) and the (2.6) can be used to state further relations linking the
Chebyshev polynomials of the first and second kind [1], [2], [6]. We have in fact:

Proposition 6 — The polynomials T;,(z) and U, (z) satisfy the following iden-

tities:
+00 4
Z E|Tn(as)|2 = % [65 + 8027 1) g (2590@)} (3.7)
n=0
and:
+00
Z %|Un_1(x)\2 = ﬁ [65 — (277 =1) og (2533\/ 1- xQH . (3.8
n=0

Proof — By summing term to term the first two identities of the (2.1), we have:

2T%(z) = | T, (2)|* + ReT? (). (3.9)

n

By multiplying both sides of the previous relation by i—, and then summing

up, we find:
“+o0 n ) “+o0 é.n ) +oo fn )
ZOZ—H!Tn(m) = ZO T (@)l + 20 > ReTS () (3.10)

and by using the (2.6), we can write:



Z Z—T2 = exp (§) + Reexp [€ exp (27 arccos(x))] . (3.11)

By expanding the r.h.s. of the above identity, we obtain:

+00  p
> Q%Ti(x) =exp (§) + exp [¢ (22° — 1)] Re {exp <22§xm)] (3.12)
n=0 !

that is:

Z 2—T2 (3.13)
= exp (§) + exp [¢ (2:102 —1)] Re [COS (2§x\/1 — xQ) + isin (25;10\/ 1-— x2)} ,

which proves equation (2.7).

The second identity of the statement can be derived in the same way; in fact
it is enough to note, that by subtracting term to term the first two relations of
the (2.1), we find:

2(1-a?) U2 () = |Tn(x)]* — ReT?(x) (3.14)

and by following the same procedure we obtain the (2.8).

The last equation of the (2.1) allows us to state the further identity:

21 — x2

In the previous section we have derived different generating functions for the

X en ex —
Y %Tn(x)Un_l(z) _ el -] o (25:1:\/1 - x2> . (3.15)
n=0

Chebyshev polynomials T, (x) and U, _1(z); we can generalize those results for
their products. We firstly note that, from (2.1) and from the choice of &, |£| < 1,
that:

€T, (2)* <1
which implies:
+o00 1
> T () = —. (3.16)
n=0 1- 6

10



Otherwise, can also be noted that:

T2(z) = [exp (i arccos(z))"]” < 1

and since |¢| < 1, it follows that:

Z{”TQ ! . (3.17)

T 1- € exp (2¢ arccos(z))

Proposition 7 — Let £ € R, [£| < 1; the following identities hold:

X e 11 1—&)(1—¢ (222 -1
¢ Tn(x)_Ql_g[1+(1_;€((2x2_(1)+§2)) (3.18)
and:
n B 1 1 (1-9 (1-¢(202-1))
Zﬁ n-1 2(1—952)1—5{1 1—2¢ (222 — 1) + €2 (3.19)

Proof — By multiplying both sides of the (2.9) by £ and then summing up, we
find:

—+00
2 Z T2 (x Z &' T (@)]* + ) €"ReT}(x) (3.20)

and from the (2.16) and (2.17), we can write:

1 1
2y "TI7(z) = —— +Re : 3.21
Z ¢ —¢ + {1 — Cexp (2i arccos(gc))] (3:21)
Let set ¢ = arccos(z), the r.h.s. of the above relation can be recast in the
form:
1 1 1 1—&e ™
—— +Re = R , , .
-’ L —Eexp (2 arccos(x»] ¢ T {u —Ee) (1- se—wﬂ
(3.22)
After exploiting the r.h.s., rewriting in terms of x, we obtain:
1 1 1 1—-¢&(222 -1
1-¢ 1 — Eexp (2i arccos(x)) 1—¢&  1—2¢]cos(2arccos(x))] + &2
(3.23)

which gives the (2.18).

11



From the equation written in the (1.14) and by using again the (2.16) and
(2.17), we have:

= 1 1
2(1-a7) nz_%f Uneale) = 1-¢ Re 1 — € exp (2i arccos(x)) (3:24)

which once exploited gives us the (2.19).

4 Further generalizations

In this section we show further identities and generating functions involving
products of first and second kind Chebyshev polynomials [1], [4].
By using the equation (2.15), we can state the further identity:

x§
[1-26(22% - 1)+ &%

+oo
> T (@) Un o (2) = (4.1)

n=0

In fact, by multiplying both sides of the third equation of the (2.1) by &"

and then summing up, we obtain:

+oo
2V/1— a2 &' Ty (2)Up-1(x) = Im ! (4.2)
n=0

1 — € exp (2i arccos(x))

which, by using the same procedure exploited in the above proposition, gives
the (2.25).

In the first section (see (1.3)) we have introduced the complex quantity
T, (z) to better derive the properties of the Chebyshev polynomials T}, (x) and
U, —1(z). To deduce further properties involving generating functions of Cheby-
shev polynomials, we will indicate with T, (z) the complex conjugation of the
Chebyshev representation T, (z).

By using the identities stated in (2.1), we can immediately obtain:

Re [Tn(x)Tn(y)] = Tu(z)Tn(y) + V(1 —2?) (1 = y?*)Un—1(2)Un-1(y)
Im [Tn<$)Tn(y)] = V1=2?Un_1(2)Ta(y) — V1= y*Un1(y)Tn(x)

and:

12



Re [T, (2)Tn(y)] = Ta(z)Th(y) — /(1 —22) (1 = y*)Upn-1(2)Un-1(y)
Im [Tn(x)Tn(y)} = Vv1- mgUn—l(x)Tn(y) —v1- QQUn—l(y)Tn(x)

Proposition 8 — Let £ € R, |£| < 1, the polynomials T,,(x) and U, (z) satisfy

the following identities:

Z gn = % [65& cos (EG_) + e cos (€Gy)]  (4.3)
f" _ 1 [e8F= cos (€G4) + €81+ cos (€G-))]
Z n 1 n 1(y) - 2 m<1 _ y2)

where:

Fr = ay+ /(121 y?), (4.4)
Gi = yV/1-a2+/1-y?

Proof — From the relations in the (2.27) and (2.28), we find:
2T, (2)T(y) = Re [Tn(2)Tu(y)] + Re [Tn(z)Tr(y)] . (4.5)

By multiplying both sides by %L and summing up, after setting 1) = arccos(z),
¢ = arccos(y), it follows that:

2 Z —'Tn(:c)Tn(y) =Re [exp (£ (e ")) + Re [exp (¢ (e™e™))].  (4.6)

n=0

By exploiting the r.h.s of the above equation we obtain:

Re [exp (f (ew’e_id’))] + Re [eXp( ( ”/’ew’))] =
= Re {exp [£ (cost + isine)) (cos ¢ —isin )|} + (4.7)
+Re {exp [€ (cos ) + isin) (cos ¢ + isin )]}

which gives, after substituting the values of x and y:
Re [exp (¢ (¢*0¢9))] + Re [exp (¢ (e¢*))]
= Re {exp [¢ (o —ioy/T- 2 +igvT— 22 + VI—2V/T— )| L+

—l—Re{eXp [f (a:y—l—ix\/l—y2—i—iy\/l—xQ—\/l—xQ\/l—yQ)}}.
(4.8)

13



By using the identities in (2.30), the above relation can be recast in the more

convenient form:

Re [exp (€ (e™e™"?))] + Re [exp (€ (e™e™))] =

= et Re [cos (Sym) cos <§:zz 1 — y2) — zcos §y\/ﬁ) sin <§x\/177>
+ icos (&r\/ﬁ) sin (§yv/1 — 22) + sin (€yv/1 — 22) sin (§x\/1—7>} +
+ef-Re [cos (51\/?) cos ( Eyv1 — x2) + ¢ cos (Emﬁ) sin (Eym) +
+ icos (§yv1 — 22) sin (ﬁx 1— 2) — sin (53: 1— ) sin (gy\/ﬁ)}

By remembering that:

cos(a) cos(B) — sin(a)sin(8) = cos(a+ 5)
cos(a) cos(3) + sin(«) sin(5) cos(a — )

we can rearrange the r.h.s. of the above equation in the form:
Re [exp (& (eiwe_i¢))] + Re [exp (¢ (ewew))] = (4.9)

= 8% cos {{(y\/lfofx\/lny)]wLegF* cos {5 (y\/17x2+9:\/17y2>}

and immediately follows the first one of the (2.29).

By using again the relations (2.27) and (2.28), we can write:

2/ (1 —22) (1 = y?)Up_1(2)Up—1(y) = (4.10)
= Re [Tn(x)Tn(y)} — Re [T, (2)Ty(y)]

which, once following the same procedure previous exploited, gives:

2/ (1 —22)( Z Un 1(2)Un—1(y) = exp [¢ (ewe_w)] —exp [¢ (ew’ew)]

(4.11)
and then, the second of the (2.29) can easily be derived.
These results can be used to find similar identities linking products of the
polynomials T}, (z) and U, (z). We note in fact that the relations written in the
(2.27) and (2.28), for the imaginary part, can be combined to give:

21— 22U, 1 ()T (y) = Im[T,(z)Tr(y)] +Im [Tn(m)Tn(y)] (4.12)
21 = 2Up—1(y)Ta(x) = Im[Tp(2)Tn(y)] —Im [Tn(2)Tu(y)] -

14



By using again the positions in the (2.30) and the above identities we can

state the following result:

Proposition 9 — Let £ € R, |¢] < 1, the polynomials T,,(z) and U, (x) satisfy

the following identities, involving T — U products:

1 e F+ sin (€G ) + - sin (€G )

+00 .p
S ST = T (4.13)
n=0 X

legF* sin (EGy) + €8 sin (€G)

+oo
" _
;HUn—l(y)Tn(@ - 3 m

Proof — From the (2.38), we get:

Im [exp (feiwe*w)] + Im [exp (fewe“b)]

(4.14)

+oo ¢n
Z HUnfl(x)Tn(y) =
n=0

1
21 — 22

+oo gn

1
ngo HUnfl(y)Tn(x) = Q\/Tig/?

Im [exp (§ewei¢)] —Im [exp (§6iw€_i¢)]
(4.15)
where is 1» = arccos(z) and ¢ = arccos(y). By following the same procedure
used in the previous proposition we easily obtain the thesis.
The relations stated in the Proposition 7 can be extended to the two-variable

case. By noting in fact that:

|T(x)| = |exp (i arccos(z)) | =1

and by choosing |£] < 1, we have:

ET(2)||T| < 1
and finally:
S 1
Z;@Tmeaw = T (o) (eimeesso)) (4.16)
S T 1
;fnTn(:C)Tn(y) - 1-¢ (ei arccos(m)) (ei arCCOS(y)) :

15
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