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GENERATING FUNCTIONS OF
CONVOLUTION MATRICES

Yongzhi (Peter) Yang

1. INTRODUCTION

Hoggatt and Bergum [2] studied the general expression for the entry in the 5** row and the
j** column of a convolution matrix and obtained row generating functions for the convolution
matrix of the sequence {1,wus,us, us,...}. In this paper, we extend the Strong Convolution
Decomposition Theorem [3] to a more general case. Based on this extension, we decompose a
convolution matrix into a product of a lower trianglular matrix and the upper triangular Pascal-
like matrix. This interesting decomposition of a convolution matrix leads a novel approach to
the subject proposed in [2]. Using this new method, we obtain a simple explicit formula for
entries of a convolution matrix and row generating functions of the convolution matrix of the
sequences {v,} and {u,}. Moreover, the approach developed here can be easily extended to a
rather broad category of integer matrices.

To review, the convolution of two sequences {a,} and {b,}, (n = 1,2,3,...), is the
sequence {c,} where ¢, = 3 p_; Gkbn—k+1. The convolution matrix of two sequences {an}
and {b,} is the matrix whose first column is {a»} and whose i** column (i = 2,3,...) is
the convolution sequence of the (i — 1)** column with {b,}. We say that the convolution
matrix of the sequences {a,} and {an} is the convolution matrix of the sequence {a,}. There
are many well-known integer matrices which can be written as convolution matrices of some
sequences. The rectangular Pascal triangle matrix, for instance, is the convolution matrix of
the sequence {1,1,1,1,...} and the lower triangular Pascal matrix is the convolution matrix
of the sequences {1,1,1,1,...} and {0,1,1,1,...}. Furthermore, the convolution matrices of
some particular sequences may have very interesting properties. For example, the convolution
matrix of the sequence {1,2,3,4,5,6,...} is
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11 1 1 1 1
2 4 6 8 10 12
3 10 21 36 55 78 .

M=14 20 56 120 220 364 ... (1)
5 35 126 330 715 1365
6 56 252

792 2002 4368

Tt is not, difficult to show: (1) The sum of the antidiagonal of the matrix M is the even term
of the Fibonacci sequence {1, 3,8, 21, 55, 144, . . .}. (2) Each row of the convolution matrix M is
clearly the row of the triangle of coefficients of shifsed Chebyshev’s S(n,z—2) = U(n,z/2 - 1)
polynomials (exponents of « in decreasing order). (3) The determinant of an upper left corner
n x n submatrix of M is 2("=17/2 We left the proofs of results (1) and (2) as exercises for
the interested reader.

Therefore, studying the properties of convolution matrices can be important for under-
standing the structure of a class of integer matrices.

2. GENERALIZED CONVOLUTION DECOMPOSITION THEOREM

To examine convolution matrices in general, it is convenient to represent. a convolution
matrix ' of two sequences {v,} and {u,} in terms of multiplication of matrices as following:

C: [vy.’ l/V!UZI_/!"'ﬂUnV7"']J (2)
where
uy uwy 0 0 0 0
uz uz wr 0 0 O
U= | % u3 uz u; 0 0 (3)
Us Uq U3 Uz uy 0O
Us Us uUg U3z u U
and V is a vector [v;, vg, vs, vy, ... )7

In [3] we obtain the Strong Convolution Decomposition Theorem for a convolution matrix
of a sequence {uy,ug,u3,... }, where uy is a positive integer. We restate the theorem as
following;:

Strong Convolution Decomposition Theorem: Let {ug} be a sequence whose first term
is a positive integer 7, and let V be the convolution matrix of that sequence. Then V' = SP}
for some lower triangular matrix S and the upper triangular Pascal matrix Py, Moreover, suc-
cessive columns of S are successive convolutions of the sequence {uy} with {0, u2,u3,uy,. .. ks

Here we propose to generalize this theorem to any convolution matrix of two sequences

{vn} and {u,} using notations developed by Call and Vellernan [1].
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Let Pylz] be the infinite dimensional matrix defined by

1), Eizi
(Pylz))i; = =l . 4
(Pulz])s { 0, otherwise ~ )
where r is any real number. Then it is proved in [1] that
(Py)"=Py[r] and (P})7'=Py[-r]=Fy", (5)

where Py = Py[1], the standard upper triangular Pascal watrix, and r is any real number. If
7 = 0, then we define P = I, where I is an identity matrix.

Using these facts, we can prove the following generalization of the Strong Convolution
Decomposition Theorem in [3):
Theorem 1(Generalized Convolution Decomposition Theorem): Let {v,} and {u,}
be any two sequences of real numbers and let C' be the infinite dimensional convolution matrix
of {vn} and {un}. Then C = SP;* for some lower triangular matrix S and the npper frian-
gular Pascal matrix Py. Moreover, successive columns of S are successive convolutions of the
sequences {v,} and {0, us, ug, us, ... }-
Proof: Using equations (2) aud (5),

S=0u ™
() QCw) (Quw)? Qu) ()
0 ) (D (=u1) (z)(%n)2 (L)(—ul);'
= —uy)! =
= [V, UV, U*V,...,U"V,...] g g (6) (2)((;/ Egéii;l
0 0 0 0 ¥
=V, (U - u D)V, (U -, 1V,..., (U —u )"V,...]
=[V,BV,B?V,...,B"V,...] (6)

where B = (U — wyI). Thus, C = SP} where S = [V,BV,B?*V,...,B"V,...] is the
convolution matrix of the sequences {v1,v9,v3,v4,...} and {0, u2, u3,u4, ... }. This completes
the proof of the theorem.

When the first term v; of the sequence {vy, vz, v3, v4, ... } is a positive integer and {u,} =
{vn}, this thcorem agrees with the Strong Convolution Decomposition Theorem in [3]. The
following corollary is an immediate conclusion of Theorem 1.

Corollary 1: Let (), be the upper left corner m X m submatrix of the convolution matrix C

of the sequences {v,} and {u,}. Then |Cp,| = yy M2,
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Proof: By Theorem 1, C = SPj*. Now, |Pj'| = 1% = 1, so |C| = |S]. Since S is a lower

3 1 : . 1424 +(m—1 :
triangular with diagonal elements vy, viuz, v1u3, ..., |Sm| = o7y, i ), where S, is

the upper left corner m x m submatrix of S. Hence, |Cp| = [Spm| = vPup ™= 1/2,

Remark: The determinant of any convolution matrix of the sequences {v, } and {un} is wholly
determined by the first term of the sequence {v,} and the second term of the sequence {u,}.
Corollary 1 is a generalization of the corollary in [3].

3. GENERAL TERM OF A CONVOLUTION MATRIX

In this section, we employ the Generalized Convolution Decomposition Theorem to find
the general term of a convolution matrix C of sequence {u,}. This approach can be easily
extended to the convolution matrix of two sequences {v,} and {u,}. Let S, be the matrix
consisting of the first n rows of the matrix § defined previously. It is easy Lo see that S, is an nx

oo convolution matrix of the finite sequences {u1, s, ua, ua, ..., un} and {0, o, us, vs, ..., un}.
If f(z) = 307, uw;z*~! is the generating function of the finite sequence {u1,ua, us, ug,...,un}
and g(z) = Y I_, usz'™! is the generating function of the finite sequence {0, ua, us, 14, ..., uy}

then the generating function for the I** column of 8, is f(z)g' ™! (z) = ui1g*~{z)+¢'(z). Thus,
the entry in the it* row and the j** column of S, denoted by s, ;, is the coefficient of zF~! in
f(z)g?~'(x). By noting that the coefficient of z* in (uoz +uzz® + - +upz™ )™ is

m! b il i
- TR AR (™)

Iy +lg+o o+l =m
1207 i=2,3,...7;
Us+2lg+-+(n—1)l, =k

we have

m-1)! i
o s 2 3 k.
Snym = Uy E 7—2'1 1 i Uz U3 U

ly+ig+etl,=m—1 s el

1,>0; i=2,3,...,n;

Up+25+--+(n—1)l,=n—1
m! Lo .
+ E ——uZus ... Ul 8
it .. Q. 23 = ®

lay+la++in=m
1;20; 1=2,3,...,n;
Ua+2l3 4t (n—1)l,=n—1
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Let ¢p yn be the entry in the n'® row and the m®® column of C. From the Generalized Convo-
lution Decomposition Theorem, we know that

min{n,m} m—1
g o m—k
Cnm = Z 3n,k(k_1)u1
k=1
min{n,m}
k-1 4,
T Z {us Z I\l ”Tyu;“f s i
k=1 Bilfrhlapsl 2 Al

1;>0; i=23,...,n;
U234+ (n—1)ip=n—1

k! m-—1
+ ] ———}( )u’f‘"‘- 9)
1.4 !
Lakh o e Ll L\ k-1

L0y =23, . n;
Ug+2l3+-+(n—1)l,=n—1

4. ROW GENERATING FUNCTIONS FOR A CONVOLUTION MATRIX

Now we are in a position to find the tow generating functions of a convolution matrix. Let
Fin(x) be the generating function for the m* row of a convolution matrix C of the sequences
{vn} and {un}. It is easy to see that

oo
Fa(z) = Zcm,kxk_lk (10)
k=1
Also, by Theorem 1, F,,,(z) equals
B} = Tt Bt -+ o 5 B0y B S L e s ] (11)

It is not difficult to prove that

T
B [1,:5,:1:2,.,.,137",.,.}

_ [);1 & 72 71 T "
= (]—ul:r;)’(1_,“11)2?(1_ulx)a,-,.,(l_ulm)m,... . )
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Thus,
Fm(I) = [Sm,h Sm,2y -y Smom, 0105 e J

1 T 52 4
I-—wz) T -w2)? Q—wz)® {1 wrves rllly

m—1 T
1 (13)

We summarize this discussion in the following theorem.
Theorem 2: The generating function of the m®® row of the convolution matrix C of two
scquences {v,} and {uy} is

Fuls)= Y Sme (14)

where sm i is the clement in the m™ row and the ™ column of S and S is the convolution
matrix of the sequences {v,} and {0, uz, uz, ug, ... }.

Combining equations (8) and (14) we obtain the generating function of the m** row of
the convolution matrix C of the sequence {u,}

m
Z 5 k-1t
0 - ' ] !
Fm(.’[) = i‘il—l‘Tu;Us}...U"’,‘",
k=1 R P i 2135t
20 =23 ... .m:

o +2[3 4+t (m—1)l,=m—1

k—1

k! L1 T
2 3 l
* X DA RTAAC R R cprye 3 (15)
S S
20 1=2.3,..,m;
Ha 4215+ i (m=1)1 =rn—1

For example, using the formula in equation (15) we obtain the generating function of the

* row of matrix M in equation (1)

n

Ll/f]ﬁ (akn—l)mk_l

(1—=z)"

Fo(z) = (16)

The reader may wish to fill in the details of the computation.
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5. CONCLUSION

The Generalized Convolution Decomposition Theorem allows calculation of row generat-
ing functions of convolution matrices. Our matrix decomposition approach differs from the
approach in [2]. Indeed we have found that our results yield much insight into the structure
of generating functions and can be extended to find the generating functions of a rather broad
category of matrices. We hope that the matrix decomposition approach developed here may
shed some light on derivations of row or column generating functions of arithmetic-progression
matrices [3] and the recursion relation matrices studied by Ollerton and Shannon [4].
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