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GENERATING FUNCTIONS
OF THE INCOMPLETE FIBONACCI
AND LUCAS NUMBERS

A. PINTER - H. M. SRIVASTAVA

For the incomplete Fibonacci and incomplete Lucas numbers, which were
introduced and studied recently by P. Filliponi [Rend. Circ. Math. Palermo (2)
45 (1996), 37-56], the authors derive two classes of generating functions in
terms of the familiar Fibonacci and Lucas numbers, respectively.

1. Introduction and the Main Result.

The incomplete Fibonacci and incomplete Lucas numbers were intro-

duced recently by Filipponi [1]. The incomplete Fibonacci numbers F, (k)
are defined by
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and the incomplete Lucas numbers L,(k) are defined by
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where [s] denotes the greatest integer in s.

It is easy to see that

F, ([" ; ! ]) —F, and L, ([%]) =1,

where F, and L, are the nth Fibonacci and Lucas number, respectively.
The purpose of this note is to derive the generating functions for these
classes of numbers.

THEOREM Let k be a natural number. Then

| (Fa + Fyq)(1 = )1 — 42
A=A -t -2

3 R(t):=) F(Hr =o**
j=0

and

ox (Lak—1 + Log—2t)(1 = ¥ — 122 — 1) *

(4) Sk(t) ZLk(.])tJ =t (] -—t)k"_l(l——t—fz)

j=0

In the trivial case when k& = 0, we have
Fo(j)=Lo(j)) =1(j €eNg:={0,1,2,...}),

which immediately yields

1
Ro(1) = So(2) = -7

2. Proof of the Theorem.
The proof of our Theorem is based upon the following

LEMMA Let {s,}32, be a complex sequence satisfying the non-
homogeneous second-order recurrence relation:

(5) Sp=asp_1 +bsy_ 2471, (n€ N\{l}’ N:= NO\{O}),
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where a,b € C and r, : N — C is a given sequence. Then the generating
function U(t) of s, is

Gt)+sg—rog+ (51 —spa—r)t

©) ve = 1 —at — bt?

where G(t) denotes the generating function of r,.

Proof. Indeed, by using a fairly standard technique, we obtain

) U@t) =so+sit+ 522+ +s5" + -,

(®) atU(t)=Soat+s1at2+-.-+asn_lt"+,,,’

9 br2U(t) = sobt*> + -« + bsp_ot" + - - -,

and

(10) G(t)=r0+r]t+r2t2+...+rntn+“'.
Therefore

¢8)) U@)(1 — at — bt?) — G(t) = so — ro + (51 — soa — ri)t,

which completes the proof of the Lemma.

In the sequel, k is a fixed positive integer. It is known (see [1]) that
Fok) =0 if 0<n <2k+1, Fyu(k) = Fy, and Fyia(k) = Forqa,

and that
n—3—k

(12) Fu(k) = Fp_ (k) + F_2(k) — (n 3 2%

) if n>2k+3.

Set
so = Fouqi1(k), 51 = Foqa(k), and s, = Frin41(k) (n € N\{1}).

Also let

-24+k
ro=r; =0 and r,,:(n —; )
n_
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The generating function of the sequence r, is t2/(1—t)**! (cf. [2, p.
349, Problem 216] or [3, p. 355, Equation 7.1(5)]). Thus the generating
function Ui () of the sequence {s,}3-, satisfies the equation:

2

(13) U =t =)+ s = P+ (P = Faol.

Finally, the generating function Rx(t) of {F(k)}2°, is t**1U(s).

For the following facts we also refer to [1]:
L,(k) =0 if n <2k, Ly(k) = Ly_1, and Loyyi(k) = Ly,

and (in general)

Lp(k) = Lp—1(k) + Lp—2(k)

(14) _L_Z__(n—z—k)(n>2k+2).
n—2—k\n—-2-2% -
Put
so = Lox(k), s1 = Loxt1(k), and s, = Logn(k) (n € N\{1}).
Also set

—242% (n—2+k
(15) ro=r =0 and r,,‘=—’f—+——(" +

rre (s ) o Em

Then the generating function of r, is (see {2, p. 348, Problem 212]
or [3, p. 355, Equation 7.1 (9)])

22 —1)

a° [l

and the generating function U(#) of the sequence {s,}>°, satisfies the
equation:

22 -1

Uyl —t — t2) + W

= Log_1+ (Lox — Log-1)t
(17

= Log_1 + Lo »t.
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Remark. Since (see [1, p. 47, Equation (3.8)]
n
18) L) = Fak =D+ Fua® (0=t <[3]),

we can give an alternative proof for the generating function (4) of the
incomplete Lucas numbers. From the equation (18) above, we have

(19) D Latr" =) Fu(k= D" + 3 Fu(B)t”
n=0 n=0 n=0
and
1
(20) Si(t) = tRe-1(0) + — Re(0).

Applying the well-known identity:
@n Foa+ Fy = Ly (n € N\{1})

our alternative proof of (4) is complete again.
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