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NOTE ON SOME GENERATING FUNCTIONS

L. CARLITZ*
Duke University, Durham, North Carolina 27706

1. In arecent paper in this Quarterly, Bruckman [2] defined a sequence of positive integers 8, by means of
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(1.1) (1=x)" (140" = 37 B S—
- 2% k!
k=0
This is equivalent to the recurrence
(1.2) By = Byq + {2k — 1)2k — 2)By_2 tk = 2), Bp=8;=1.
Making use of (1.2) he showed that
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(4] k=0
and
-7 b 2k+1
4 _ 2 = 2 X7
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Bateman [1] has discussed the polynomial g, (y,2) defined by
(1.5) (1432 (1=x)Y = 37 x"gnly, 2);
n=0
see also [31. On the other hand the Jacobi poiynemial {6, Ch. 16]
n
{o,B) _ a+n B+n x—1\K{ x+1\7k
(1.6) P = 3 (ST () ()
k=0
satisfies
o o . s
(1.7) > plomndon)popn - ( 7+X—’2‘—7z) (1+%5 72)
n=0
and in particular, forx =0,
(1.8) D plenBn) )t = (14 52)%(1 - 52)®
n=0
It follows from (1.1) and (1.8) that
(1.9) L By = 22KpfHERTHR g) < gk 2% plT-k%K ()

We shall show that both (1.3) and (1.4) can be generalized considerably. We also obtain the following congruence
for B, :
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.
(1.10) 3 1) (;) BrssmBrsim = 0 (mod rim"),

where m and r are arbitrary positive integers.
It would be of interest to find a combinatorial interpretation of By .
2. The writer [4] has obtained the following bilinear generating function:

.
= {1- W}'a—ﬁ‘7(7 —xw)¥(1 - yW)ﬁF[ —a, -B; v, _Q(_— Iy — 1w )
where as usual (1—xwh(l—yw)

n
—

Flzb;cz) = Z (z),"(glj}" n and fal, = ala+1)-(a+n—1), (alp
n

In particular forx=y=~17 and v = —a -, Eq. {2.1) reduces to

{2.2) Z - ﬁ)n 4" nP(a—n,ﬁ-nl (U)P(ﬁ—n,a-nl (0) = (1+ W)aﬂ?/_-[ —a, ~B; —a-f; _ 4w

(1+w)?]’
It is convenient to replace @, 8 by —a, —8, so that (2.2) becomes
(2 3) Z p— _ 4" nP(—a— —B“ﬂ)(o)P(‘ﬁ‘n,“Oé—n)(O) = (7+W)—Ot—ﬁF[ a, B a+B ______]
(w) (1+w)?
Specnallzmg further, we take 8= a+ %, so that
! n_npl-a-n~a-%-n) (~a=%-n,~o~n1)
(2.4 Z: s 4P (0P (0)
= (7+W}'2a'%F[a a+ % 2a+ %, — ZJ
Next in formula (2) of [6, p. 661, 1 *W’
F l- Ya ha+hra—b+1; Az _ |- (1+2)2Flab a~b+1:2]
L (1+2)?
take a=2a, b= %. We get
(2.5) F [ a,at b l2a+%; 4z ] = (1+2)2F[2a, b;2a+ %, 2].
(1+2)?

Hence {2.4) becomes
(2.6) }: e /) 4nwnplrecnmaton) ypfrastinmon) (g o (1 4wy Ff2a, % 20+ Bl .
n

Since
P ) = (1P (—x),
(2.6) may be written in the form

oo

n! o (~a-n,~a~%-n} ;1 2 -% . .
2.7) f; gt w § plroneeten) ()02 o (1w Efa, 1y 20+ B —w]

In particular, for a = %, it follows from (2.7) and (1.9) that
~ 2 7N 2k _
> ST B = (1= W R (5372w

n=0
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Replacing w by 22, this becomes

(2.8) L (2””), = 2(1-22)77F (1, 2, 3/2:-27) .
Since
Lnio 2] S (1/2)n 201 _ 21
ZF[1, %;:3/2: —z%] = ;} (—1)7 (3/2}" nt Z (-1)" 2—172—;—7_ = arctanz,
-

it is evident that (2.8) is the same as (1.4).
3. In{21)takex=~17, y =0, v=-a- 8. Since, by (1.6),

plmecmg) = (& ) ,
it is clear that (2.1) reduces to

z-‘ —a—-B8), B) ( )Zn np(anﬁ—n)(w ) (7+w}°‘F[—a, i —a-p 7+W]
n E

Replacing a8 by —a, —f3, this hecomes

- (a) - -
N n_on (-a—-n,~B-n) = «
(3.1) E(H e A (0) = (1+w) F[aﬁa B; 7+w]
In particular, for ﬁ= %, we get
{al, n_n pl-a-n,~%-n) _ - ”. . =27 1
(3.2) Z i 2 (0) = (1-2]°F | o, %;a+% I—ZJ'
Fora=1, Eq. {3.2) becomes
(3.3) Z 2" By = (1-—z)7TF r 1, %:3/2: - 722 ]
neg 27(3/2), L —Z

This is not the same as (1.3).
The right-hand side of (3.2) is equal to

= (a){B), camr S (a) (%), o (QFr)s s
;“:) rila+ %), (~2217(1~2) Zé rila+ %), (=2) Zé 5
Z = p

r (e
}: (a),z" EO: (2 e T

Hence (3.2) implies

o oo n oo P r o
272" pl-amn-%-n) pp - AN P (B (%e)pt-22) 2"

2w 0= 3, 2" 20 =2 T, ?_:5 T, 2
= n=r

n=0 n=0 r=0
so that
oo s r
z" (=1, = Yo=11) _ %z %(__i)_
(3.4) Z (G‘.‘—f yz}n Pn (0) = e E rifa+ Z’)r
n=0 r=0
For a=1, Eq. (3.4) reduces to (1.3) .
4. Put
(4.1) (1-x)%(1+x)° = 3 cplaBi”

n=0
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Then
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2: Ck(a,ﬁ)zk-_: (f )Xsyk—s 2 (oﬁtﬁ—k‘) Xt

k=0 s=0 r=0
= Z xMy" 2 ( f )( °‘+f_k ) cila,B).
m,n=0 stt=m
k~s+t=n
It follows that
min{m,n)
0D amobln@d) = 3 ("2 (DY @)
=0

The proof follows Kaluza [6] ; see also [3].
Comparing (4.1) with (1.1}, we have

(4.3) B = 2K.kic(—1, —%).
Thus (4.2) implies

min(m,n} —1
(4.4) BmBn = 3 (~1)02¢ (7 )(’t’ )r./ I (2m 420 = 2= 2]+ 1 Bryin-2e
=0 =

For m = 1, Eq. {4.4) reduces to {1.2). It is not difficult to prove (4.4) by induction.
The writer has proved the following result [5].
Let f(n), g(n) denote poelynomials in 7 with integral coefficients. Define u,, by means of

{4.5) Uns1 = Hn)up +glnlu,_q n=>1),
where

(4.6) ug = 1, uy = f0), g(0) = 0.
Then u, satisfies the following congruence:

@.7) A%y, = A%y =0 (modm”),

forai m>1, n> 0, r> 17, where
’
Aluy = Z: (~ ”r—s( : )Un+smU(r—s)m .
s=0

Comparing (4.5) with
Bt = By +2n(2n +1)Bp_y ,
it is clear that (4.8) holds. We have therefore
r
(4.8) Z (=17 \ ; ) BntsmB(r-s)m = 0 (mod m[(r+7)/2])‘
s=0

However a better result can be obtained. By (4.4) we have

(1= x)%1=y)1+x)P(1+y)P = (1+xy —x —y)*(1 +xy +x +y)°
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r ) r . —
1 (1) BrsamBiam = 35 17| )5 ez (g .
s=0 s=0 ! :

) 2t =1 )
< (2n +2rm - 2t = 2j + 1)-Bptrm-2¢ = §> (-1) 5 Bptrm-2¢ 11 (2n+2rm -2t -2/ + 1)
t ’ =0

P
) (—7)"3( g} fs),
s=0
where
fis) = (n+sm—t+1)ffr—sim—t+1) .
Clearly
s) = ag+aysm+ - +agelsm)®t ,

where the a; are integers. Then

r ; 2t
E (—7)”( ’ > ffs) =Z aim? A0 =0 (modrim”).
§=0 i=r
Since
7t -1
=0 2n+2rm—-2t-2/+1)
t! /=0

is integral, it follows at once that

r N
Z (—1)7s (; >B,,+sm3(,_s)m = 0 (mod rim").
s=0
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