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1. INTRODUCTION 

The Fibonacci numbers Fn (w = 0,1,2,...) satisfy the recurrence relation Fn=Fn_l-\-Fn_2 

(n > 2) with F0 = 0, Fx = 1. We denote 

F(*,*) = X F
vA-

F
vk ("**)> (!) 

Vi+v2-l \-vk=n 

where the summation is over all ^-dimension nonnegative integer coordinates (v1? v2,..., v^) such 

that Vj + v2 + • • • + vk = n and k is any positive integer. The numbers F(n9 k) are called convolution 

Fibonacci numbers (see [3], [1], [2]). W. Zhang recently studied the convolution Fibonacci 

numbers F(n, 2), F(n, 3), and F(n, 4) in [4], and the following three identities were obtained: 

X FaF^-An-DF^lnF^), (2) 

I FaFbFc=±-{(Sn
2
-9n-2)Fn_l+(5n

2
-2n-2)Fn_2), (3) 

a+b+c=n
 D U 

X FaFbFcFd =-L-((4n
3
-12n

2
-4n + 12)Fn_2+(3n

3
-6n

2
-3n + 6)Fn_3). (4) 

a+b+c+d=n
 n U 

The main purpose of this paper is that a recurrence relation and an expression in terms of 

Fibonacci numbers are given for convolution Fibonacci numbers F(n, k), where n and k are any 

positive integers with n>k. 

2. DEFINITIONS AND LEMMAS 

Definition 1: The &*-order Fibonacci numbers F„
k) are given by the following expansion 

formula: 

/ « 
A 

= I3*V\ (5) 

By (1) and (5), we have F„(1) = Fn, F(n, k) = F„(t), and F^ =0(n<k). 

Definition 2: The A*-order Fibonacci polynomials F^
k)

 (x;p) are given by the following expan-

sion formula: 

1
 ' =±F?\x;p)t". (6) 

\-2xt-pt
2
; „=0 

By (5) and (6), we have F„(*> = F ^ ; 1) (» > *). 
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Definition 3: Let w, kj be three integers with n>k>2, 0<j<k-l,md 

For any (xx, x2,..., xk_x) e Mk_laJ.^ y, A(xj, x2,..., x^ j ; £, w) is defined by 

where yx, j 2 , . . . , j ^ , Zj, z2,..., zk_x satisfies the following: 

(a) If xx = 1, then j j =n; if xx =03 then j j = w-l. 

(S) V i : l < / < ^ - l ; i f x. =1, then z. = - i ; i fx . - 0 , then z. =1. 

(c) Vi: 1 < / < k - 2; if x. = xi+l = 1 or x. = 03 x m = 1, then j . + 1 = j . ; if x. = x/+1 = 0 or xt - 1, 

*/+i=0,thenj; / + 1= -v /-l. 

Lemma 1: 

(a) ^F^ix;p) = 2kF%\x;p) {n > 1); (7) 

(b) {n + \)F^{x-p) = 2x{n + k)F^\x-p) + p{n + 2k-\)F^(x-Py, (8) 

(c) ^F^\{x-p)-2x^\x-p)-2kF^\x-p)-p^F^(x-p) = 0. (9) 

iVoo/- By Definition 2. D 

Lemma 2: For k > 2, we have: 

(«) 4^
)
(^)

+
4^(^)

=
^

,
^^

; (io) 

(b) ^F^(x;p)-x^Fn^(x;p) = (n-l + 2k)F^(x;p). (11) 

Proof: By Lemma 1(b) and (c), we immediately obtain (10) and (11). D 

Lemma 3: We denote 

s(n,k,j): = X V W , / X I » * 2 . - » * * - P M ) ( 0 < 7 < £ - l ) , 
(*1>*2 * * - l )

e j W
* - K « 

where the summation is over all (k-1)-dimension coordinates (xv x2,..., *<._,) such that (x,, X2, 

. . . ,x t_,)eA/ t_w>y ,then: 

(ty f j - l W * , 0 ) = 5(/i,* + l,0); 

0 / (^ + l\s(n-l,k,k-l) = s(n,k + l,k); 

(c) (j--lX(n,kJ)+0^ + ljs(n-l,kJ-t) = s(n,k + lJ) (I<j<k-l). 
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Proof: 

(*) (f"
1
)^'*'

0
^^"

1
) 2 X

k-i,o(
x
v

x
2>->

x
k-v

k
>

n
) 

(xl,x2,...,xk_l)eMk_l 0 

=(f.I>M.ai....u..)-(j-fe-.)(j=j-.)..(=-. 
= A t f 0(LL... ,l;* + L/i) = £ A t i 0(x„x2 , . . . ,* t ;* + l,ii) = 5(ii,* + l,0). 

(*1'*2 *k)
eM

k,0 

0>) f^+iWi,M-i) = (^+i) X \n(*„^,-,*t-i;*,»-i) 

-(^+ i>*«(fta... .«*.-i)-(=fi+ i)(H+ i)-(=^+ i) 

= A^t(0,0,...,a,* + l,»)= X A0k(x1,x2,...,xk;k + l,n) = s(n,k + l,k). 
(AT,,X2,...,Xt)sA/0t 

(cj 5(w,A: + l,y)= X Ak_JtJ(xl,x2,...,xk;k + l,ri) 
(*b*2

 xk)*Mk_jj 

Z At_y>y(Lx2,...,xt;* + l,n) + X V; , /
0
. * ! 't^+l.") 

(l*2,~,*k) e W
* - ^ (<>.*2 **)

 eMk-J,j 

=(f-
1
) Z Vw,/(

x
2.-.^;*.») 

+(^-+1) Z Wi^.-,^;*."-!) 
(*2

 Xk)eMk-JJ-\ 

= (j--iy(n,kJ) + ̂  + ljs(n-\,k,j-l). D 

3. MAIN RESULTS 

Theorem 1: For « > k > 2, we have: 

« ^*'>-^(£-')^<^ V^W^*'*
 <l2) 

w ^
>
4fe"

1
)

F
""""

+
f(H

+1
)

F
"

r
"-

 (13) 

Proof: 

(a) By (10) and (11), we have 

(x
2
 +P)^

k
\x- p) = nxF^(x; p) + p{n - l + 2k)F^(x; p). (14) 

By (14) and (7), we immediately obtain (12). 
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(b) Taking x = ± and p = 1 In (12) and noting that 

w-mfa), 
we immediately obtain (13). D 

Theorem 2: For n > k > 2, we have 

\k-i-j 

2(x
2
+p) 

where s{n, k, j) is defined as in Leftima 3. 

Proof (using mathematical induction): 

1° When k = 2, by Theorem 1, we have 

5(«,^,7)Fn_w(x;p), (15) 

2(*
2
+/>) 2(x

i
+/>) 

r—rhoOi
 2
, "Vvite />)

 +
^ f r \ i ( ° ;

 2
> »Vva(*; />) 

\WY „ V 

= 1 
;tsI2(x

2
+/»>; U(* +/>)J oo^,-,,, 

Z A w, Ax
i'

 2
>

 n
)

F
n-i-j(x; p) 

M^TjJ te^>J*^--A/» 
(16) 

(16) shows that (15) is true for the natural number 2. 

2° Suppose that (15) is true for some natural number k By the supposition, Theorem 1, 

and Lemma 3, we have 

f-lJ5(«,*,0)Fw„1(x;/») + ( x * 
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+
S(j^]T'(5^)'((f-i>ht./)+(

5
j

1
*'>«.->.*.y->))^Art 

+
uc 

2(x
2
+/>) 

5(/i,* + l,0)FB_1(x;/») 

+
%y^T{w^

sin
-'

,+ij)F
^

x
'-

p) 

+ 
2(x

2
+p) 

s{n,k + \,k)Fn_x_k(x;p) 

'th^''y^jh"-
k+xj)F

--^-
p) <i7) 

(17) shows that (15) is also true for the natural number k +1. • 

From 1° and 2°, we know that (15) is true. 

Theorem 3: For n > k > 2, we have 

Fin, k) = F« = j^lj"12>X», k, j)Fn_p (18) 

where s(n, k, j) is defined as in Lemma 3. 

1 
2 

Proof: Taking x = \ and p = 1 in Theorem 2, and noting that 

F(M) = 3k>=/$g, l) and F„_y = F„_wg;l), 

we immediately obtain (18). • 

Corollary 1: For « > fc > 2, we have 

(a) F(n,2) = \({n-\)F„+2nFn_l)-

(b) F(n,3) = ^ ( ( H
2
- 3 n + 2)F„ + (4«2

-6n-A)F^ + (4»2-4)F„_2); 

fc> JF(n,4) = 7L((«3-6«2 + ll«-6)Fn+(6n3-24«2+6« + 36)F„_i 

+ (12«3 - 24«2 - 48w + 36)F„_2 + (8w3 - 32n)Fn_3); 

(d) F{n, 5) = ̂  ((n4 - 1 On
3 + 3 5H2 - 50n + 24)F„ + (8n4 - 60w3 +1 OOJ2 +120w - 288)F„_! 

+ (24«4 - 120w3 - 60W2 + 660w - 144)F„_2 + (32«4 - 8Gra3 - 320w2 + 440? + 288)F„_3 

+ (16n4 - 160W2 + 144)F„_4). 

Remark: By Corollary l(a)-(c) and Fn = Fn_l + Fn_2 (n > 2), we immediately obtain (2), (3), and 

(4) (see Zhang [4]). 
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