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1. INTRODUCTION

Let )
{an}n=7 and {bn}nﬂ
be any two sequences, then the Cauchy convolution of the two sequences is a sequence { c,,} whose terms are
given by the rule

n
(1.1} tn = z agbpi+y .

When we convelve a sequence with itself  times we obtain a new sequence called the n™ convolutien sequence
The rectangular array whose columns are the convolution sequences is called a convolution array where the n' col-
umn of the convolution array is the {n — 7/ convolution sequence and the first column is the original sequence.

In Figure 1, we illustrate the first four elements of the convolution array relative to the sequence { u,,}

n=1
U ui uy u
u, 2u,u, 3utu, 4uiu,
Uy 2uuy +ul Jutuy + 3u,ul dudu, + 6utu?
u, 2uyu, + 2u,u, 3utu, +6uyu,u, +u? 4uu, + 120%u,u, +4u,u3
Figure 1

Throughout the remainder of this paper, we let
(1'2) Hmn (u.ll Uy, } = HIT)H

be the element in the m™” row and n%7 column of the convolution array.
By mathematical induction, it can be shown that

(1.3) Rip = uf ,

(1.4) Rap = nuf” Tus,

(1.5) Ron = mifug+ (5 ) o 28,

(1.6) Rgn = nuf Tug+2 (2 \) U7—2U2U3+ (’;\} u’;"‘?ug ,

(1.7) Ao = nu'}” u5+(g)u"-2fu3+ZUZU4;+s( ) ufSudus () s,

(1.8) Ren = nu'l Tug+2 ( Sl U7 (ugus +ugug) +3 (Zv ) 073 MZu g+ upud)
+4 (Z) 0~4u3u, + (g) vi 3,
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{1.9) By = nu?"7U7+( ’2’, ) u7’2(u§+ZU3U5+ZUQU5}+ ( 5 ) U'17-3(Ug+3U22U5+6‘U2U3U4}

+ ( y )u’]'4(4ugU4+6'u§u§}+5 ( 5 )u7'5u§U3+ ( & )u',"sug ,
and

(110)  Rgp = nuf Tug+2 ( 5 ) U7 (uguy +ugug+ugug) +3 ( % ) W7 32+ 2uqugug + upud +uuy)
+4 ( 7 ) uTHudug + 3uduzuy+ugu3) + 5 ( 5 ) uT By + 2u3u2)
n n-6 5 n n-7 7
(6)”7 UsUgz+ (7)111 us
The purpose of this article is to examine the general expression for A,,,, and to find a formula for the generating
function for any row of the convolution array.

2. PARTITIONS OF 2 AND R,

A partition of a nonnegative integer m is a representation of m as a sum of positive integers catled parts of the par-
tition. The function m(m) denotes the number of partitions of m.
The partitions of the integers one through seven are given in Table 1.

Table 1
m | Partitions of m mim)
1 1 1
21 2,1+1 2
31 3,1+2,1+1+1 3
41 4,242,143, 1+1+2,1+1+1+1 4
51 5,243, 1+4, 14+41+43,1+2+2,1+14+1+2, 141414141 7
6] 63+3,2+4,1+5,2+2+2,1+1+41+2+3,1+1+1+3, 11

T+142+2, 1+1+1+1+2,1+1+1T+1+1+1

71 7,146,2+5,3+4,1+1+5,1+2+4,1+3+3,2+2+3,
T+1+1+4,1+1+2+3,1+2+2+2,1+1+1+1+3, 1%
1+1+1+2+2,1+1+1+1+1+2,1+1+1+1+1+1+1

. Comparing the partitions of m, for m = 7 through m = 7, with the expressions for A, it appears as if the follow-
ing are true.

1. The number of terms in A, is equal to wfm — 7).

2. The number of expressions whase coefficient is ( 7 ) ,forj=1,2 -, m—1, is the number of partitions of
m — 7T into j parts.

3. The power of u+7 inan expression is the same as the number of times ¢ occurs in the partition of m — 7.

4, The numerical coefficient of an expression involving | 7|, forj=1,2 3 -, m — 1, isequal to the product
of the factorials of the exponents of the terms of the sequience

{ tn oy

in the expression divided into / factorial. The exponent for &, is not included in the product.
In [4], it is shown that these are in fact true statements. That is,

m-1
(2.1) Rmnlur,uz, ) = Y5 (1) af* Poctur, uz, ),
k=1 '
where
(2.2) Pkl 05, ) = 2: aﬁ’_k;—m_F uSrufts up™, k=, +a et Gy,

nfm-1)
3. SOME FINITE DIFFERENCES

The first difference of a function ffx/ is defined as
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(3.1} Aflx) = flx + 1) —flx).
in‘an analogous fashion, we define recursively the n™ difference A"F(x) of fix) as
(3.2) Ax) = AA™H(x)).
In [3], we find
m-7
(3.3) 0 (7T o = oA ),
x=0

Using mathematical induction, it is easy to show the following.

Theorem 3.1. If flx) = ( roxts ) then A#(x) = (~1)" (’— xtson )
and '
Theorem 3.2. 1 f(x)=( ’+;‘+s ) then A”f(x} = ( r;_x:s ) .
Applying (3.3), we then have
Theorem 3.3. |t flx) = (";‘ *5) then

m=1
x fm—17 r—x+s _frts—m+17
Z(—” ( x )( i )—( j—m+1 )
x=0
and

Theorem 3.4. If fix) = ( r +;.‘ *s > then

g (_7))((/13;1)( r+}(+s) - (_7}m-1<j_r;s+1) )

4. THE MAIN THEOREM

Combining (2.1) with Theorem 3.3., we see that, whenever v, = 1, we then have

m-1 m-1 m-1

k -1 k -1 —k+1
z {~1) (mk ) Bmn-k+1 = E -1) (mk ) Z ( " ] ) Pmj
k=0 k=0 =1

m-1 m-~1 m-1
k {m—17 n—k+1 = A n—m+2 }_
- P & 17 )( ) 2 P I iE ) P
=1 k=0 /=1
Now, the only way to partition m — 1 into m — 1 parts is to let every part of the partition equal one. Hence, by
(2.2), we have )
Pm,m-7 = Uén
so that

m-1
.1) )M ( m-t ) Aoty = U377
=0

From {4.1), it is easy to see that the generating function g, (x/ for the sequence { ﬁm,n+7}:=0 ,whereuy = 1,
is of the form

{4.2) Gmlx) = ) Z Rmnerx” .
(1-x" =

In order to determine the generating function g, (x/ for the m®™ row of the convolution array, it is necessary to
determine what is commonly called ’Pascal’s attic.” That is, we need to know the values for the columns correspond-
ing to the negative integers and zero subject to the condition of (4.1). With this in mind, we develop the next two
theorems.
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Theovermn4. 1. fm >2and u, = 1 then R, = 0.

Proof. Lettingn=m — 2 in (4.1}, we have
m-2 m-1
- k —1 -1 -k -1
Sl PR Vel K LA S S il PR P R
k=0 k=1

m~1
+uf ! = E (—7)m+k( e ! )Hmk +ud !,
k=1
By {2.1), using j as the variable of summation, and Theorem 3.4 with r =5 = J, we obtain

m-1 m-1
1" o = (—7/m+k( e 1) 2. ( jl'()Pm/""“g'_’
k=1 j

=1
m-1 m-1 '
==Y Py Y (1) ( me ’)( f) +u’
i1 k=0 |
m~1
="Z Proj (i—rc;1+7) +ug’ "= ~Prn,m=1+ U3’ -0

v
and the theorem is proved. /
Theorem 4.2, in=1,m>2anduys=1then

m-1
Bmyn = 3 (—7)"( ") Pk
k=1

Proof. We shall use the strong form of mathematical induction.
Replacing n by m — 3 in (4.1) and following the argument of Theorem 4.1 where we let r= 0 and s = —1 in Theo-

rem 3.4, we have

m-2 m-1
(“7}m_7ﬁm,~7 = Z (—7)k+7 (m; ! ) 'qm,m—‘k—Z"'Ug’-7 = Z (_”m+k( m;1 )HM,k—1+”g7_1
k=0 k=1
m~1 m-1 . _
= m , gk [ m—T\k—1 m-1
SRV YRS WAV Ll (LR
=1 k=1
m-1 m~1 ) m-1
- m X k{m-1 k—1\ _ ¢ ¢ym =1 m-1
= (=1 P Y, (1) ( . )(I ) (-1) ZPm,</.)+u2
=1 k=0 =1
-7 ) m=1 ,
- / -1 [ -1 m-1
o P’"jk/—m+1)~(_”mzpmjKi )“’2 :
=1 j=1 ‘
Recaliing that '
—n \ _ m{n+m—1~=
( ™ )— {~1) ( m /
ifn>1,andm>0and< _:;1 ) = {) for all n provided m > 1, we have
m~1 .
(_I)m—1lqm,-7 = —Pm,m—I—{-'”m Z (—7)ij/'+Ug,-1
j=1

so that
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m-1 .

=1

and the theorem is true forn = 1.
We now assume that the theorem is true for all positive integers less than or equal to £ Replacingn by m-¢-3

in (4.1), we see that
m-2 . m-1
()™ R feeg) = 3 (—1)K7T ( mo 1) Rmerk-2 U7
k=0 ’

m-1
Z (—1)mk (m—1 )Hm,_(,_k+7)+ug"7

=1
m-1

Z (—1 )m+JPm Z (—1)K (m—l)(t—/l.(+j)+uén-—1 ,

where the last equation is obtained by the induction hypothesis.

Multiplying by (~7)™ 7 and introducing k=0, ane has
m~1 m~1
~ _— _ ; [ (t+] -7
Rm,~(t+1) —Z (~1)F 1Py Z (—1)% (m 7\(1‘ jf*l >+Z (—1)! ( j/\’ij+(—uz)m
=1

j=1 k=0
5 S (7o ")*L, (=1 (577 )Py )™

=1

t+ 3
Z -1y (t1 ) P
where the second gquation is obtained by use of Theorem 3.3 with r = t and s =/ and the theorem is proved
We are now in a position to calculate the generating function for the m™ row of a convolution array whenuy = 1.

When m = 1, we see that A7 , = 1 for all 7 > 0 so that
(4.3) _l]7(X) = L x = ___X_ .,
n=
y (4.1), we have
m-1
Pmer = 3 (DT (7T ) Rigiers + 05
k=1
so that when m > 2, we can use (4.2) to obtain
< m-1 b m-1
Imix) = Z Z (~1)k*1 (m; 1) Ron,nek 21X+ 9 ud " = Z (—1)k*1 ( ”’;7 )xk X
n=g k=1 n=0 ]
m—7 -1 B « k-1 um—j
-+ _— e L
Zﬁmn—k+71\’ +*—- 2_; (-1 1(mk7)x gm(x)+Z:7 Hm-nX"7 +—7;‘—’_—)—( .
=
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Hence,
mﬂ k-1
(1-x) Z Z (—1)k*1 ( m;I) By nx 1T 4y P77
(4.4) Imlx) = k=1 o=t —~ , m>2.
(1—x)
For special sequences
3 Un }n=1

with v = 1, the polynomial in the numerator of g, (x), m > 1, is predictable from the convolution array of the se-
quence. This matter will be covered by the authors in another paper which will appear in the very near future.

REFERENCES

1. V.E. Hoggatt, Jr., and Marjorie Bicknell, *’Convolution Triangles for Generalized Fibonacci Numbers," The
Fibonacci Quarterly, Vol. 8, No. 2 (April 1970), pp. 158—171.

2. V.E. Hoggatt, Jr., and Marjorie Bicknell, “Convolution Triangles,” The Fibonacci Quarterly, Vol. 10, No. 6

(December 1972), pp. 599-609.

Charles Jordan, Calculus of Finite Differences, Chelsea Publishing Co., 1847, pp. 131-132,

4. John Riordan, Combinatarial Identities, John Wiley and Sons, inc., 1968, pp. 188—191.

(d

YokAokolokk

LETTER TO THE EDITOR

February 20, 1975

Dear Mr. Hoggatt:

I’'m afraid there was an error in the February issue of The Fibonacci Quarterly. M. Shallit’s proof that phi is ir-
rational is correct up to the point where he claims that 1/¢ can't be an integer. He has no basis for making that
claim, as ¢ was defined as a rational number, not an integer.

The proof can, however, be salvaged after the point where g is shown to equal 1. Going back to the equation
p* — pg = g*, we can add pg to each side, and factor out a ¢ from the right: p? = gfg + p). Using analysis simi-
lar to Mr. Shallit's, we find that ¢ must also equal 1. Therefore, ¢=p/g = 1/1= 1. However, ¢* — p— 1=—-1#0;
thus, our assumption was false, and ¢ is irrational.

Sincerely,
s/David Raoss, Student,
Swarthmore College
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