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CONVOLUTIONS OF BERNOULLI AND EULER

POLYNOMIALS

WENCHANG CHU AND ROBERTA R. ZHOU

Abstract. By means of the generating function technique, several con-
volution identities are derived for the polynomials of Bernoulli and Euler.

The numbers and polynomials of Bernoulli and Euler are very useful in
classical analysis and numerical mathematics. Their basic properties can
briefly be summarized as follows. More comprehensive coverage can be
found in the monographs by Abramowitz–Stegun [1, §23], Comtet [7, §1.14],
Graham–Knuth–Patashnik [11, §6.5] and Rosen [13, §3.1].

The Bernoulli and Euler numbers are defined respectively by the expo-
nential generating functions
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un

n!
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2eu

e2u + 1
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∑
n≥0
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un

n!
.

Some related summation formulae and identities can be found in Agoh–
Dilcher [2, 8] and Chu–Wang [5, 6]. For the corresponding polynomials, the
generating functions read as
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Both polynomials are expressed through the respective numbers
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n∑
k=0
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)
Bkx
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.

They satisfy the binomial relations

Bn(x+ y) =

n∑
k=0

(
n

k

)
Bk(x)y

n−k and En(x+ y) =

n∑
k=0

(
n

k

)
Ek(x)y

n−k
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differential equations

B′
n(x) = nBn−1(x) and E′

n(x) = nEn−1(x)

reciprocal relations

Bn(1− x) = (−1)nBn(x) and En(1− x) = (−1)nEn(x) (1)

as well as difference equations

Bn(1 + x)−Bn(x) = nxn−1 and En(1 + x) + En(x) = 2xn. (2)

There is also an expression of Euler polynomials in terms of Bernoulli
polynomials

En(x) =
2

n+ 1

{
Bn+1(x)− 2n+1Bn+1(x/2)

}
. (3)

The generating function method (cf. Graham et al [11, Chapter 7] and
Wilf [15]) is powerful in dealing with problems of combinatorial computa-
tions. Motivated by the recent work on bivariate Ω–polynomials due to
Chu–Magli [4], the purpose of this paper is to utilize this tool to investigate
the binomial convolutions defined by

Ωm

(
x, y

∣∣ α,γ
F,G

)
=

m∑
k=0

λk
(
m
k

)Fk+α(x)

(k + 1)α

Gm−k+γ(y)

(m− k + 1)γ
(4)

where α, γ ∈ N0, λ ∈ C and the shifted factorial is defined by

(z)0 = 1 and (z)n = z(z + 1) · · · (z + n− 1) for n = 1, 2, · · · .

Consider the exponential generating function∑
m≥0

um

m!
Ωm

(
x, y

∣∣ α,γ
F,G

)
=

∑
m≥0

m∑
i=0

λi
(
m
i

)Fi+α(x)

(i+ 1)α

Gm−i+γ(y)

(m− i+ 1)γ

um

m!
.

Interchanging the summation order and then making the replacement m →
i+ j, we can reformulate the generating function as follows∑

m≥0

um

m!
Ωm

(
x, y

∣∣ α,γ
F,G

)
=

∑
i≥0

(λu)i

(i+ α)!
Fi+α(x)

∑
j≥0

uj

(j + γ)!
Gj+γ(y)

which leads us to the following product expression∑
m≥0

um

m!
Ωm

(
x, y

∣∣ α,γ
F,G

)
=

λ−α

uα+γ

{∑
i≥α

(λu)i

i!
Fi(x)

}
×

{∑
j≥γ

uj

j!
Gj(y)

}
. (5)

This generating function relation will be utilized to compute the convolu-
tions defined by (4). Several identities will be established for Ωm

(
x, y

∣∣ α,γ
F,G

)
in the remaining three sections, respectively dealing with the cases of “α =
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γ = 0”, “α = 1, γ = 0” and “α = γ = 1” where λ = ±1, 2 and {F,G} will
be specified by Bernoulli and Euler polynomials.

1. α = γ = 0

In this section, we examine the convolution sums Ωm

(
x, y

∣∣ α,γ
F,G

)
defined

in (4), when α = γ = 0 and {F,G} are specified by Bernoulli and Euler
polynomials.

1.1. Fk(x) = Bk(x) and Gk(y) = Bk(y). The exponential generating func-
tion corresponding to (5) becomes{∑

i≥0

(λu)i

i!
Bi(x)

}
×

{∑
j≥0

uj

j!
Bj(y)

}
=

λu2eu(λx+y)

(eλu − 1)(eu − 1)
. (6)

λ = 1 The generating function displayed in (6) can be expressed as

u2eu(x+y)

(eu − 1)2
= (x+ y − 1)

u2eu(x+y−1)

eu − 1
− u2d

du

eu(x+y−1)

eu − 1
.

Extracting the coefficient of um

m! across the last equation leads to the con-
volution
m∑
k=0

(
m
k

)
Bk(x)Bm−k(y) = (1−m)Bm(x+y−1)+(x+y−1)mBm−1(x+y−1).

Applying the relation of difference in (2) for Bernoulli polynomials, we can
simplify the last equation to the following formula.

Theorem 1. (Hansen [12, Eq 50.11.2])
m∑
k=0

(
m
k

)
Bk(x)Bm−k(y) = (1−m)Bm(x+ y) + (x+ y − 1)mBm−1(x+ y).

We remark that the special case x = y = 0 of the last identity

ℓ−2∑
k=2

(
ℓ
k

)
BkBℓ−k = −(ℓ+ 1)Bℓ

is originally due to Euler and Ramanujan (cf. [8, Eq 1.2], [9, Eq 1.2] and
[10]).

λ = −1 Replacing x by 1−x in Theorem 1, then invoking both (1) and
(2) on Bernoulli polynomials, we deduce another convolution formula.

Corollary 2. (Dilcher [8, Eq 3.2] and Hansen [12, Eq 50.11.1])
m∑
k=0

(−1)k
(
m
k

)
Bk(x)Bm−k(y) = (1−m)Bm(y − x) + (y − x)mBm−1(y − x).
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λ = 2 The generating function displayed in (6) can be reformulated as

2u2eu(2x+y)

(eu − 1)2(eu + 1)
= (2x+y−1)

u2eu(2x+y−1)

eu − 1
− u2eu(2x+y)

e2u − 1
− u2d

du

eu(2x+y−1)

eu − 1
.

Extracting the coefficient of um

m! across this equation and then appealing
to (2) and (3), we derive the following convolution identity.

Theorem 3. (Hansen [12, Eq 50.11.4])

m∑
k=0

2k
(
m
k

)
Bk(x)Bm−k(y) = (1−m)Bm(2x+ y) + m(m−1)

4 Em−2(2x+ y)

+ m
(
2x+ y − 3

2

)
Bm−1(2x+ y).

1.2. Fk(x) = Ek(x) and Gk(y) = Ek(y). The exponential generating func-
tion corresponding to (5) reads as{∑

i≥0

(λu)i

i!
Ei(x)

}
×

{∑
j≥0

uj

j!
Ej(y)

}
=

4eu(λx+y)

(eλu + 1)(eu + 1)
. (7)

λ = 1 The generating function displayed in (7) can be stated as

4eu(x+y)

(eu + 1)2
= 4(x+ y − 1)

eu(x+y−1)

eu + 1
− 4d

du

eu(x+y−1)

eu + 1
.

Extracting the coefficient of um

m! across this equation and then appealing
to (2), we derive the following convolution formula.

Theorem 4. (Dilcher [8, Eq 4.2] and Hansen [12, Eq 51.6.2])

m∑
k=0

(
m
k

)
Ek(x)Em−k(y) = 2(1− x− y)Em(x+ y) + 2Em+1(x+ y).

λ = −1 Replacing x by 1−x in Theorem 4, then applying the relations
of the difference and reciprocity in (1) and (2) for Euler polynomials, we can
express the resulting equation as another identity.

Corollary 5. (Hansen [12, Eq 51.6.1])

m∑
k=0

(−1)k
(
m
k

)
Ek(x)Em−k(y) = 2(y − x)Em(y − x)− 2Em+1(y − x).

λ = 2 The generating function displayed in (7) can be expressed as

4eu(2x+y)

(e2u + 1)(eu + 1)
=

2eu(2x+y)

eu + 1
− 2eu(2x+y+1)

e2u + 1
+

2eu(2x+y)

e2u + 1
.
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Extracting the coefficient of um

m! across this equation recovers directly the
following convolution formula.

Theorem 6. (Hansen [12, Eq 51.6.5])

m∑
k=0

2k
(
m
k

)
Ek(x)Em−k(y) = Em(2x+ y)− 2mEm(2x+y+1

2 ) + 2mEm(2x+y
2 ).

1.3. Fk(x) = Bk(x) and Gk(y) = Ek(y). The exponential generating func-
tion corresponding to (5) is given by{∑

i≥0

(λu)i

i!
Bi(x)

}
×

{∑
j≥0

uj

j!
Ej(y)

}
=

2λueu(λx+y)

(eλu − 1)(eu + 1)
. (8)

λ = 1 The generating function displayed in (8) can be expressed as

2ueu(x+y)

e2u − 1
=

ueu(x+y)

eu − 1
− ueu(x+y)

eu + 1
.

Extracting the coefficient of um

m! across the last equation and then taking
into account of (3), we establish the following identity.

Theorem 7.
m∑
k=0

(
m
k

)
Bk(x)Em−k(y) = Bm(x+ y)− m

2 Em−1(x+ y) = 2mBm(x+y
2 ).

We point out that the special case x = 0 of the last theorem recovers the
identity due to Cheon [3, Eq 13] and Srivastava–Pinter [14, Eq 11]:

m∑
k=0

(
m
k

)
BkEm−k(y) = 2mBm(y2 ).

λ = −1 Replacing x by 1− x in Theorem 7 and then applying (1) and
(2) to the resulting equation, we get another identity.

Corollary 8.

m∑
k=0

(−1)k
(
m
k

)
Bk(x)Em−k(y) = Bm(y − x) + m

2 Em−1(y − x).

λ = 2 The generating function displayed in (8) can be expressed as

4ueu(2x+y)

(e2u − 1)(eu + 1)
=

2ueu(2x+y)

e2u − 1
+2

ud

du

eu(2x+y−1)

eu + 1
−2(2x+y−1)

ueu(2x+y−1)

eu + 1
.
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Extracting the coefficient of um

m! across the last equation gives the convo-
lution

m∑
k=0

2k
(
m
k

)
Bk(x)Em−k(y) = 2mBm(2x+y

2 ) +mEm(2x+ y − 1)

− m(2x+ y − 1)Em−1(2x+ y − 1).

By means of (1), (2) and (3), this equation simplifies to the following iden-
tity.

Theorem 9.

m∑
k=0

2k
(
m
k

)
Bk(x)Em−k(y) = Bm(2x+ y)

−m
{
Em(2x+ y)− (2x+ y − 3

2)Em−1(2x+ y)
}
.

λ = 1/2 The generating function displayed in (8) can be expressed as

the partial fractions

euy

eu + 1
× ue

ux
2

eu/2 − 1
=

ue
u
2
(x+2y)

2(eu/2 − 1)
− ue

u
2
(1+x+2y)

2(eu + 1)
− ue

u
2
(x+2y)

2(eu + 1)
.

Extracting the coefficient of um

m! across this equation, then interchanging
x and y and finally multiplying the resulting equation by 2m, we derive the
following convolution identity.

Theorem 10.

m∑
k=0

2k
(
m
k

)
Ek(x)Bm−k(y) = Bm(2x+ y)

− 2m−2m
{
Em−1

(2x+y+1
2

)
+ Em−1

(2x+y
2

)}
.

2. α = 1 and γ = 0

In this section, we examine the convolution sums Ωm

(
x, y

∣∣ α,γ
F,G

)
defined

in (4), when α = 1, γ = 0 and {F,G} are specified by Bernoulli and Euler
polynomials.

2.1. Fk(x) = Bk(x) and Gk(y) = Bk(y). The exponential generating func-
tion corresponding to (5) becomes

λ−1

u

{∑
i≥1

(λu)i

i!
Bi(x)

}
×
{∑

j≥0

uj

j!
Bj(y)

}
=

1

λu

{
λueλux

eλu − 1
− 1

}
ueuy

eu − 1
. (9)



CONVOLUTIONS OF BERNOULLI AND EULER POLYNOMIALS 153

λ = 1 The generating function displayed in (9) can be expressed as

1

u

{
ueux

eu − 1
− 1

}
ueuy

eu − 1
= (x+ y − 1)

ueu(x+y−1)

eu − 1
− ud

du

eu(x+y−1)

eu − 1
− euy

eu − 1
.

Extracting the coefficient of um

m! across this equation and then appealing
to (2), we derive the following convolution identity.

Theorem 11.
m∑
k=0

(
m
k

)Bk+1(x)

k + 1
Bm−k(y) = (x+y−1)Bm(x+y)− m

m+1Bm+1(x+y)−Bm+1(y)
m+1 .

λ = −1 Replacing x by 1−x in Theorem 11 results in another formula.

Corollary 12.

m∑
k=0

(−1)k
(
m
k

)Bk+1(x)

k + 1
Bm−k(y)

= (x− y)Bm(y − x) + m
m+1Bm+1(y − x) + Bm+1(y)

m+1 .

λ = 2 The generating function displayed in (9) can be expressed as

1

2u

{
2ue2ux

e2u − 1
− 1

}
ueuy

eu − 1
= (2x+ y − 1)

ueu(2x+y−1)

2(eu − 1)
− ueu(2x+y)

2(e2u − 1)

− euy

2(eu − 1)
− ud

2du

eu(2x+y−1)

eu − 1
.

Extracting the coefficient of um

m! across this equation and then applying
(2) and (3), we obtain the following convolution formula.

Theorem 13.

m∑
k=0

2k
(
m
k

)Bk+1(x)

k + 1
Bm−k(y) =

1
2

{
(2x+ y − 3

2)Bm(2x+ y)

− m
m+1Bm+1(2x+ y)− Bm+1(y)

m+1 + m
4 Em−1(2x+ y)

}
.

λ = 1/2 The generating function displayed in (9) can be reformulated
as

ueuy

eu − 1
× 2

u

{
ue

ux
2

2(eu/2 − 1)
− 1

}
= (x+ 2y − 1)

ue
u
2
(x+2y−1)

2(eu/2 − 1)
− ueu(

x
2
+y)

2(eu − 1)

− 2euy

eu − 1
− ud

du

e
u
2
(x+2y−1)

eu/2 − 1
.
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Extracting the coefficient of um

m! across this equation, then interchanging
x and y and finally simplifying the resulting equation by means of (2) and
(3), we derive the following convolution identity.

Theorem 14.

m∑
k=0

2k
(
m
k

)
Bk(x)

Bm−k+1(y)

m− k + 1
= (2x+ y − 3

2)Bm(2x+ y)

− m
m+1Bm+1(2x+ y)− Bm+1(2x)

m+1 + Em(2x)
2 + m

4 Em−1(2x+ y).

2.2. Fk(x) = Ek(x) and Gk(y) = Ek(y). The exponential generating func-
tion corresponding to (5) is given by

λ−1

u

{∑
i≥1

(λu)i

i!
Ei(x)

}
×
{∑

j≥0

uj

j!
Ej(y)

}
=

1

λu

{
2eλux

eλu + 1
−1

}
2euy

eu + 1
. (10)

λ = 1 The generating function displayed in (10) can be expressed as

1

u

{
2eux

eu + 1
−1

}
2euy

eu + 1
= 4(x+y−1)

eu(x+y−1)

u(eu + 1)
− 4d

udu

eu(x+y−1)

eu + 1
− 2euy

u(eu + 1)
.

Extracting the coefficient of um

m! across this equation and then appealing
to (2), we derive the following convolution formula.

Theorem 15.

m∑
k=0

(
m
k

)Ek+1(x)

k + 1
Em−k(y)

=
2(1− x− y)Em+1(x+ y) + 2Em+2(x+ y)− Em+1(y)

m+ 1
.

λ = −1 Replacing x by 1−x in Theorem 15 and then invoking (1) and
(2), we can express the resulting equation as the following identity.

Corollary 16.

m∑
k=0

(−1)k
(
m
k

)Ek+1(x)

k + 1
Em−k(y)

=
2(x−y)Em+1(y−x) + 2Em+2(y−x) + Em+1(y)

m+ 1
.

λ = 2 The generating function displayed in (10) can be reformulated as

1

2u

{
2e2ux

e2u + 1
−1

}
2euy

eu + 1
=

eu(2x+y)

u(eu + 1)
− eu(2x+y+1)

u(e2u + 1)
+

eu(2x+y)

u(e2u + 1)
− euy

u(eu + 1)
.
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Extracting the coefficient of um

m! across this equation yields to the following
convolution formula.

Theorem 17.
m∑
k=0

2k
(
m
k

)Ek+1(x)

k + 1
Em−k(y) =

1
2(m+1)

{
Em+1(2x+ y)

− 2m+1Em+1(
2x+y+1

2 ) + 2m+1Em+1(
2x+y
2 )− Em+1(y)

}
.

λ = 1/2 The generating function displayed in (10) can be decomposed

into partial fractions

2euy

eu + 1
× 2

u

{ 2e
ux
2

eu/2 + 1
−1

}
=

4e
u
2
(x+2y)

u(eu/2 + 1)
−4eu

x+2y+1
2

u(eu + 1)
+

4eu
x+2y

2

u(eu + 1)
− 4euy

u(eu + 1)
.

Extracting the coefficient of um

m! across this equation, then interchanging x
and y and finally simplifying the resulting equation times 2m, we obtain the
following convolution identity.

Theorem 18.
m∑
k=0

2k
(
m
k

)
Ek(x)

Em−k+1(y)

m− k + 1
= 1

m+1

{
Em+1(2x+ y)− 2m+1Em+1(

2x+y+1
2 )

+ 2m+1Em+1(
2x+y
2 )− 2m+1Em+1(x)

}
.

2.3. Fk(x) = Bk(x) and Gk(y) = Ek(y). The exponential generating func-
tion corresponding to (5) reads as

λ−1

u

{∑
i≥1

(λu)i

i!
Bi(x)

}
×
{∑

j≥0

uj

j!
Ej(y)

}
=

1

λu

{
λueλux

eλu − 1
−1

}
2euy

eu + 1
. (11)

λ = 1 The generating function displayed in (11) can be stated as

1

u

{
ueux

eu − 1
− 1

}
2euy

eu + 1
=

2eu(x+y)

e2u − 1
− 2euy

u(eu + 1)
.

Extracting the coefficient of um

m! across this equation and then appealing
to (3), we derive the following convolution identity.

Theorem 19.
m∑
k=0

(
m
k

)Bk+1(x)

k + 1
Em−k(y) =

Bm+1(x+y)
m+1 − 1

2Em(x+ y)− Em+1(y)
m+1 .

λ = −1 Replacing x by 1−x in Theorem 19 and then applying (1) and
(2), we can reformulate the corresponding identity as follows.
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Corollary 20.

m∑
k=0

(−1)k
(
m
k

)Bk+1(x)

k + 1
Em−k(y) =

Em+1(y)
m+1 − Bm+1(y−x)

m+1 − 1
2Em(y − x).

λ = 2 The generating function displayed in (11) can be expressed as

1

2u

{
2ue2ux

e2u − 1
− 1

}
2euy

eu + 1
=

eu(2x+y)

e2u − 1
− (2x+ y − 1)

eu(2x+y−1)

eu + 1

+
d

du

eu(2x+y−1)

eu + 1
− euy

u(eu + 1)
.

Extracting the coefficient of um

m! across this equation and then appealing
to (2), we derive the following convolution formula.

Theorem 21.
m∑
k=0

2k
(
m
k

)Bk+1(x)

k + 1
Em−k(y) =

1
2

{
Bm+1(2x+y)

m+1 − Em+1(2x+ y)

+ (2x+ y − 3
2)Em(2x+ y)− Em+1(y)

m+1

}
.

λ = 1/2 The generating function displayed in (11) can be expressed as

the partial fractions

2euy

eu + 1
× 2

u

{
ue

ux
2

2(eu/2 − 1)
− 1

}
=

e
u
2
(x+2y)

eu/2 − 1
− eu

x+2y+1
2

eu + 1
− eu

x+2y
2

eu + 1
− 4euy

u(eu + 1)
.

Extracting the coefficient of um

m! across this equation, then interchanging x
and y and finally simplifying the resulting equation times 2m, we derive the
following convolution identity.

Theorem 22.
m∑
k=0

2k
(
m
k

)
Ek(x)

Bm−k+1(y)

m− k + 1
= Bm+1(2x+y)

m+1 − 2m−1Em(2x+y+1
2 )

− 2m−1Em(2x+y
2 )− 2m+1Em+1(x)

m+1 .

2.4. Fk(x) = Ek(x) and Gk(y) = Bk(y). The exponential generating func-
tion corresponding to (5) is given below

λ−1

u

{∑
i≥1

(λu)i

i!
Ei(x)

}
×
{∑

j≥0

uj

j!
Bj(y)

}
=

1

λu

{
2eλux

eλu + 1
−1

}
ueuy

eu − 1
. (12)
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λ = 1 The generating function displayed in (12) can be expressed as

1

u

{
2eux

eu + 1
− 1

}
ueuy

eu − 1
=

2eu(x+y)

e2u − 1
− euy

eu − 1
.

Extracting the coefficient of um

m! across this equation and then appealing
to (3), we derive the following convolution identity.

Theorem 23.
m∑
k=0

(
m
k

)Ek+1(x)

k + 1
Bm−k(y) =

Bm+1(x+y)
m+1 − 1

2Em(x+ y)− Bm+1(y)
m+1 .

λ = −1 Replacing x by 1− x in Theorem 23 and then utilizing (1) and
(2), we can express the resulting equation as follows.

Corollary 24.
m∑
k=0

(−1)k
(
m
k

)Ek+1(x)

k + 1
Bm−k(y) = −Bm+1(y−x)

m+1 − 1
2Em(y − x) + Bm+1(y)

m+1 .

λ = 2 The generating function displayed in (12) can be expressed as

1

2u

{
2e2ux

e2u + 1
−1

}
ueuy

eu − 1
=

eu(2x+y)

2(eu − 1)
− eu(2x+y+1)

2(e2u + 1)
− eu(2x+y)

2(e2u + 1)
− euy

2(eu − 1)
.

Extracting the coefficient of um

m! across this equation and then appealing
to (2), we derive the following convolution formula.

Theorem 25.
m∑
k=0

2k
(
m
k

)Ek+1(x)

k + 1
Bm−k(y) =

Bm+1(2x+y)
2(m+1) − 2m−2Em(2x+y+1

2 )

− 2m−2Em(2x+y
2 )− Bm+1(y)

2(m+1) .

λ = 1/2 The generating function displayed in (12) can be expressed as

the partial fractions

ueuy

eu − 1
× 2

u

{
2e

ux
2

eu/2 + 1
− 1

}
=

2e
u
2
(x+2y)

eu − 1
− 2(x+ 2y − 1)

e
u
2
(x+2y−1)

eu/2 + 1

− 2euy

eu − 1
+

4d

du

e
u
2
(x+2y−1)

eu/2 + 1
.

Extracting the coefficient of um

m! across this equation, then interchanging x
and y and finally simplifying the resulting equation through (2) and (3), we
derive the following convolution identity.
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Theorem 26.
m∑
k=0

2k
(
m
k

)
Bk(x)

Em−k+1(y)

m− k + 1
= Bm+1(2x+y)

m+1 − Bm+1(2x)
m+1 − Em+1(2x+ y)

+ (2x+ y − 3
2)Em(2x+ y) + Em(2x)

2 .

3. α = γ = 1

In this section, we examine the convolution sums Ωm

(
x, y

∣∣ α,γ
F,G

)
defined

in (4), when α = γ = 1 and {F,G} are specified by Bernoulli and Euler
polynomials.

3.1. Fk(x) = Bk(x) and Gk(y) = Bk(y). The exponential generating func-
tion corresponding to (5) becomes

λ−1

u2

{∑
i≥1

(λu)i

i!
Bi(x)

}
×
{∑

j≥1

uj

j!
Bj(y)

}
=

1

λu2

{
λueλux

eλu−1
−1

}
×
{

ueuy

eu−1
−1

}
.

(13)

λ = 1 The generating function displayed in (13) can be expressed as

1

u2

{
ueux

eu − 1
− 1

}
×
{

ueuy

eu − 1
− 1

}
= (x+ y − 1)

eu(x+y−1)

eu − 1
− d

du

eu(x+y−1)

eu − 1

− eux

u(eu − 1)
− euy

u(eu − 1)
+

1

u2
.

Extracting the coefficient of um

m! across this equation and then appealing
to (2), we derive the following convolution identity.

Theorem 27.
m∑
k=0

(
m
k

)Bk+1(x)

k + 1

Bm−k+1(y)

m− k + 1
= (x+ y − 1)Bm+1(x+y)

m+1 − Bm+2(x+y)
m+2

− Bm+2(x)
(m+1)(m+2) −

Bm+2(y)
(m+1)(m+2) .

λ = −1 Replacing x by 1−x in Theorem 27 and then applying (1) and
(2), we can restate the resulting equation as the following identity.

Corollary 28.

m∑
k=0

(−1)k
(
m
k

)Bk+1(x)

k + 1

Bm−k+1(y)

m− k + 1
= (x− y)Bm+1(y−x)

m+1 + Bm+2(y−x)
m+2

+ Bm+2(1−x)
(m+1)(m+2) +

Bm+2(y)
(m+1)(m+2) .
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λ = 2 The generating function displayed in (13) can be expressed as

1

2u2

{
2ue2ux

e2u − 1
− 1

}
×

{
ueuy

eu − 1
− 1

}
=

1

2u2
− eu(2x+y)

2(e2u − 1)

+ (2x+ y − 1)
eu(2x+y−1)

2(eu − 1)
− e2ux

u(e2u − 1)
− euy

2u(eu − 1)
− d

2du

eu(2x+y−1)

eu − 1
.

Extracting the coefficient of um

m! across this equation and then appealing
to (2) and (3), we derive the following convolution formula.

Theorem 29.

m∑
k=0

2k
(
m
k

)Bk+1(x)

k + 1

Bm−k+1(y)

m− k + 1
= Em(2x+y)

8 + (2x+ y − 3
2)

Bm+1(2x+y)
2(m+1)

− Bm+2(2x+y)
2(m+2) − Bm+2(2x)

2(m+1)(m+2) +
Em+1(2x)
4(m+1) − Bm+2(y)

2(m+1)(m+2) .

3.2. Fk(x) = Ek(x) and Gk(y) = Ek(y). The exponential generating func-
tion corresponding to (5) reads as

λ−1

u2

{∑
i≥1

(λu)i

i!
Ei(x)

}
×
{∑

j≥1

uj

j!
Ej(y)

}
=

1

λu2

{
2eλux

eλu+1
−1

}
×
{

2euy

eu+1
−1

}
.

(14)

λ = 1 The generating function displayed in (14) can be expressed as

1

u2

{
2eux

eu + 1
− 1

}
×

{
2euy

eu + 1
− 1

}
= 4(x+ y − 1)

eu(x+y−1)

u2(eu + 1)

− 4d

u2du

eu(x+y−1)

eu + 1
− 2eux

u2(eu + 1)
− 2euy

u2(eu + 1)
+

1

u2
.

Extracting the coefficient of um

m! across this equation and then appealing
to (2), we derive the following convolution identity.

Theorem 30.

m∑
k=0

(
m
k

)Ek+1(x)

k + 1

Em−k+1(y)

m− k + 1
= 2(1− x− y) Em+2(x+y)

(m+1)(m+2) + 2 Em+3(x+y)
(m+1)(m+2)

− Em+2(x)
(m+1)(m+2) −

Em+2(y)
(m+1)(m+2) .

λ = −1 Replacing x by 1 − x in Theorem 30 and then using (1) and
(2), we obtain the following formula.
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Corollary 31.
m∑
k=0

(−1)k
(
m
k

)Ek+1(x)

k + 1

Em−k+1(y)

m− k + 1
= 2(x− y) Em+2(y−x)

(m+1)(m+2) + 2 Em+3(y−x)
(m+1)(m+2)

+ Em+2(1−x)
(m+1)(m+2) +

Em+2(y)
(m+1)(m+2) .

λ = 2 The generating function displayed in (14) can be expressed as

1

2u2

{
2e2ux

e2u + 1
− 1

}
×

{
2euy

eu + 1
− 1

}
=

eu(2x+y)

u2(eu + 1)
− eu(2x+y+1)

u2(e2u + 1)

+
eu(2x+y)

u2(e2u + 1)
− e2ux

u2(e2u + 1)
− euy

u2(eu + 1)
+

1

2u2
.

Extracting the coefficient of um

m! across this equation and then appealing
to (2), we derive the following convolution formula.

Theorem 32.

m∑
k=0

2k
(
m
k

)Ek+1(x)

k + 1

Em−k+1(y)

m− k + 1
= 1

2(m+1)(m+2)Em+2(2x+ y)

− 2m+1

(m+1)(m+2)Em+2(
2x+y+1

2 ) + 2m+1

(m+1)(m+2)Em+2(
2x+y
2 )

− 2m+1

(m+1)(m+2)Em+2(x)− 1
2(m+1)(m+2)Em+2(y).

3.3. Fk(x) = Bk(x) and Gk(y) = Ek(y). The exponential generating func-
tion corresponding to (5) is given by

λ−1

u2

{∑
i≥1

(λu)i

i!
Bi(x)

}
×
{∑

j≥1

uj

j!
Ej(y)

}
=

1

λu2

{
λueλux

eλu−1
−1

}
×
{

2euy

eu+1
−1

}
.

(15)

λ = 1 The generating function displayed in (15) can be expressed as

1

u2

{
ueux

eu − 1
−1

}
×
{

2euy

eu + 1
−1

}
=

2eu(x+y)

u(e2u − 1)
− eux

u(eu − 1)
− 2euy

u2(eu + 1)
+

1

u2
.

Extracting the coefficient of um

m! across this equation and then appealing
to (3), we derive the following convolution identity.

Theorem 33.
m∑
k=0

(
m
k

)Bk+1(x)

k + 1

Em−k+1(y)

m− k + 1
= Bm+2(x+y)

(m+1)(m+2) −
Em+1(x+y)
2(m+1)

− Bm+2(x)
(m+1)(m+2) −

Em+2(y)
(m+1)(m+2) .
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λ = −1 Replacing x by 1−x in Theorem 33 and then invoking (1) and
(2), we can reformulate the resulting equation as the following formula.

Corollary 34.

m∑
k=0

(−1)k
(
m
k

)Bk+1(x)

k + 1

Em−k+1(y)

m− k + 1
= − Bm+2(y−x)

(m+1)(m+2) −
Em+1(y−x)
2(m+1)

+ Bm+2(1−x)
(m+1)(m+2) +

Em+2(y)
(m+1)(m+2) .

λ = 2 The generating function displayed in (15) can be expressed as

1

2u2

{
2ue2ux

e2u − 1
− 1

}
×

{
2euy

eu + 1
− 1

}
=

eu(2x+y)

u(e2u − 1)
− (2x+ y − 1)

eu(2x+y−1)

u(eu + 1)

+
d

udu

eu(2x+y−1)

eu + 1
− e2ux

u(e2u − 1)

− euy

u2(eu + 1)
+

1

2u2
.

Extracting the coefficient of um

m! across this equation and then appealing
to (2) and (3), we derive the following convolution formula.

Theorem 35.

m∑
k=0

2k
(
m
k

)Bk+1(x)

k + 1

Em−k+1(y)

m− k + 1
= Bm+2(2x+y)

2(m+1)(m+2) + (2x+ y − 3
2)

Em+1(2x+y)
2(m+1)

− Em+2(2x+y)
2(m+1) − Bm+2(2x)

2(m+1)(m+2)

+ Em+1(2x)
4(m+1) − Em+2(y)

2(m+1)(m+2) .

λ = 1/2 The generating function displayed in (15) can be expressed as

the partial fractions{
2euy

eu + 1
− 1

}
× 2

u2

{
ue

ux
2

2(eu/2 − 1)
− 1

}
=

2

u2
+

e
u
2
(x+2y)

u(eu/2 − 1)
− e

u
2
x

u(eu/2 − 1)

− eu
x+2y

2

u(eu + 1)
− eu

x+2y+1
2

u(eu + 1)
− 4euy

u2(eu + 1)
.

Extracting the coefficient of um

m! across this equation, then interchanging x
and y, we derive the following convolution identity.
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Theorem 36.
m∑
k=0

2k
(
m
k

)Ek+1(x)

k + 1

Bm−k+1(y)

m− k + 1
= Bm+2(2x+y)

2(m+1)(m+2) −
Bm+2(y)

2(m+1)(m+2)

− 2m+1Em+2(x)
(m+1)(m+2) − 2m−1

m+1

{
Em+1(

2x+y
2 ) + Em+1(

2x+y+1
2 )

}
.

By manipulating the generating function equation (5), one can derive
other convolution formulae for Ωm

(
x, y

∣∣ α,γ
F,G

)
with different α, γ and λ values.

Because the resulting convolution identities are generally quite complicated,
we confine ourselves to presenting only two further summation formulae
which may serve to show the existence of similar convolution sums.

α = 1, γ = 2, λ = 1 and Fk(x) = Gk(x) = Bk(x)

m∑
k=0

(
m
k

)Bk+1(x)

k + 1

Bm−k+2(y)

(m− k + 1)2
= (x+ y − 1) Bm+2(x+y)

(m+1)(m+2) −
Bm+3(x+y)
(m+1)(m+3)

−(y − 1
2)

Bm+2(x)
(m+1)(m+2) −

Bm+3(x)
(m+1)(m+2)(m+3) −

Bm+3(y)
(m+1)(m+2)(m+3) .

α = 1, γ = 0, λ = 3 and Fk(y) = Gk(y) = Ek(y)

m∑
k=0

3k
(
m
k

)Ek+1(x)

k + 1
Em−k(y) =

2·3m−1

m+1 (3x+y−1)Em+1(
3x+y−1

3 )

− 2·3m
m+1Em+2(

3x+y−1
3 )− 2·3m−1

m+1 (3x+y−2)Em+1(
3x+y−2

3 )+ 2·3m
m+1Em+2(

3x+y−2
3 )

− 2·3m−1

m+1 (3x+y−3)Em+1(
3x+y
3 ) + 2·3m

m+1Em+2(
3x+y
3 )− Em+1(y)

3(m+1) .
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Universitá del Salento
Lecce-Arnesano P. O. Box 193
Lecce 73100 Italy


