Proc. Amer. Math. Soc. 138(2010), no. 1, 37-46.

SOME CONGRUENCES FOR THE
SECOND-ORDER CATALAN NUMBERS

Li-Lu Zuao, HAO PAN AND ZHI-WEI SUN

Department of Mathematics, Nanjing University
Nanjing 210093, People’s Republic of China
zhaolilu@gmail.com, haopan79@yahoo.com.cn, zwsun@nju.edu.cn

ABSTRACT. Let p be any odd prime. We mainly show that

Z::Qk( >_O(modp)

and

p—1
32810 = (1)@= D/2 1 (mod p),
k=1

where C’,gQ) = (3kk)/(2k + 1) is the kth Catalan number of order 2.

1. INTRODUCTION

The well-known Catalan numbers are those integers

c, = nil(?) - (%;’) _ (n2f1> (n=0,1,2,...).

(As usual we regard (_mk) as 0 for £k = 1,2,....) There are many com-

binatorial interpretations for these important numbers (see, e.g., [St, pp.
219-229]). With the help of a sophisticated binomial identity, H. Pan and
Z. W. Sun [PS] obtained some congruences on sums of Catalan numbers;
in particular, by [PS, (1.16) and (1.8)], for any prime p > 3 we have

pile = 3(%3)2—_1 (mod p) and i % = g <1 — (g)) (mod p), (1.0)
k=0 k=1
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e

where the Legendre symbol (§) € {0,%1} satisfies the congruence a =

(5) (mod 3). Recently Z. W. Sun and R. Tauraso [ST1, ST2]| obtained

some further congruences concerning sums involving Catalan numbers.
For m,n e N={0,1,2,...}, we define

(m) 1 mn +n mn +n mn +n
C - = —m

" mn + 1 n n n—1
and call it the nth Catalan number of order m. Clearly

cO - and c®—_L (37
n n 2n+1

In contrast with (1.0), we have the following result involving the second-
order Catalan numbers.

Theorem 1.1. Let p be an odd prime. Then

p—1
Y 2ke? =2 ((—1)00—1)/2 . 1) (mod p) (1.1)
k=1
and ) )
p— k 2
2 ik =4 (1 — (-1)<p—1>/2) (mod p). (1.2)
k=1

Actually Theorem 1.1 follows from our next two theorems.

Theorem 1.2. Let p > 5 be a prime. Then

p—1 _
k —1-1/2 _1q
ZQk ? 56( ) (mod p), (1.3)
k bt
k=0
p—1 -
E+1\ _4(—1)P=D/2 41
ZQ’“ Sk + = (=1) a (mod p), (1.4)
k bt
k=0
Theorem 1.3. For any prime p we have
p—1 Sk
28 (3k
— = d p). 1.
> () =omoan (15)

For any odd prime p we can also prove the following congruences:

p—1

3k +2
5 oF =(—1)®=Y/2 _ 1 (mod p),
> (M) = (mod p)
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We omit their proofs which are similar to those of Theorems 1.2-1.3.
With the help of Theorems 1.2 and 1.3, we can easily deduce Theorem

1.1.
Proof of Theorem 1.1 via Theorems 1.2 and 1.3. Clearly (1.1) and (1.2)
hold for p = 3,5. Assume p > 5. By (1.3) and (1.4),

p—1 Lk p—1 p—1

2 3k 3k 3k+1
= 2k 2) 2F
Sariln) =22 (%) 22 (")
k=0 k=0
( )(p D/2 _ 1 (mod ).

This proves (1.1). For (1.2) it suffices to note that
p—1 k p— p—1 k
2 3k: 2k Z 2 3k
k(2k + 1) k 2k+1\ k )
1 k=1
This concludes the proof. [

k= k=1
We are going to provide two lemmas in the next section. Theorems 1.2
and 1.3 will be proved in Sections 3 and 4 respectively.

1

2. SOME LEMMAS

Lemma 2.1. For m,n € N we have

" LmZ/SJ(_Q)k (m 7_13k> (Sk; — ;n + n)

= . ' (2.1)
-2 (5) (" 4) (3)

Proof. Let P(x) = (2+ 2x — 423)", and denote by [2*]P(x) the coefficient
of z¥ in the expansion of P(z). Then

27" [a™| P(x) =[z™)((1 + z) — 22%)"
[m/3]

=Y (:)(—2)k[xm_3k](l+x)"_k

k=0

IET WY
) Lrgj o <m 7_1 3k> (3k — ;n + n)
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Since
Plz)=(1—-2)"(2z+1)*+1)" = (") (1—z)"(2z + 1)%,

we also have

=2 ()2 (1) ()

J

Therefore (2.1) is valid. O
For any prime p, if n,k € N and s,t € {0,1,... ,p — 1} then we have

the following well-known Lucas congruence (cf. [Gr] or [HS]): (7; Zif) =

(3)(3) (mod p). This will be used in the proof of the following lemma.

Lemma 2.2. Let p > 5 be a prime. Then we have

3(—=1)P=1/2 4 2

p=] Pl /9
(—1)%) 2f = (mod p) (2.2)
ey (V) =7 p

s=0
and
iy b= 2s 3
—1)*Y "2t =" (1—(=1)-1/2 d p). 2.3
S 32 (,7,) = (10 a0y
Proof. Observe that

p—1 p—1 2

> ()

s=0 t=0

(p—1)/2 2s 96 p—1 p—1 95
= ) (-1 2t<t>+ > (—1)822t(t)

s=0 t=0 5:(p—|—1)/2 t=0

(p—1)/2 p—1 p—1 99
— Z (_1)8328 + Z (_1)5 Z Qt( . )

s=0 s=(p+1)/2 t=0

(p—1)/2 p—1 2s 95 2s 9
— —~1)8 2s —1)8 2t _ 2t

crere 5 (2 (7)-2(7))

s=0 s=(p+1)/2 t=0 t=p

p—1 p—1 2s 2
— (_1)5325 o Z (_1)5 Z2t( . )

=0 s=(p+1)/2 t=p

1

S § <—1>8232_p2p+r(r2+5p).

s=0 s:(p+1)/2 r=0
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For s = (p+1)/2,...,p— 1, by Lucas’ congruence we have

2s—p 2s—p
r p+ (28—p) — r 28—p __922s—p
22( Pt _22 . =3 (mod p).

=0 r=0
Thus, with the help of Fermat’s little theorem, we get

p—1 p—1 p—1
. 25\ 1 —(=9)P W2
> (-1 Zzt(t) E%_ > (-1 39
5=0 t=0 s=(p+1)/2
2 e (1= (=9)P172)
=1- (-
579 10
—_1®e-1/2 L9
53< ) 5 + (mod p).

This proves (2.2).
In view of Lucas’ congruence and Fermat’s little theorem, we also have

pi(_l)fi? (p2jt>

s=0 t=0
p—1 p—1 25_p p—1
= 2o (M7)= X e
s=(pty/2 =0 ! s=(p+1)/2
—-1)/2
_g-p(g)p+D/21 = (—i))(p 2 (_1)<p+1>/21% <1 n (_1><p+1>/23p—1>

3

2 (1= (=1)—1)/2

10 (1 (—1) ) (mod p).

So (2.3) is also valid. We are done. [

3. PROOF OF THEOREM 1.2

In order to prove Theorem 1.2, we first present an auxiliary result.
Theorem 3.1. Let p > 5 be a prime, and let d,§ € {0,1}. Then

(—1)d+° w(3k+d

B D DR
B o1
_2- - —9) (112
=5 + 10 (—1) (mod p).

Proof. Applying (2.1) withn=p—1and m =d0p+p— 1 — d, we get

L(6p+p—1—d)/3]
op—1 Z (—2)* p—1 3k +d—op
Pt op+p—1—d—3k k

S T L) ()

k=0
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Observe that

L(5p+p—zl—d)/3J 2y 1 3k +d — op
it Sp+p—1—d—3k k

_ 3 (—Q)k(er(;prid—?)k) (3k+Z—5P)

op—d<3k<ép+p—1—d

Z (—2)k(—1)0p+p-1-d=3k (31@; d)

op—d<3k<ép+p—1—d

(=)™ Z 2k (3k;d) (mod p)

op—d<3k<Ip+p—1—d

and
p—1 p—1 op+p—1—d p—1 2
> G0 I SRR TN )
=0 J 0 op+p—1—d—k k
S 27\ _ 2;
=> (-1 > 2’“( ) Z Z 99p= d+t< )
Jj=0 Sp—d<k<dp+p—d k j= op—d+1t
“— = 2s
=2"1) (1)) 2 (5 d+ ) (mod p).
s=0 t=0 p—
Therefore

3 " (Bk + d)
op—d<3k<dp+p—1—d k

2)“@( Z (s s ) tmod o)

Recall that d € {0,1}. We have

1 p—1

p

S (s, Z)
p—1 —1-d

_ S —+t
_; ZdZ (5p+t>
p—l 1

P||1

(R (i) () (5 -1))

—1p—1 p—1

S () () ()

i
T O
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and hence
p—1p—1
(_1)d+5 Z ok <3k+d) 06 (5 t)
5p d<3k<dp+p—1—d s=0 t= 0 p+
2s
=d20— ¢ 2
= Z ((519—1) <5p+p—1)>

p—1

=d2°71(36 — Z ( ) = d(36 — 2)2°~1(=1)P= /2 (mod p).

Since
] 1 95 4-5 3
i s t = ; P — — (p_l)/2
;( 1) ;2 ((5p—|—t) 10 + 10(2 30)(—1) (mod p)

by Lemma 2.2, we finally get

(-12)6d+6 Z o (Sk;;d)

op—d<3k<Ip+p—1—d

4—-9 3 d
== 74 “(2_ —1)e=1/2 L (35 —9)(—1)P—1)/2
10 + 10(2 30)(—1) + 2(3(5 )(—1)
_4—0 (30 —2)(bd—3) (p—1)/2
== + 10 (-1) (mod p).

This proves (3.1). O

Proof of Theorem 1.2. Let d € {0,1}. If (2p —d)/3 < k < p— 1, then
2k +d+1 <2k +2 < 2p < 3k + d and hence

(3k+d> Bkt d)-(2k+d+1)

k o =0 (mod p).

Therefore

2p—d<3k<3p—3
With the help of Theorem 3.1, we have

p—1
3k+d 3k+d
ok ok
S = 2 ()
k=0 —d<3k<2p—1—d
1
Z Z ok (3k: + d)
5=0 6p—d<3k<op+p—1—d k

Z (41_05 . (35—2ié5d—3)(_1)(p_1>/2>

0

o=
(1) (1+(10d 6)(~1)®"1/2) (mod p).
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This yields (1.3) and (1.4). We are done. [
4. PROOF OF THEOREM 1.3
Proof of Theorem 1.3. Obviously (1.5) holds for p = 2, 3. Below we assume

p > 3.
Let § € {0,1}. Applying (2.1) with m = p + 0p and n = p we get

2> () (M17)

k=0

p » p+6p P 27 .
=(-1)°*! ]z::() (j) kzzo (_2)16(191L op — k) <k>

Observe that

2 a)("47)

k

- ) ()

Sp<3k<p+dip—1

SE Y (—2)k<3kf(sp><3k;5p).

Op<3k<p+dp

For j =1,... ,p—1 clearly

()-4470) =0

2 (_2)k(3k ’ 6p) <3k b 5p>

Op<3k<p+dp

(_1)3k—6p—1 3k—5p
>, (2 3k — op ( k >

0p<3k<p+dp

EILEEES (o)L ((3k—5p)+5p)

3k k
Sp<3k<p+dp

Thus

(by Lucas’ congruence)

1P 2k 73k 9
(—1)°+F : S ?(k) (mod p?).

Ip<3k<p+dop
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Notice that

)2
LG Q)G) ()G )
)

op
2j =46
Qe (2
- J 0
op< 2p
27 —
+(1-9) Z (p> (—2)p+5p( J p) (by Lucas’ congruence )
p<zj<2p p=r

=(-2)°2"° (2" = 1) + (1 - 8)(=2)" (2Pt - 1)
=(—1)%6(2F — 2) = —6(2F — 2) (mod p?).

—1
(Note that 6 € {0,1} and 2, (é’) =0 (?) = 2P —2.) Also,

2;—;;) 6) Zi:(_”k <’<¢ —p<5p> (21;:]) =(1-9) é(—%’“ <Z> (2) —1-4

and
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(Recall that %(2;’) = (2;’__11) = 1 (mod p?) by the Wolstenholme congruence
(cf. [Gr] or [HT)).)
Combining the above with (4.1), we have

2p<1—5+(—1)5+1§ 3y %(3:))

Op<3k<p+dp
=(—1)°T1 (6(2 — 2P) + 1 — § + 47 — 2PT1) (mod p?).
Setting 6 = 0 and d = 1 respectively, we obtain

2k:
op _ opl > - (3k) = 2P*1 — 2 (mod p?)

k
0<3k<p
and i
P 2% (3k\ 11 9
22 > ?(IJ =2 — 2P 447 — 27T (mod p?).
p<3k<2p
It follows that

gp E ﬁ 3k =4P —4.2P 4+ 4= (2" —2)2 =0 (mod p?)
3 k\k/) ™ B '
0<3k<2p

If 2p < 3k < 3p, then

3k 3k---(2k+1)
<k>: " =0 (mod p).
Therefore
p—1 k k
28 3k 28 73k 2% 3k
Z?(k)_ 2. ?(k)“L 2 ?(k:)zo(m()dp)'
k=1 0<3k<2p 2p<3k<3p

This completes the proof of Theorem 1.3. [
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