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The Apéry polynomials are given by

n 2 2
An(x):Z(D (":k> * =01.2,..).
k=0

(Those Ap, = Ay(1) are Apéry numbers.) Let p be an odd prime. We
show that

pl(k3

Z( DfA) =
k=

6)" XK (mod pz),
0

and that

2 (i)
ZA ®= ( )Z @560F M4 P)

for any p-adic integer x # 0 (mod p). This enables us to determine
explicitly Zf;(} (£1)*A, mod p, and Zg;g(—l)kAk mod p? in the
case p =2 (mod 3). Another consequence states that

p—1
D (=D A(-2)

k=0

_ 4x2 —2p (mod p?) ifp=x%>+4y?(x,y€7),
~ | 0 (mod p?) if p =3 (mod 4).
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We also prove that for any prime p > 3 we have

p—1

7
> @k+DAc=p+ gp“Bp_g (mod p°)
k=0

where By, B1, B>, ... are Bernoulli numbers.
© 2012 Elsevier Inc. All rights reserved.

1. Introduction

The well-known Apéry numbers given by

nn2n+k2 nn+/<22k2
An:§<’<> ( k ) i;( 2k ) (k) (neN={0,1,2,...})

play a central role in Apéry’s proof of the irrationality of ¢(3) = Y 72, 1/n3 (see Apéry [Ap] and
van der Poorten [Po]). They also have close connections to modular forms (cf. Ono [O, pp. 198-203]).
The Dedekind eta function in the theory of modular forms is defined by

oo
n(m)=q"]](1-¢") withg=e*"",

where T € H={z € C: Im(z) > 0} and hence |q| < 1. In 1987 Beukers [B] conjectured that

Ap-1;2=a(p) (mod p?) forany prime p > 3,
where a(n) (n=1,2,3,...) are given by
X
nteontan =q[J(1-¢"* (1 -q* Za(n)q
n=1

This was finally confirmed by Ahlgren and Ono [AO] in 2000.
We define Apéry polynomials by

- n2n+k2k - n+I<22k2k
An(x)=Z<k> ( L >x =l§< 2/<) (k> X (neN). (1.1)

k=0

Clearly A,(1) = A,. Motivated by the Apéry polynomials, we also introduce a new kind of polynomi-

als:
n N n/2] 2 191\ 2
Wa(x) =Z<Z) (n v ) XK = Z (;{) (k) ¥ (neN). (1.2)
—0 k=0
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Recall that Bernoulli numbers By, By, By, ... are rational numbers given by

n
n+1
Bo=1 and g( L >B,<:0 forneZt ={1,2,3,...}.

It is well known that By, 1 =0 for all n € Z™ and

o n

X X
o =,§Bnm (1x] < 27m).

Also, Euler numbers Eg, E1, E», ... are integers defined by
" /n
Eo=1 and Z ( )E,,_,< =0 forneZ™ .
k
k=0
2|k
It is well known that E;,11 =0 for all n € N and
S 2n
X T
secx = —D)"Eyp—— Xl<=).
> (=1 = G (|| 5 )
n=0
Now we state our first theorem.

Theorem 1.1.

(i) Let p be an odd prime. Then

p—1 p—1 p—1 (2k)3
D ED A =) D W (-0 =) 1k6" X (mod p?). (1.3)
k=0 k=0 k=0

Also, for any p-adic integer x 0 (mod p), we have
p—1 p—1
D A=) Wi (modp?)
k=0 k=0

p—1 ( 4k )
_(X k,k.k.k
=< )Z 25607 (mod p), (14)

p k=0

where (—) denotes the Legendre symbol.
(ii) For any positive integer n we have

n—1 n—1

1 _ n—1\/n+k\/n+k\ [(2k\
EZ(2/<+1)A,<()<)_Z( B )( i )(2,<+1>(k>x. (15)

k=0 k=0
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If p > 3 is a prime, then

p—1
7
> @k+DA=p+ 617431;_3 (mod p°) (1.6)
k=0
and
p—1 1
Z(Zk +DA-D = <7>p —p’Ep—3 (mod p?). (1.7)
k=0

(iii) Given ¢ € {£1}and m € Z™, for any prime p we have

p—1
Z(Zk +1)e¥A" =0 (mod p).
k=0

Remark 1.1. (i) Let p be an odd prime. The author [Sul,Su2| had conjectures on Zf;g (zkk)3 /mk
mod p? with m = 1, -8, 16, —64, 256, —512,4096. Motivated by the author’s conjectures on

,f;(} Ax(x) mod p? with x=1,—4,9 in an initial version of this paper, Guo and Zeng [GZ, The-
orem 1.3] recently showed that

p—1 (p—=1)/2 2
_ p +2k\ (2k\“ | 2
,{E_O Ag(x) = E <4k . 1) ( B x*  (mod p?).

k=0
(ii) The values of
= —1 S k + ez
= 2k+ 1A
Sn 1;_0( ) Ak

withn=1,...,8 are

1, 8, 127, 2624, 61501, 1552760, 41186755, 1131614720
respectively. On June 6, 2011 Richard Penner informed the author an interesting application of (1.5):

(1.5) with x =1 implies that s, is the trace of the inverse of nH, where H, refers to the Hilbert
matrix (H]%lhghjgn'

Can we find integers ag, a1, dz, . .. such that Z,’::_g ay = 4x% —2p (mod p?) if p = x%+ y2 is a prime
with x odd and y even? The following corollary provides an affirmative answer!

Corollary 1.1. Let p be any odd prime. Then

p—1 p—1 1
D o (=DrA(=2) = Z(—1)1<Al<<zl)
k=0 k=0

{4}(2 —2p (mod p?) ifp=1(mod4)&p=x>+y?(21x),
0 (mod p?) if p=3 (mod 4).

(1.8)
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Proof. It is known (cf. Ishikawa [I]) that

Ly { X2 —2p (mod p?) ifp=1(mod4)&p==x®+y221x),
64’< 0 (mod p?) if p=3 (mod 4).

”M

The author conjectured that we can replace 64% by (—8)¥ in the congruence, and this was recently
confirmed by Z.H. Sun [S3]. So, applying (1.3) with x=—2,1/4 we obtain (1.8). O

Corollary 1.2. Let p be an odd prime. Then

p—1
> Ac=c(p) (mod p) (19)
k=0
where
|4 —-2p ifp=1,3(mod8)&p=x*+2y? (x,y€Z),
=1, if (52)=~1, ie, p=5,7 (mod 8).
Also,

p—1 1 p—1 1
,;( ) Ar <P>1§( ) k<16>
={4}(2—2;J(modp) ifp=1(mod3)and p=x*+3y% (x,y € 7),

(110)
0 (mod p?) if p=2 (mod 3).

Proof. By [MO05] and [Su4], we have

pX_E (k,l?,lic,k) =c(p) (mod p?)
256k

as conjectured in [RV]. (Here we only need the mod p version which was proved in [M05].) So (1.9)
follows from (1.4). The author [Su2] conjectured that

k=0 k=0
_ {4x2 —2p (mod p?) ifp=1(mod3)and p=x2+3y%(x,ye?),
~ | 0 (mod p?) if p=2 (mod 3).

This was confirmed by Z.H. Sun [S3] in the case p =2 (mod 3), and the mod p version in the case
p =1 (mod 3) follows from (4)-(5) in Ahlgren [A, Theorem 5]. So we get (1.10) by applying (1.3) with
x=1,1/16. O

Remark 1.2. The author conjectured that (1.9) also holds modulo p2, and that (1.10) is also valid
modulo p? in the case p=1 (mod 3).
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Corollary 1.3. For any odd prime p and integer x, we have

p—1 X

D @k + DA = p<5) (mod p?). (111)
k=0

Proof. This follows from (1.5) in the case n = p, for, p | (5{:"1) for every k=0,...,(p — 3)/2, and
pl() forallk=(p+1)/2,....p—1. O

We deduce Theorem 1.1(i) from our following result which has its own interest.

Theorem 1.2. Let p be an odd prime and let x be any p-adic integer.

(i) Ifx =2k (mod p) withk € {0, ..., (p — 1)/2}, then we have

L, x\ 2 X
Z(—Uf(r) E(—1)’<<k> (mod p?). (112)
r=0

(ii) If x=k (mod p) withk € {0, ..., p — 1}, then

p-1 2
(’;) = (2,:‘) (mod p2). (113)
=0

r

Remark 1.3. In contrast with (1.12) and (1.13), we recall the following identities (cf. [G, (3.32) and

(3.66)]):
2n 2 n 2
Z k(2M\" _ 20 Z n\~ _(2n
v (k) - (n> nd (k> _<ﬂ>'
k=0 k=0

Corollary 1.4. Let p be an odd prime.

(i) (Conjectured in [RV] and proved in [MO03].) We have

-1
V() o

(i) (Conjectured by the author [Sul] and confirmed in [S2].)If p =1 (mod 4) and p = x> + y? with
x=1 (mod 4) and y =0 (mod 2), then

p-1 2k

> )l<—(—1)(p*1)/4<2x—%> (mod p?). (114)
k=

Proof. Since (7]/2) = (zrr)/(—4)r forall r=0,1,..., applying (1.13) with x=—1/2 and k= (p — 1)/2
we immediately get the congruence in part (i).

When p = x% + y2 with x=1 (mod 4) and y =0 (mod 2), by (1.12) with x=—1/2 and k =
(p — 1)/4 we have
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p—1 2n2 (r—1)/2 (p—1)/2
() _ (_1)-1/4 —1/2 )\ _ ((p—1y/a) _ ((p—1/4)
s (=16)" (p—1)/4 4(p=1/4  2(p-1/2
_ 2 b d p?) (by [CDE] or [BEW, (9.0.2
=3 20-D12 o (mo P) (Y[ Jor| ()])

= (1P P mod p?
(=1 5y ) (modp?)
since ((—1)(P=1/42(P=1/2 _1)2 =0 (mod p?). This proves (1.14). O

Corollary 1.5.Leta, := Y _, (',:)ZCk forn=0,1,2, ..., where C denotes the Catalan number (%f)/(k—i— 1) =

(Zkk) - (kikl). Then, for any odd prime p we have

a1+ +ap1=0 (mod p?). (115)

Remark 1.4. We find no prime p < 5000 with Zf:;l] ar =0 (mod p?) and no composite number
n < 70000 satisfying ZZ;} ax =0 (mod n%). We conjecture that (1.15) holds for no composite p > 1.

The author [Sul, Remark 1.2] conjectured that for any prime p > 5 with p=1 (mod 4) we have

=0 (modp®) fora=1,2,3,....

This was recently confirmed by Z.H. Sun [S3] in the case a = 1. Note that

13 (2 3 —1/2\3  (—1)k1 /—3/2\3
(i) = (=Dk3 /2y VT (=3 forallk=1,2,3,....
64k k 8 k—1

So, for any prime p > 5 with p=1 (mod 4) we have

p-1 3
Z(—UY(_?/Z) =0 (mod p?).
r=0

Since —3/2 = —2(p+3)/4 (mod p), the result just corresponds to the case x = —3/2 of our following
general theorem.

Theorem 1.3. Let p > 3 be a prime and let x be a p-adic integer with x = —2k (mod p) for some
ke{l,...,(p—1)/3]}. Then we have

p—1 X 3
Z(—Ur(r) =0 (mod p?). (1.16)
r=0

Similar to Apéry numbers, the central Delannoy numbers (see [CHV]) are defined by

=2 (5 ()R (L) e

k=0
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Such numbers arise naturally in many enumeration problems in combinatorics (cf. Sloane [S]); for
example, Dy is the number of lattice paths from (0, 0) to (n,n) with steps (1,0), (0, 1) and (1, 1).
Now we give our result on central Delannoy numbers.

Theorem 1.4. Let p > 3 be a prime. Then

p—1
-1
Z D= <—> —p*Ep—3 (mod p?). (117)
k=0 p
We also have
p-1 7
> @k+1) (1) Dr=p— Ep“Bp_3 (mod p°) (1.18)
k=0
and
p—1
> (@k+ 1Dy =p +2p°qp(2) — p?qp(2)* (mod p?). (119)
k=0

where qp(2) denotes the Fermat quotient P-1—1)/p.

Remark 1.5. In [Su3] the author determined Z,f;l Dy /k and Zf::_ll Dy /k* modulo an odd prime p.
In the next section we will show Theorems 1.1-1.2 and Corollary 1.5. Section 3 is devoted to our

proofs of Theorems 1.3 and 1.4. In Section 4 we are going to raise some related conjectures for further

research.

2. Proofs of Theorems 1.1-1.2 and Corollary 1.5

We first prove Theorem 1.2.

Proof of Theorem 1.2. (i) We now consider the first part of Theorem 1.2. Set

L 2k + py\?
fey) = ;(—w( . ) fork € N. 21)
We want to prove that
2k +
fiy) = (—1)"( i P ) (mod p?) (2.2)

for any p-adic integer y and ke {0,1,...,(p —1)/2}.
Applying the Zeilberger algorithm (cf. [PWZ]) via Mathematica 7, we find that

(py + 2k +2) fur1(y) +4(py + 2k + 1) fr(y)

_(p(y = 1)+ 2k +3)2Fi(y) (py+21<+2>2
(py +2k+1)(py +2k+2)2\ p-—1 '

(2.3)



Z.-W. Sun / Journal of Number Theory 132 (2012) 2673-2699 2681
where

Fr(y) = 14 + 34k + 20k? — 10p — 12kp + 2p? + 17py + 20kpy — 6p%y + 5p2 y?
Now fix a p-adic integer y. Observe that

p—1 ,
1
f(pfl)/2(}’)=2(—l)r< +py> Z( ] (1_p(ys+ ))
r=0

O<s<r

p—1
EZ(_l)r<1_ )3 2p(ys+1)) Z( Iy ZZP(J/-H)
r=0

O<s<r

(p— l)/2

—1—2p<y+1)Z Z( D'=1-py+1) Z

1
= (—1)P-D2 (p(p - T)/p2y> (mod p?).

For each k€ {0, ..., (p —3)/2}, clearly py +2k+1, py + 2k + 250 (mod p), and also

2k 422
p(y — 1)+ 2k +3)° Py ekt mod p?
p—1
since (”y;z’jﬂ) py+gk+3 (””;”3) =0 (mod p) if 0 <k < (p — 3)/2. Thus, by (2.3) we have
_ py + 2k +2 2 _ p—3
fr(y) = 4(py+2k+1)fk+1(y) (mod p*) fork=0,..., 5
IfoO<k<(p—1)/2 and
2(k+ 1)+ py
fk+1(y)z<—1>"“< e (mod p?),
then
iy = - PEAHE2 gy (2D P
¢ 4(py +2k+1) k+1
_(=DXpy + 2k +2)? (2k+ py — 1) 2k + py (mod p?)
Tak+ )y +k+D\ k)T k b7)-

Therefore (2.2) holds for all k=0,1,..., (p —1)/2. This proves Theorem 1.2(i).
(ii) The second part of Theorem 1.2 can be proved in a similar way. Here we mention that if we
define

p—1 2
k+ py
g(y) = E ( . ) fork e N, (2.4)

r=0

then by the Zeilberger algorithm (cf. [PWZ]) we have the recursion
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(py +k+1)gr1(¥) —22py + 2k + 1) g (¥)

_ (Y —1)+k+2)>Gpy —2p +3k+3) (py+k+1)2
(py +k+1)2 p—1 )~

It follows that if k€ {0,..., p —2} and y is a p-adic integer then

2(k+ 1)+ 2py
k+1

2k +2
= gk(Y)E( " py) (mod p?).

G (y) = ( ) (mod p?)

In view of this, we have the second part of Theorem 1.2 by induction.
The proof of Theorem 1.2 is now complete. O

Proof of Corollary 1.5. Observe that

p—1 p—-1  p-1 p—1-k K+ j 2
Sa-Sas () -Ya'y (T
n=0 k=0 n=k k=0 j=0

IfO<k<p—1land p—k<j<p-—1,then

(k—i—j) _ (k —i—.j)! _0 (mod p).
k k!j!

Therefore

PSS L)

k= j=0 k= j=0

where x, =—k—1=p —1—k (mod p). Applying Theorem 1.2(ii) we get

n=0

So it suffices to show that for any n € Z* we have

n—1

n+k
Z(—l)"( )ckzl.
pard 2k +1

pian ch( - ) Z( 1)"(;;{11)@ (mod p?).

(2.5)

(2.6)

We prove (2.6) by induction. Clearly, (2.6) holds for n = 1. Let n be any positive integer. By the

Chu-Vandermonde identity

,;(z)(n{l) B (Xty>
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(see, e.g., [GKP, p. 169]), we have
LS 0)
Thus
é(—l)"(”;kf;k)ck—Zé(—l)"(znkikl)ckﬂ 1y cn+Z( 1) ("”)ck
—(—1)"Cy + E(ZI:)CHF’{)( 1)k

k=
= (1) cn——( " )

This concludes the induction step. We are done. O
Now we can apply Theorem 1.2 to deduce the first part of Theorem 1.1.

Proof of Theorem 1.1(i). Let ¢ € {£-1}. Then

p—1 n p mm m+k 2
X e = 3¢ g(Zk)(k)

p—1 2 Db
2k S om (™M +k\?
k 2k

m=

[=)

1

k=0 k
p—1 2 p-1-k

2k\* 2k +r
-2y e ()
k=0 r=0
p—1 p—1—k

2l p—1—2k—p
() e
k=0 r=0

Set n=(p — 1)/2. Clearly (2") 0 (mod p) fork=n+1,...,p—1, and

(p—l;Zk—p)E(p—lr—M):o (mod p)

if0<k<nand p—1-—2k <r<p— 1. Therefore

p-1 2
Z A (0 = Z <2k> gk Zgr(z(n —rk) - p) (mod p?).
r=0

Similarly,
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p—1 [m/2] 2k
Ze Wn(ex) = Ze Z( ) (() (ex)

20\% 20—k — p\?
= v g*x Z r( ) ) (mod p?)
k=0 r=0

So we have

p71 p— 1 n Zk 2 Kk

2

D M An(0) = Ze W (ex) = Z<k> e*xSi(e) (mod p?), (2.7)

m=0 k=0
where

p—1 2
2(n—k) —
Sk(e) := E sr( (n r) p) )

r=0

Applying Theorem 1.2(i) we get

ik 2m—k)—p\ _ Lk —2k—1
Si(=1) = (~1) ( o )—( 1) (n_k)

n+k n+k (zkk) 2
= = = l‘rlOd .
(n—k) ( 2k > (—16)k ( P’)
(The last congruence can be easily deduced, see. e.g., [S2, Lemma 2.2].) Combining this with (2.7) in

the case ¢ = —1 we immediately obtain (1.3).
In view of Theorem 1.2(ii),

4 2
Sk(l)s< (nz(ni o p) (mod p?).

Recall that ("*%)(~16)¢ = (%) (mod p2). So, in view of (2.7) with & = 1, we have
pi Am(x) = Z Wn(x) = Z (n ’ k) (—16)%x (4(” —k) - 2p>
m=0 201 —k)
= Z (n T )> 256" Ix" <4j o )
J 2j

j=0

R (G )
=16P" ZWX”_ (mod p?).
k=0
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If x is a p-adic integer with x £ 0 (mod p), then
n 4l< Zp) (Zk p

)’ O\ o (T 20\ A2 k)
1621 2k k n—k _ (_) 2\ k) <_> KK,
6 Z T 56k Y p ,Z(:, (256x)’< p kg(:] (256x)" (mod p),

and therefore (1.4) holds. O

Lemma 2.1. Let k € N. Then, for any n € Z we have the identity
2(2 1) m+l< _ (n—k? (n+k 2 2.8)
C2k+1\ 2k ) '

Proof. Obviously (2.8) holds when n=1.
Now assume that n > 1 and (2.8) holds. Then

m+k n—k? (n+k\> n+k\?
Samen (") <GB (1) renen(5)

_ (n+k+1)? (n+k> n+1—k)? ((n+1)+k)

2k +1 2k 2k +1 2k

Combining the above, we have proved the desired result by induction. O

Lemma 2.2. Let p > 3 be a prime. Then

p—1 (_])k )
=—pE,_ d . 2.9
ZO T pEp—3 (mod p?) (2.9)
k#(p—1)/2

Proof. Observe that

‘S =Dk _1 ”X‘E ((—1)" (—1yP1k )
2k+1 2 — 2k+1+(2(p—1—l<)+1)

k=0 k=
k#(p—1)/2 k#(p—1)/2
pard 2k+1)(2k+1—2p)
k#(p—1)/2

P k 1\~ 2
_ZIZ%(—I) <k+ 5) (mod p?).
k=

So we have reduced (2.9) to the following congruence

p—1 1 p—3
> o=k (k + 5) =4E, 3 (mod p). (2.10)
k=0
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Recall that the Euler polynomial of degree n is defined by

n E 1 n—k
e
k=0

It is well known that
Ep(X) + En(x + 1) =2x".
Thus

p—1 ] 1 p—-3 p-1 l I 1
2];(_1)<(k+ 5) Z(( ])‘Ep 3<k+ )_(_1)<+]Ep73(k+1+5>>

k=0

1 1
= EH<§> —(=1)"Ep—s (p + 5)

1\ _E
Ezfp_3<5> 205 2 =8E, 3 (mod p)

and hence (2.10) follows. We are done. O

For each m=1, 2, 3, ... those rational numbers

1
HV:= Y — (=0.1.2...)

m
0<k<n

are called harmonic numbers of order m. We simply write H, for H,ﬂl). A well-known theorem of
Wolstenholme asserts that H,_1 =0 (mod p?) and H? =0 (mod p) for any prime p > 3.

p-17
Lemma 2.3. Let p > 3 be a prime. Then
(p—3)/2 H(2) 7
> T =—7Bp-3 (modp). (211)

Proof. Clearly,

p-1 1 (p—1)/2 1 1
—_— = = O d .
1§k3 k; <k3 (p— k)3> (mod p)

By [ST, (5.4)], Zf::_ll Hy/k* = B,_3 (mod p). Therefore

p— 1H(2) p-1
Y=g
k=1 k=1

K=

1.1 H H
ij Zp] =

j=1

Hk =
——Z 213— Bp—3 (mod p).
k=1

K=
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On the other hand,

p—1 (2 (p—1/2 @) 2)
H, _ H Hp4<
Z k Z k p—k
k=1 k=1

3

p-—1 Tk
k

(p—1)/2 2 2 (2) (p=1/2 ;2
k —k -
kf

k=1

It is known (see, e.g., [S1, Corollary 5.2]) that

5 (P-1)/2
HO 1 = > 3 =—2Bp3 (mod p).

So we have

kK 2
k=1

Clearly

o 1 (p—1)/2 1 1 1 o
H(pfl)/z = 5 I; (k_2 + 7@ — k)2> = EHp_l =0 (mod p).

Observe that

(r-3/2 ;@ (p—3)/2 @ (p—1)/2 @
k=0 Zk+1 o P —1-2 k=1 2k
(p—1)/2 k-1
1 1 1
_ @
=—= —(H -y
2 Z k( (=1)/2 Z((p—1)/2—j)2>
k=1 j=0
(p—1)/2 1 k—1 1 (p—1)/2 1 . 1
23 (S (- o)
. 2 2k N2
P k pars 2j+1) par k s 2
(P—1/2 1;(2) (p=1)/2 1;(2)
H 1 H
—4 2k _ k mod
2. ¢T3 2 o (modp)
k=1 k=1
and
-2 ;@  p-1 . &k p—1
Yo elilperet L n
2k k £~ j2 k3 , ik
k=1 k=1 j=1 k=1 1<j<k<p-1
2|k Ik 2|
1 3
I E)
= gHpon2 = B3 (by Pan [P, (2.4)])

- H(p_])/2 (mod p).

(P-1/2 ;@) p=1 @
H 1 H —By_3—2B,_ 3
ko _ K 3 _ —Bp3-2Bp3
Sk (§ +H(p_1)/2>=—_23p—3 (mod p).

2687
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3 5
(- ZBp 3)— 5 Bp 3——§Bp73 (mod p).

| =

So we finally get

21<+1

k=0 8

2\ 2

This concludes the proof of (2.11). O

Proof of Theorem 1.1(ii). (i) Let n be any positive integer. Then

n—1

3 @m+ D) A = Z(2m+1)2(m+") (2k> X
m=0
k2 cn_l m+k\?2
=§:(k)x’§:Qm+lw:2k>
k=0 m=0
E2 2K\ (= k)? (n+k\?
=§:(k>x 2k +1 <2k> (by (2.8))
(n —k)? <n>2 (n + k) 2xk
prd 2k+1 \k k
n n—1
(n—k)(k):n< K ) forallk=0,...,n—1,

—E(Zm—i—l)A 0 = S m—1\ n—k (n\/n+k zxk
" k J2k+1\k k

Since

we have

~— (n—1\(n+k\ [/ n+k\/[2k) .
= 1 AV ERVAVY A
k=0 ¢
This proves (1.5).

Now we fix a prime p > 3. By the above,

-1 -1 5 2 2
B p? (p—1\*(p+k\*,
Z(2m+1)Am(X)—k202k+l< k ) ( k ) "

m=0

For k€ {0,...,p — 1}, clearly

(P-3)/2 ;0
Hy 5 1 3 7
S En) ()= Lo mot

_"ii n—1\ n—k (n+k\ (2k\ m+k &
B “\ k J2k+1\ 2k J\k k
1

(2.12)
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(L) = L) = (-5

0<j<k 0<j<k

2
= 1—[ (1 - 2}%) =1 —2p2H,£2) (mod p?).

Thus (2.12) implies that

p-1 p-1 2
p
> em+1)An) =) Tt —2p?HP)X  (mod p). (213)

m=0 k=

Since HE?_])/Z =0 (mod p), taking x = —1 in (2.13) and applying (2.9) we obtain

-1 -1 _
p p p2(_-l)k _ p2(_-l)(p 1)/2

2m+1)Ap(—1) = = —p3Ep_ dp*
m;(er)’"( ) k§02k+1 2p—njas1 P s (modp?)

and hence (1.7) holds.
Now we prove (1.6). In view of (2.13) with x =1, we have

p—1 5
— p 2,2
mX—;)( mot DAn 2(13—1)/2+1( b (pfl)/z)

-3)/2 2 242
(p—3)/ (-l _2p2Hl(<) 1 _2p Hp—l—k )

2
tp g 2%k 1 2p—1—k) +1

(p-3)/2
2p+2k+1
5 2p3H® 2p3
P=2p Hp_qyp T 4P é 2k +1)(4p% — 2k +1)?)

(p—3)/2 (2) @ _ =2
ot Y HZ  Hpoi = 2o<jc(P =)
2k +1 2p—(2k+1)

@ (p—3)/2 1

3 4

=p—20°Hi =40t Y oo
o k1)

02 032 e
_2p3 L apt k_ (mod p°).
b ; 2k+1z P ; kg (modp’)

By [S1, Corollaries 5.1 and 5.2],

and
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(p-3)/2 3)
vt _po Hewp 5 -2y Bps (mod p)
Qk+ 13 el 8 8 4 .

k=0
Combining these with Lemma 2.3, we finally obtain
p—1

-3 7
> @k+ DA =p-2p° po 3 —4pt =" ” ~2p* L Bp3 —4p (‘ZBP—3>
k=0

7
—p+ 6p“Bp_g (mod p°).
So far we have proved the second part of Theorem 1.1. O

Part (iii) of Theorem 1.1 is easy.

Proof of Theorem 1.1(iii). As Ap =1 and A; =3, the desired congruence with p =2 holds trivially.
Below we assume that p is an odd prime. If k € {0, 1, ..., p — 1}, then

p—1

2
Ayt ((p—l—k)—i—]) (2])
i=0 J
p—-1 ,. 2 .2 k 2
—k-1 k
S Y BT <
j=0 Jj=

.

Thus
p—1 p—1
Y @k+DEAT =" (2(p—1—k) +1)ePTRAT
k=0 k=0

p—1
E—Z(Zk—i-l)s"Aﬂ’ (mod p)
k=0

and hence we have the desired congruence. O
3. Proofs of Theorems 1.3 and 1.4

Proof of Theorem 1.3. Define

W (y) —Z( 1" <py 2k> fork e N. (3.1)

We want to show that wy(y) =0 (mod p?) for any p-adic integer y and ke {1,..., [(p —1)/3]}.
By the Zeilberger algorithm (cf. [PWZ]), for k=0,1, 2, ... we have
(py — 2k wi(y) +3(3py — 2Bk + 1) (3py — 23k +2)) W41 (¥)

_ Pk.p.y)(p(1—y) +2k—1)° py—2k>3
© (py —2k)3(py —2k—1)3 p—1

(3.2)
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where P(k, p,y) is a suitable polynomial in k, p, y with integer coefficients such that P(0, p,y) =
0 (mod p?). (Here we omit the explicit expression of P(k, p, y) since it is complicated.) Note also that

p-1 3 2
—2 p (P +1) 2
0 = —1 r 1 == O d .
w1(0) §_0< )(r) §(r+) (mod p?)
Fix a p-adic integer y. If y #0, then (3.2) with k =0 yields

33py —2)Bpy —Hw1(y)

:P(O,p,y)(p(1—y>—1)3< py (p(y—1)+P—]>)3=0 (mod p?)
T wiey-1r \p-1l p-2 B ’

and hence wq(y) =0 (mod p2).If 1 <k+1< |(p —1)/3], then by (3.2) we have

(py — 2k)*wi(y) +3(3py — 23k + 1)) (3py — 23k +2)) w1 1(y) =0 (mod p?)

since

py—Zk) p <py—2k+1)
= — EO mOd .
(p—l py —2k+1 p (mod p)

Thus, when 1 <k+ 1< [(p—1)/3] we have
wi(y)=0 (modp?) = w41(y)=0 (modp?).

So, by induction, wy(y) =0 (mod p?) forallk=1,..., L(p—1)/3].
In view of the above, we have completed the proof of Theorem 1.3. O

Lemma 3.1. Let n € N. Then we have

Zn Xx+k—1 X+n
k n

k=0

Proof. By the Chu-Vandermonde identity (see, e.g., [GKP, p. 169]),

2 (6=

which is equivalent to (3.3). Of course, it is easy to prove (3.3) by induction. O

Proof of Theorem 1.4. (i) Observe that

Z Dy — rgknzo (n + k) <2k> Xé <2k> Xi (n;—kk)

Z <2k> p; ( j +] 2k>

=0
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1

p

2k\ 2k +1 —1—Kk

= ¢ critp ‘ (by Lemma 3.1)
k p—1—k

2k (p+k _”i k+1 (2k+1\(p+k
-2 \k)\k+1) 2k 1\ k 2k +1

=~
Il

and thus
ED _Ek+1 p+k\/ p i 1 p+k
"TLaok+1\ k k+1 k )
n=0 k=0
For k=1,...,p —1 we clearly have

(28 (5)- -

j=1

in particular,

((p—l)/2>( (p—1)/2 >—( D =(7 ) (modp)

. 2
since HEIJ)—1)/2 =0 (mod p). Therefore

p—1 p—1 1
;D"E Z 2k+1(_)+<p)

k=0
k#(p—1)/2

(%) —p?Ep—3 (mod p) (by(2.9)).

This proves (1.17).
(ii) Now we prove (1.18) and (1.19).
Let n be any positive integer. Then

i
Z(Zm—i—l)( 1" Dm_Z(Zm—i-l)( 1ym Z(";:‘)(k)

n—1 n—1
2k mfMm+k
=Z(,<)Z<2m+1><—1> ( o )
k=0 m=0

By induction, we have the identity

n—1

k
Z(Zm—i—l)( 1)'"( o )-( 1)”(k—n)( " )

m=0

(34)

(3.5)
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Thus
! 1ok n+k
do@Em+1)(=1)"Dp = (-1 12( ) 1)< )
m=0 k
o B ()Y
n—1
. n—1 n—1\/n+k
=D nZ( k )( k )
k=0
Similarly,

Z(Zm +1)Dyy = Z(Zm + 1)2 (m +k> (2:)

—Z( )’:ZL(Z +1)<m—|—k)

n—1 -1 2
n+k n n—1\/n+k
"g kel <)< 21<> ;;"“( k )( k )

In view of (3.4) and the above,

P1 p—1
p—1\/p+k
52(2m+1>< ) Dm—Z( 0 )( ‘ )

k=0
p_l p_]
=LV ZZ Z( I
k=0 k=10<j<k Pl
(p—1)/2 o .
p? , \
=1 Z (21)2 4 H(p npe=1- P By—3 (mod p*)

and hence (1.18) holds. Similarly,

121 p-1 p (p—1\[/p+k
— 2 Dy, =

pZ(m+)m Zk-l—l(k)(k)
m=0 k=0

<P+(p—1))+ Z ZH(Z)) (modps)
=0

p

1
2p—1 k- 1+( 1)k
(p ) p =1- pH(p,])/z (mod p3).
k=1
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(We have employed Wolstenholme’s congruences (215’_ 1) =1 (mod p?) and Hy—1 =0 (mod p?).) T
obtain (1.19) it suffices to apply Lehmer’s congruence (cf. [L])

Hp-1)2=-2q,(2) + PQf, (2) (mod p?).
The proof of Theorem 1.4 is now complete. O
4. Some related conjectures
Our following conjecture was motivated by Theorem 1.1(i).

Conjecture 4.1. Let p > 3 be a prime.

(i) If p=1 (mod 3), then

6l
Z( DkA = Z k6’< (mod p?). 4.1)
k=0
If p=1, 3 (mod 8), then
p— 1
Z "2 ’; g,f mod p?). (4.2)

(ii) If x belongs to the set

{1,—4,9, —48, 81, —324, 2401, 9801, —25 920, —777 924, 96 059 601}

81 9 81 3969
256" 167 32" 256

and x # 0 (mod p), then we must have

p71( 4k )

Zw) ()Zéggx';k (mod p?).

Remark 4.1. For those

x=—4,9, —48, 81, —324, 2401, 9801, —25920, —777 924,96 059 601, 256"
the author (cf. [Su2]) had conjectures on P~ (k ,:”f( ,)/(256x)F mod p?. Motivated by this,

ZH. Sun [S2] guessed Z (k Ik, k)/(256x)" mod p2 for x = —-9/16,81/32, —3969/256 in a simi-
lar way.

We have checked Conjecture 4.1 as well as all the other conjectures in this paper via
Mathematica 7. Below we provide numerical evidences for (4.1) and (4.2).
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Example 4.1. The values of Ag, A1, ..., Ajp are given by

1, 5, 73, 1445, 33001, 819005, 21460825,
584307365, 16367912425, 468 690849005, 13657436403 073

respectively. Via computation we find that

o 5. (%) 18825543
—1)¥A, = 20673445, k/_ — ,
D (DA 2 16k 262144

k=0 k=0

and also

20673445 x 262144 — 18825543 = 7> x 15800002 159.

This verifies (4.1) for p = 7. By computation we have

10 10 ( 4k )
K.k k.k 22821835381970859184405
Ar=14143101786223, DAL LA ;
; ¢ kX_; 256k 18889465931478580854784
and also

14143101786223 x 18889465931478580854784 — 22821835381970859 184405
=113 x 200717985992 690 007 194 123 778 899 817.

This verifies (4.2) for p =11.
Inspired by parts (ii) and (iii) of Theorem 1.1, we raise the following conjecture.

Conjecture 4.2. For any ¢ € {£1}, m,n € Z* and x € Z, we have

n—1
> @k+ DekAx)™ =0 (mod n). (4.3)
k=0
If p > 5 is a prime, then
p—1 7
Z(Zk +DAr=p-— Eszp,l (mod p°®). (4.4)
k=0

Remark 4.2. After reading an initial version of this paper, Guo and Zeng [GZ] proved the author’s
following conjectural results:

(a) For any n € Z* and x € Z we have
n—1

Y @k + 1D(-D*Ax) =0 (modn).
k=0
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If p is an odd prime and x is an integer, then

p—1
D @k+ DD A = p<1;T4"> (mod p?).

k=0

(b) For any prime p > 3 we have

p—1
D o@k+ (=)A= p(g) (mod p?)

k=0
and
p-1 4
D @k+ D)D) A(-2)=p - gpqu(Z) (mod p?).
k=0

Example 4.2. It is easy to check that

9
Z(Zk + l)A,% =4178310699572329761604780=0 (mod 10)
k=0

and

9
> (@k+ 1) (1A} = 4169201796654 383947725970 =0 (mod 10).
k=0

So (4.3) holds when m=2,n=10, x=1 and ¢ € {£1}. Via computation we find that

10
Z(Zk—l—l)Ak=295998598024613, Hio =
k=0

7381
2520’

and

7381 116 120300114181
= X ————— .
2520 720

7
295998598024613 — 11 + 5 x 112 x

This verifies (4.4) for p =11.

Recall that for a prime p and a rational number x, the p-adic valuation of x is given by

Vp(X) = sup{a € Z: the denominator of p~?x is not divisible by p}.

2
Just like the Apéry polynomial An(x) =3 }_, (Z)z(”f‘) xK we define

oS

k=0

Actually D, ((x — 1)/2) coincides with the Legendre polynomial P,(x) of degree n.
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Our following conjecture involves p-adic valuations.

Conjecture 4.3.
(i) Forany n € Z* the numbers

n—1

1 (1
s(n) = = Z(Zk + (=D Ak<:1>

k=0
and

1 n—1 1 3
k
t(n)z—n2 kE (Zk+1D(-1) D"<_Z>

=0

2697

are rational numbers with denominators 22V20") and 230 —1+v2@)=v2() respectively. Moreover, the nu-
merators of s(1), s(3), s(5), ... are congruent to 1 modulo 12 and the numerators of s(2), s(4), s(6), ...

are congruent to 7 modulo 12. If p is an odd prime and a € Z™, then
s(p?) =t(p")=1 (mod p).
For p=3and a € Z* we have
s(39)=4 (mod3%) and t(3%)=-8 (mod3°).
(ii) Let p be a prime. For any positive integer n and p-adic integer x, we have

n—1
Vp (% > @k + 1)(—1)kAk(X)) > min{v,(n), vy (4x — 1)}

k=0

and

n—1
Vp (% > @k + 1)(—1)ka(x)3> > min{v,(n), vp(4x+ 1)}.

k=0
Example 4.3. We check Conjecture 4.3 with n = p = 5. For n =5 we have
222 () _ 92v2(120) _ 96 _ 4
and
23142 (M) —v2(n) _ 93(5-143)-0 _ 521 _ 997 152.
Via computation we find that

19849 82547
s6)=——— and tO)=———.
64 2097152

Note that 19849=1 (mod 12) and s(5) =t(5) =1 (mod 5). Also,

(4.5)

(4.6)
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4
vs %Z(Zk—f-l)(—UkAk(—l) =V5(=13095) =1=15(+3)
k=0

and

4
1
vs| > @k + D(—=1)¥Dr(1)* | = v5(59189205) = 1 = v5(5).
k=0

Motivated by Theorem 1.3, we pose the following conjecture.

Conjecture 4.4. Let p be an odd prime and let n > 2 be an integer. Suppose that x is a p-adic integer with
x= —2k (mod p) forsomek € {1, ..., [(p +1)/(2n+ 1)]}. Then we have

p—1 o\ 21
Z(—l)r<r) =0 (mod p?). (4.7)
r=0

Example 4.4. Clearly 1/3=—2 (mod 7) and [(7 4+ 1)/5] = 1. Via computation we find that

26:( N 1/3 > 12107415300799972328 2 247090108 179591272
— = = X .
= r 12157665459 056928 801 12157665459 056928 801
So (4.7) holds when p=7,n=2 and x=1/3.

Conjecture 4.5. Let p = 3 (mod 4) be a prime, and let m € Z with p {m(4m + 1). Then

p-1 2y Pl 2 p—1  2p
Wi (—m Ax(—m?/(4m +1 1
3 k( 2_2 k(=m~/( - ) _ (k)kD2k< ) (mod p?).
pard 4m-+1) P Am+1) o (—16) 4m
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