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ABSTRACT. Let p > 3 be a prime. A p-adic congruence is called a super
congruence if it happens to hold modulo some higher power of p. The
topic of super congruences is related to many fields including Gauss and
Jacobi sums and hypergeometric series. We prove that

(— 1)(p 1)/2—p E,_ 3(modp)

8
E(—l)(p'H)/2 ngp,;), (mod p2),

e =ED)ETY2 4 p2 By g (mod p?),

where FEg, E1, F2,... are Euler numbers. Our new approach is of com-
binatorial nature. We also formulate many conjectures concerning super
congruences and relate most of them to Euler numbers or Bernoulli num-
bers. Motivated by our investigation of super congruences, we also raise a
conjecture on 7 new series for 72, 7~ 2 and the constant K := Ziozl(g)/kQ
(with (=) the Jacobi symbol), two of which are

> (10k — 3)8k 7r2 (15k — 4)(—27)k1
>
=k ()2 () B (%) (3)
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1. INTRODUCTION

Let p be an odd prime. Clearly

2k 2k)! 1
(k):( )EO(mOdp) foreverykzl%,---,p—l-

After a series of work on combinatorial congruences involving central bino-
mial coefficients (cf. [PS], [ST1] and [ST2]), Z. W. Sun [S10b] determined
Zi;é (2:) /m* modulo p? for any integer m # 0 (mod p). In particular,
he showed that

and conjectured that there are no odd composite numbers n > 1 satisfying
the congruence Zz;é (2]5) /2F = (=1)(»=1/2 (mod n?). He also searched
those exceptional primes p such that > -P_1 () /2% = (-1)®P=Y/2 (mod p?)
and only found two such primes: 149 and 241.

Let p be an odd prime. A p-adic congruence is said to be a super
congruence if it happens to hold modulo some higher power of p. In 2003
Rodriguez-Villegas [RV] conjectured 22 super congruences via his analysis
of the p-adic analogues of Gaussian hypergeometric series and the Calabi-
Yau manifolds. The most elegant one of the 22 super congruences is as
follows:

S = ()2 (mod ),

which was later proved by E. Mortenson [M03a] via the p-adic I'-function
and the Gross-Koblitz formula. See also K. Ono’s book [O] and the papers
[AO], [K], [MO], [M03b], [M05], [M08], [Mc| and [OS] for such advanced
approach to super congruences. Recently the author’s twin brother Z.
H. Sun, as well as R. Tauraso [T], gave a simple proof of the last super
congruence, and Z. H. Sun also proved the author’s conjectural congruence

=l 2:)2 (—1)P+1)/2

> 16+ 4 (mod p°)
k=0

via a combinatorial identity. Note that Stirling’s formula n! ~ v/27n(n/e)”
implies that
2k 2
k(i)

lim = —.
k—4o0o 16F T

Surprisingly, we find that the above topics are related to Euler numbers.
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Recall that Euler numbers E, (n € N =
defined by

Eo =1, and Z(Z)Enk:() fornezt ={1,2,3,...}.

2|k

{0,1,2,...

It is well known that Es,; =0 for all n € N and

> 2n
n T
SeCTr = E (—1) Egnm
n=0

Now we state the main results and key conjectures in this paper.

Theorem 1.1. Let p be an odd prime. Then

If p > 3, then

8
E k) — (_yetD)/2 2
k - ( 1) P 3pEp_3

and

4

1
Z = (-1)P=Y/2_E 3 (mod p).
2k ( p—3
= k() 3
We also have
(p—1)/2 4k o
> R = (~1)P=Y/24F, 5 (mod p)
= k()
and
(2:) 1)/2 2
Z W:( 1)P=Y/29pE, 5 (mod p?).
p/2<k<p

= (_1)(17—1)/2 —p’E,_3

T
f < —.
or |z 5

(mod p?).

(mod p?)

3

}) are integers

(1.1)

(1.2)

(1.5)

Remark 1.1. By (1.1) those exceptional primes are just those odd primes
p with p | E,_3; the two exceptional primes 149 and 241 offer the main
clue to our discovery of (1.2)-(1.5). Also, Sun and Tauraso [ST1] showed

that
1

X bS]
A
P?‘?TW

=1

8
552 pg(modp)
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for any prime p > 3, where By, By, Ba,... are Bernoulli numbers. It is
remarkable that

f: ! = 7r_2 and i = 7r_2
i K (215) 18 i K (215) 2

(see [Po, (3)] and problem 44b of [St, Chapter 1] for the first series, and
[Ma] and [Sp] for the second series), which were even known in the nine-
teenth century. Tauraso ([T1],[T2]) showed that

1

3
3
I

-1 (Zk) (=172 4 -l 1 1
ﬁ = Z - (mod p?) and Z R =5, 2k (mod p*)
k=1 k=1 el G B

for any prime p > 5.

Recall that harmonic numbers are those integers

1
Hy:= ) - (n=0,1,2,...).

0<k<n
It is known (cf. [S1]) that
-1
H, B, 3 5 1
= — d d — — = —68,_ d
pg 3 (HlO p) an pQ — k3 P—5 (mo p)

for any prime p > 3.
Now we present our first conjecture.

Conjecture 1.1. Let p > 3 be a prime. Then

pzl 4k 4g,(2)

+ = —2¢;(2) + pBy-3 (mod p?)
2k p
el G B £ !

and

Lo ok 1
pz T2k (_) —1-pgy(2) +p*Ep—3 (mod p°),
= kG o\

where (—) denotes the Jacobi symbol and q,(2) stands for the Fermat quo-
tient (2P~1 —1)/p. Also,

T
_
(V)
& x
N—

Bp*3 (mOd p)7

>
I
H
w‘
Il
Wl
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and furthermore

k=1 k
(p—1)/2 k
(=) /2k\ 56
Z L2 k :1—5po_3 (mod p2)7
k=1
p—1
1 H, 1 7 9
~ = =— —pB,_5 (mod p*).
e GO R & 45

Remark 1.2. It is known that

=, 2k T = (—1)F 2 =1 17
S g = —=C(3) and Y o = 2lc(),
2 Tz 2w 50 L

Tauraso [T2] determined 37— 1 (—= 1) /(k*(3%)) and S-5_1 (—1)*(3F) /&2 mod-
ulo p? (for any prime p > 5) in terms of H,_i.

Theorem 1.2. Let p > 3 be a prime. Then

(p—zn/z (;@ _ (2) + (__2) %QEH (mod p?); (1.6)

k=0 p P
(p—1)/2 (2k)2
Z 1k6k E(_l)(p—l)/2 +p2Ep,3 (mod p3), (1.7)
k=0
(p=1)/2 ; 2k\2
k -1 (p+1)/2 p2
i (1.8)
)’
> 1k6k: = —2p°E,_3 (mod p?), (1.9)
p/2<k<p
L (2F 2 P2
Z glgk) =5 =3 (mod p?). (1.10)
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Furthermore,
(p—1)/2 (2k)2 3 (p—1)/2 (Qk:)
(—1)P—1/2 Z 1k6"° El—é % (mod p?) (1.11)
k=0 k=1
and
(p—1)/2 | (2k\2
SR e g2,
= 168 4 4
B (1.12)
3 (p—1)/2 (Qk)
FENER 2 S (nod )
k=1

Remark 1.3. The reason why we don’t include (1.6) in Theorem 1.1 is that
its proof is similar to that of (1.11) and (1.12). For any prime p > 3, R.
Osburn and C. Schneider [OS] used Jacobi sums and the p-adic I'-function
to prove that

(p—1)/2 (2k)2 3 (p—1)/2 (2k>
_1)(e-1)/2 k) —q1_°2 ~EL (mod p?).

The author observed that a combination of (1.11) and (1.12) yields that
(p—1)/2 2
_— =p“(2P -1 d
> () =rer - 1) mod 1)

for any prime p > 3. After reading this, Tauraso noted the following
identity

2”:4k:+1 2k\*  (n+1)?2n+1\>  (2n+1)% (2n)?
16" \k/) 167 n 16 n)’

which can be easily proved by induction. This identity implies the author’s
following observation:

4k +1 /2k\2 B
> W(k) = 6p*(1 —2""") (mod p*)
p/2<k<p

for each odd prime p.
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Conjecture 1.2. Let p be an odd prime and leta € Z. If p=1 (mod 4)

ora > 1, then
9 L5r°] (2k)2 1
k 2 k - 3
e = <—a> (mod p“) and Z - (—a> (mod p°).
(—4) p —~ 16 p

k=0
(1.13)
If p>3, and p=1,3 (mod 8) or a > 1, then
L%Paj (2k)2 1
Z 1k6k: = (—a) (mod p*) forr=5,T. (1.14)
k=0 p
Here is our third theorem.
Theorem 1.3. Let p be a prime and let a € Z*. Then
1A 2%\ °
o > (21k + 8) ( . ) =8+ 16p°B,_3 (mod p?), (1.15)
k=0

where B_q is regarded as zero.

Remark 1.4. In [S11a] the author conjectured that for any odd prime p we
have

pil <2k;>3 B { 4z? —2p (mod p?) if (B) =1 & p=a?+ Ty (z,y € Z),
prs k) |0 (mod p?) if (£) =—1, i.e., p=3,5,6 (mod 7).
Let p be a prime with (2) = —1. We also conjecture that - Z;é (Qkk)g is

a p-adic integer for any n € Z™, and that

pazl (%)3 B { 0 (mod p*!) if a € {1,3,5,...},
= a a+3—0p, ;

— k p® (mod p 3) ifae€{24,6,...},

where the Kronecker symbol 4, 3 takes 1 or 0 according as p = 3 or not.

In a previous version of this paper, the author conjectured that for any
positive integer n the arithmetic mean

n—1 3
Sp = % > (21k +8) (2:) (1.16)

k=0
is always an integer divisible by 4(2:;), and observed the recursion

2(n—1
n—1

n3(n+1)s,41 = n's, +8(2n — 1)3(21n+8)( )) (n=1,2,3,...).



8 ZHI-WEI SUN

On Feb. 11, 2010, Kasper Andersen noted that this recurrence relation
yields the following recursion for t,, := s, /(4 (2:))

2n —1
n

2
(4n+2)tn+1—ntn:(21n+8)< > (n=1,2,3,...).

Then Andersen used Zeilberger’s algorithm (cf. [PWZ]) to find that

rnzzf(n+2_1>2(n:1,2,3,...) (1.17)

k=0

satisfies the same recursion and hence he obtained that ¢, = r, € Z
since t; = r1. Thanks to Andersen’s discovery, we are now able to prove
Theorem 1.3 which was an earlier conjecture of the author.

We guess that any integer n > 1 satisfying s, = 8 (mod n?) must be a
prime; this has been verified for n < 10%. It seems that t,, Z 3 (mod 4),
and t, is composite for all n = 3,4,.... It is interesting to compare s,
and t, with Apéry numbers (cf. [Po]).

Conjecture 1.3. If p is a prime and a is a positive integer with p* =
1 (mod 3), then

12p°] "
> (21k + 8) < k) = 8p® (mod p@+o+(=D7), (1.18)
k=0

Also, for each prime p > 5 we have

p—1
21k-8 p—1_  Hp,, 12 3

= 15p — 6) + —p~B,_5 (mod p~). 1.19

— ]{;3 (2k)3 pg p2 ( ) 5 p ( ) ( )

It is interesting to compare Theorem 1.3 and Conjecture 1.3 with the
following elegant identity

> 21k — 8 w
=((2) = —
kz_lk3<2kk)3 ()=

obtained by D. Zeilberger [Z] via the WZ method. In the same spirit, we
formulate the following conjecture inspired by our observations of some
congruences (see Conjectures 5.3-5.6, Remark 5.2 and Conj. 5.15(i) in
Section 5).
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Conjecture 1.4. We have

°°(10k: 38k_7r2 — (11k — 3 — (35k — 8 o
Z 3k _7 kg 2]€ Z kg 2]€ = 127,
—1 k (k) k=1 (k) k= (Zk)
(1.20)
Also,
00 o - k
(15K 2k4 27) _ 97K and Z (5k 21,3( 1214) :—475K,
k=1 ks k) (k) k=1 kg(k) (2kz)
(1.21)
where

o [k
K:=1L (2, (-)) = (iQ) — 0.781302412896486296867187429624 . . . .

3 k=1
Moreover,
i 18n% + Tn +1 (2n>2 " (-1/4)2(—3/4>2 _ 42 (1.22)
— (—128)" n) =\ k n—k 2
and

=, 40n° + 2 2\ % o 212K\ (2(n — k 24
I T o D I (3 N G RS
= (=256) "/ =0 e T
One can easily check the identities in Conjecture 1.4 numerically. Let

us take the first identity in (1.20) as an example. The series converges
rapidly since

() (1)~ % s 6o

by Stirling’s formula. Via Mathematica we find that
X (10k — 3)8F ‘ 1

2 B 227"
= K (215) (Skk) 10

This provides a powerful evidence to support the first identity in (1.20).

We will show Theorems 1.1-1.3 in Sections 2-4 respectively; our new
approach to super congruences is of combinatorial nature. In Section 5 we
will raise many new conjectures for further research.
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2. PROOF OF THEOREM 1.1
Proof of (1.1). By [ST1, (2.1)], we have
p—1 p—1
2k 1 2
> ()= ()mee
k=0 k=0

where ug = 0, vy = 1 and up+1 = —up—1 for n = 1,2,3,.... Clearly
ugp, = 0 and ugp+1 = (—1)™ for all n € N. Thus

p—1 ok (p—1)/2 2
> (k )2p—1—k = Y <2k)(—1)<P—2k—1>/2. (2.1)

k=0 k=0

For k=1,...,(p—1)/2, we have

W\ (-1 _p 2 Y (12
2k) 2k \2k—1 ELL oy ko J

Thus

k=0
(p—1)/2 p (p—1)/2 ( 1>k p—1 p y
_ k _ k/2 3
= Z (—1) (4<2k)—|—%>—p Z k +4Z(k‘)( 1)%“ (mod p?)
k=1 k=1 k=1
20k
By Lehmer [L],
Hp—1y/2 = —2¢(2) +pq]2,(2) (mod p2). (2.2)

In view of [S2, Corollary 3.3] we also have
3 _
Hipja) = —3¢5(2) + 5pq§(2) — (-1)P=Y/2pE, 5 (mod p?).  (2.3)
Therefore

(-1)/2 .\ (=1)/2 s =)/
(—1) 14 (-1) 1
> Y. o 2 5 = Hua — Heoyy

k=1 k=1 k=1
P
—ap(2) + 545(2) + (~1)PHV2pE, 5 (mod p?).
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Note also that

pf (Z) (—1)F/% = <§) o(p-1)/2 _ 1

k=1
20k

by [S02, (3.2)]. Combining the above we obtain

-1 2k
—1\ %
( <—) (2%) — 1) 2r=t por=t
p k=0

2 B p2
= ((E) 2 1) ~p(2) + S ap(2) + (~)EPHEPPE, 5 (mod p?).

Observe that

() e
2
s (2) (-1)/2 _op—1 _ 1 _ _ ((2) o(r-1)/2 _ 1) ,
p p

Therefore

(=) Xhzo () /2k =1

p2
_ ((%)Q(p—pl)/z — 1)2 N @ + (=)D E, s (mod p).
Since
qp(2) = (%)2@;)/2 - ((;) 2(P=1)/2 4 1) = 2% (%)2(p_;)/2 ! (mod p),

we finally obtain (1.1). O
Lemma 2.1. Let p be an odd prime. Then, for any k =1,... ,p —1 we

Proof. For k=1,... ,(p—1)/2, if

(0 — k) <2§;”__k"")) (2;) (L) 2B/ 9 — 9 (mod )
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then

since (2(;”__:)) = 0 (mod p). So it suffices to show (2.4) for any k =

(p+1)/2,...,p—1.
Let k€ {(p+1)/2,...,p—1}. Then

1<2k’> 1 et 1 P+ (p+ (2k—p)
p p

o\ k P2 "0 (= DY I " —9))
1 2k—p . p—1—k -
oo il (p+1) x ;,1;[1 (»—J4)
_@k-p)t e (1K)’
= - PR e -
_ (p=1-RN* 2 _ 2 o
O Re-R-D -k YY) ECPY) (mod #)

and hence

()0 <o

Remark 2.1. [T2] contains certain technique similar to Lemma 2.1.

as desired. [J
Lemma 2.2. For any n € Z* we have

i@:%ﬂ(m@nﬂ) - 1n (25)

k=1

and

n n

) RN ST EON
G ( eE Il T

k=1 k

). (2.6)

Remark 2.2. These two identities are known results. (2.5) is due to T.
B. Staver [Sta] (see also (5.2) of [Go, p.50]), and (2.6) was discovered by
Apéry (see [Ap] and [Po]) during his study of the irrationality of ((3) =

2211 1/”3-
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Lemma 2.3. We have the new combinatorial identity
n

- 1 1 "1
U ST 7

Proof. Observe that

3

k=1 ) h

N G BN S )

= GRS AN =TI G UGS
—iu_"* nljl nf
Stk D 245 (n+]) n+2 ) 2

By (2.26) of [Go, p.21],

SN SR

kzO

for any | € Z™. So we have

S Y e = R
o1 k2(n-]L-k) P k2(n+;+k) m+1)(n+2) n+l1 ((n+2)—|—n—1)

n—+1

and hence

e - 1 1 1
Z n+1+k Z ]{72 n+k :(TL+ 1)2(2n+2) - (n_|_ 1)2 (1 o (2n;r1)>

k=1 k=1 n+1
B 3 1
(4 D2 D

Therefore (2.7) follows by induction. [

The following lemma is essentially known, but we will include a simple
proof.

Lemma 2.4. For any prime p > 3 we have

(p— 1)/2 (r— 1)/2 )k:

Z k2_0 (mod p) and Z

= (-1)P=Y/22E, 5 (mod p).
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Proof. Since Z?;i 1/(25)% = P21 1/k? (mod p), we have the well-known
congruence Y"P~11/k? = 0 (mod p). Thus

1

3

<p21>/2i:1<p1>/2 [ IEES S B
K22 2 p—k2) 244k b
k=1 k=1 k=1
By Lehmer [L, (20)],
lp/4] 1
Z 5] = (-1)PV/24E, 5 (mod p).
k=1
Therefore
(p— 1)/2 ‘l‘( [p/4
Z Z = (-1)P"V/22E, 5 (mod p)
k=1 j=1

and hence the second congruence in Lemma 2.4 also holds. [

Proof of (1.2)-(1.5). Note that (1.4) and (1.5) hold trivially when p = 3.
Below we assume that p =2n + 1 > 3.
With the help of Lemma 2.1, we have

k=n+1 k=n-+1
p—1 n n
_ 2p 2p _ 2p 2
= - . (mod 2)
k—Xn:H B2 (050 ; =32 FHRE)
As Eg:é (Qkk)/k: = 0 (mod p*) by [ST1], we obtain that

In view of (2.5),

n 2k n "
3 (i) _2n+1 <2n) L 5 = g(—l)”z ! (mod p?).

k 3 n
k=1

Since
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for every k =1,... ,n, (2.6) yields that

n n

RS O W R

k=1 k=1 =

Combining (2.8)—(2.10) we get

3§:L+2p§: (=1)F _ _3202”: L §i@ (mod p?)
k=1 k k=1 ka - k=1 k2 (215) B 2 k '

In view of Lemma 2.4,

n o (_1\k
> G = o2, mod )
k=1

So, we have (1.2) and (1.3) by (2.11) and (2.8).
By Lemma 2.1, (1.4) and (1.5) are equivalent. Since Y ,_, 1/k* =
0 (mod p) (by Lemma 2.4) and

_1/9 2k
(n+k>z(k /):M for every k=1,... ,n,

k k 4k
we obtain (1.4) from (2.7) and (1.3). O

3. PROOF OF THEOREM 1.2

Lemma 3.1. Let p=2n+1 be an odd prime. For k =0,... ,n we have

()

(nz—;k) _ Z}Sf_)l (Hpsr — Hyx) = 10)F (mod p*) (3.1)

and

1) s = B w0

Proof. Both (3.1) and (3.2) hold trivially when & = 0. Below we fix
ke{l,... ,n}
As noted by the author’s brother Z. H. Sun,

n+k _Hﬁzl(ﬁﬁ — (25 = 1)?)
( 2k ) B 4k x (2k)!

[T (—(25 - 1)) & P’
T 4R (2h) H(1‘<2j—1>2)

J=1

J=1
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Observe that

k k
1 1
Hyi— Hy oy =H, + _H,+ Y ———
+’“ g ;n-l—j ZN‘f‘l—j

e M+ 1 & )
XG0 &G 1
=— 4j_1 212 ? I (mod p?).
Therefore
2k
(”2::74/) = (_(f(g))k (1 + Z(Hn-l-k - Hn—k:)) (mod p*). (3.3)

Note that p(H,yr — H,_r) =0 (mod p?) and

()= (/%) = 5 o)

Thus (3.1) follows from (3.3) immediately.
In light of (3.3), we have

(L) -(3) )
GO (s 2,0 1)

G () (") 0 i = Ha) (o ),

(Recall that p(H, 41 — H,—1) = 0 (mod p?).) So (3.2) also holds. O

Lemma 3.2. For any n € Z* we have
n

n n \k
(=1)" z_: (k) (=2)" *(Hpir — Hnp) = Y ( li) — %, (3.4)

k=

[y
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and

03 () (") K~ )

k=0

=(2n+1) (1 - (2:)) + gn(n+ 1);%).
Proof. Via the software Sigma we find the identities
3 (Z) (2" F Hyr =(-1)" 2, (3.7)
k=0
~ (7 - (D
kg, . =(-1)"H, — (-1)" ,

;(,{) R Y

nnn—{—k‘_k __n_§_nn@

S (1) (") im0ty =2 - S S o

These identities can be easily proved by the WZ method (see, e.g., [PWZ]).
(The reader may consult [OS] to see how to produce such identities.) Also,
it is known that (cf. [OS] and [Pr])

Xn: (Z) (n Z k) (-D)*Hpip = (—1)"2H,.

k=0

By [0S, (36) and (37)], we have

(—1)" ]:O (Z) (” Z k) (—1)¥kH, 5, = 2n(n + 1) H, — n?

and

rEQCT
=(2n+1) (2:) —(n+1)*+2n(n+1)H, — ;n(n +1) é %k)

In view of the above six identities we immediately obtain the desired
(3.4)-(3.6). O

Remark 3.1. S. Ahlgren and Ono [AO] employed the identity

"\ (n+k\?
Z(k) ( . > (14 2k(Hpir + Ho_y) — 4kHy,) = 0
k=1



18 ZHI-WEI SUN

to prove a super congruence conjectured by F. Beukers [Be].

Proof of Theorem 1.2. Set n = (p — 1)/2. In light of (3.1) and (3.4), we
have

By a known identity (cf. (1.62) of [Go, p.8]),

zn:(_l)k (Qn - k) (2 cos )2 F) — sin((2n + 1)x)

k sin x
k=0

and hence

n

B () -Eor (e

:(_1)nsm<(§g(;/14))ﬂ/4) - <2n2+ 1> - (%) '

In view of (2.2) and (2.3), we also have

Hy ~(EDF 3, 14D
2 kooo27" k
k=1 k=1
3
=5 172 = Hip/al
=(-1)®=Y/2pE, 3 (mod p?).
Therefore
n 2k 2
(%) 2\ _ _» —1 _ P (2 3
AL (D)=~ | <= |pE, 3=—|—|E,_ d p?).
1;) 8" (p> 4><2”<p>p PPy <P) p-s (mod 77)

This proves (1.6).
By (3.2) and (3.5),

S ()1 = o B e
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With the help of the Chu-Vandermonde identity (cf. [GKP, p.169]),

20500 - () e
Thus

n — 3 ( ) 4
>~ (1" = X (mod )

which gives (1.11).
By the Chu-Vandermonde identity we also have

() (1)
8 ) 8 Y

_ < 2) — (~1)"n(n + 1),

Recall Morley’s congruence (cf. [Mo] and [P])

<2n) = (—1)"4*~L (mod p%).

n

Note also that n(n + 1) = (p? — 1)/4 and

p—1 2k
( )E ( )E (mod p)
k k=1
Therefore, by (3.2) and (3.6) we have
k() P’ -1
];) 1gk _( 1) 4
2 1 .m (2K
E—g(p(( )" — 4P 1)Jr(—l)”g b . ! (Z)>
k=1
2 B n o (2k
=2t = 1) () >0 moa gt
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and hence
n 2k\ 2 n
K ()
k

— 16 4
2 n (2k
_b -1 2 3 (-1 (k:)
=—(1 2P~ 1 — [ — ARLES
ety o (2 Py

2 _ 2k
=L -n+ (i)p (—k) (mod p*).

This proves (1.12).

In light of (1.2), clearly (1.7) and (1.8) follow from (1.11) and (1.12)
respectively.

Now we prove (1.9). By Lemma 2.1,

4/(2(p—k))2 n

1 . p—k Z
= Z = Z —_—— = 2
’ p/2<k<p 16# p/2<k<p k216 k=1 (p o k)Z(Qkk) 167—%
1w 16* e 1
== = - (mod p).
4 g2 (2:)2 4 1; £2 (2)2

This, together with (2.9) and (1.2), yields (1.9).
By Tauraso’s identity mentioned in Remark 1.3,

dk+1/2k\>  p® [(2p—-1\® p* [/ p—1 \? .
2 o\ k) Tit\po1) “w (p—1)/2) =0 modp?).
p/2<k<p p p
So (1.10) follows from (1.9).

The proof of Theorem 1.2 is now complete. [J
4. PROOF OF THEOREM 1.3

As we mentioned in the paragraph after Remark 1.4, based on the
author’s conjecture that ¢, € Z for all n € Z*, Kasper Andersen obtained
the following lemma.

Lemma 4.1 (Kasper Andersen). For anyn € Z* the number

- ﬁ ni(m 1 8) (2:)3

n k=0

is indeed an integer as conjectured by Z. W. Sun; in fact,
n—1 2
n+k—1
n=x (")
k=0

We also need the following result.
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Lemma 4.2. Let p > 3 be a prime. Then

pil 1+ 2pH,_,

8
12 ngp—3 (mod p?).

k=1

Proof. Note that

p—1 p—1 1
= (mod p)
k}:l ]:1 ']

and hence Y-P_11/k% = 0 (mod p) since 1 — (—2)3 # 0 (mod p). By [ST1,
(5.3)], we have

”i 1+ 2pH,

8
12 = ngp_g, (mod p?).

k=1
As Hy = Hy_1 + 1/k for k € Z™, the desired result follows. [
Proof of Theorem 1.3. In light of Lemma 4.1,
— a_1 2
1 2k 2p™\ ~ P+ k—1
— 21k =4 :
Fr e () () (7

So we turn to determining 1 (* a) and > % _, o (P k- 1) modulo p?.
By a result of Glaisher [G1, GQ] ifp>3 then

1/2p 2p—1 2 4 4
— = =1—-p°B,_ d p®).
()= (020) = 3

In view of [SD, Lemma 3.2],
1 /2p"t! 1 /2p' .
5(5”1 > = 5( ]Z> (mod p***t?) for every i =1,2,3,... .
Thus
1(2pa) _ 1(2p) {p2 + (=1)P~1 (mod p*) ifp € {2,3},
—2

2\ p D 1——p3Bp3(modp) if p> 3.
Observe that

p*—1 2 p*—1 2
a -1 a a
() X (R IL(+Y))
- k=1 j<k J
p*—1 " 2 P p P 2 e
= — 14+2— ) = 1+2
() T (+) =5 () T (o2
k=1 =1

0<g<k

k
Z 1+ 2pHj_y { p?/(p—1) (mod p) if p € {2,3},
8p3B,—_3/3 (mod p*) if p > 3.
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(In the last step we apply Lemma 4.2.)
Combining the above we see that

Z 21k + 8 (%)
p k=

{ 8(p* )p Hlp /( —1)+1) (mod p*) if p € {2,3},
8(1 — 2p*B,_3)(1 + $p*B,_3) (mod p*)  if p > 3,
8(1+ 2p3Bp 3) (mod p?).

This proves (1.15). O

5. MORE CONJECTURES

In 1914 S. Ramanujan [R] found the following curious identities (see
[BB], [B, pp.353-354] and [BBC] for more such series):

3
) (2lc) B 4 oo (2k) 2\/5
kz_o (Ok + 1) 556 = 2_; (6k+ 1) 5198 =

and

3
kZ:O (42K +5) 4096k =

(They are usually stated in terms of Gaussian hypergeometric series.) For
an odd prime p, L. van Hamme [vH]| conjectured the following p-adic ana-
logues of the above three identities of Ramanujan:

(p—1)/2 (2k)3 _1
(6k+1) =p (—) (mod p*) if p >3,
l;) 256k P
(p—1)/2 (2k)3 9
6k +1)—EL — =p (—) mod p?),
(p—1)/2 (2k)3 _1
(42k + 5) 22 =5p (—) (mod p*).
I;) 4096+ P

The first of these was recently shown by L. Long [Lo]; the second and the
third remain open.

Motivated by Theorem 1.3 and Lemma 4.1, we propose the following
conjecture.
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Conjecture 5.1. (i) For each n =2,3,... we have
2n s 2k\

2 3k +1 g)ni=k
() >k () o
n—1 3

2n 2k
2 n—1—k
n<n) Z(3k+1)<k> 16 :
k=0
n—1 3
2n 2k
2 6k + 1 25671k
()| (i) o
n—1 3
2n 2k
) . n—1—k
n<n) }:mk+n<k>< 512) :
k=0
m, n—1 3
2 42k 45 4096m 1=+
() | e ()

p—1 3
3k+1/2k -1
S Er(h) = (5) #E-s moast

-1
=p+2 (?) p3Ep_3 (mod p4),

%
109", (3) i,

9

9

3
-2 372
(55 (5) B ot

—1
=5p (?> —pSEp_g (mod p4),

and

k=0 k=

—3p <_?1> (mod p*).

Also, for any a € Z* we have

"3k 41 2K\ ° 7
—Z ST ( ) El+6p3Bp3(modp)
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and

(p*—1)/2 3
1 42k + 5 [ 2k -1 3

— Yy =12 = (=) (5-2pH,_ d p°).
peoi 4096 (k> (pa) (5 T 1) (mod £7)

Each of Ishikawa [I], van Hamme [vH], Ahlgren [A] and Mortenson
[MO05] confirmed the following conjecture of Rodriguez-Villegas via certain
advanced tools:

hS]
—
—~
]
B

3
k)
k

= a(p) (mod p?) for any odd prime p,

(]

=

o

where the sequence {a(n)},>1 is defined by

Yoamg"=q]Ja-¢"° (a <1)

and related to the Dedekind n-function in the theory of modular forms.
In 1892 F. Klein and R. Fricke proved that (cf. [SB, Theorem 14.2])

) {4x2—2p if p=22+4y? with 24z and 2 | y,
a =
P 0 if p=3 (mod 4).

Let p be an odd prime. Since (_}6/2) = (2kk)/(—4)k (k=0,1,2,...), for
any integer z Z 0 (mod p) we have

k
o 04 k=0 &
(p—1)/2 3
_ Z ((p—‘l)/Q) (_x)(p—l)/Z—j
7=0 J
p—1 2k\3
—T _
= (61212“ (—) 2z~ % (mod p).
k=0 p

Via computation we find that

S (o)) s

for x = 1,4, —8,64. (Note that the case z = 1 is clear.) This leads us to
propose the following conjecture.
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Conjecture 5.2. Let p be an odd prime.
(i) If p=1 (mod 4), then

e R =S o ey 3
(-8 :Z 64k ( > 512 (mod p7);

k=0 k=0

if p=3 (mod 4) then

p—1 (2 p—1 )3
= 512 =0 (mod p?).

k=

o
B
I
o

(ii) If p=1 (mod 3) and p = z* + 3y* with z,y € Z, then

k = k = d 2
16¥ gk 0 (med )
k=0 k=0
(iii) If p=1,2,4 (mod 7) ( (£) =1), then

(55) (42 = 2p) (mod p?) if (37) =1& p=a®+2y° (x,y € Z),
~ 1 0 (mod p?) if (=2) = —1, ie., p=5,7 (mod 8).

Remark 5.1. Let p be an odd prime. By the theory of binary quadratic
forms (cf. Cox [C]), if p = 1 (mod 3) then there are unique x,y € Z*
such that p = 2% + 3y?; if p=1,3 (mod 8) (i.e (_72) = 1) then there are

unique z,y € Z* such that p = 22 + 2y2.



26 ZHI-WEI SUN

Conjecture 5.3. Let p > 3 be a prime. Then

-1 2 .
pz ) (o ):{z o C5)” (mod p?) if (B) =1,
= 8 0 (mod p?) if (§)=-1
Also,
(p*—1)/2 2
1 35k + 8 [ 2k 4k p—1 9
— R = d
p Z 31k (k) (Qk:) 8% 3 (mod p~)
k=0
and
35k:+8 2k 4k\ 416 4 4
_Z ST ( ) (Qk):8+2—7po3(modp)
for all a € Z*. Furthermore, for each n =1,2,3,... we have

n—1 2
1 2k\” [ 4k
35k + 8 g1k ¢ 3—0Cn+l) 7,
An(2n +1)(>") k;Z:O( )( k ) (Qk)

where 6(m) takes 1 or 0 according as m is a power of 3 or not.

. —1 (2k\2 3k
The author [S11la] made a conjecture on Y v_, (%) ()/64% mod p?
for any odd prime p. Here we give a related conjecture.

Conjecture 5.4. (i) For any odd prime p and positive integer a, we have

11k +3 2k 3k T, ,

Moreover,

n(2n +11)(2n) ni(ll’f +3) (2:)2 (3:) 6471k ¢ 7,

k=0

forallm=2,3,....
(ii) If p > 3 is a prime, then

(p—1)/2 L

11k — 4 4

Z (3%—23);1 = 32¢,(2) — %p2Bp_3 (mod p?).
=1 Kk (k) (k)
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Conjecture 5.5. Let p be an odd prime. Then

p—1 (2k)2(3k)
k) \k
2
B 422% — 2p (mod p?) if(%) =1&p=2>+2y° (v,y € 2),
1o (mod p?) if (_72) =—1.

Also, for any a € Z™ we have

10k 2k: k 4
—Z 0+3 3 53+—9pog(m0dp)
k 8
Moreover, for each n =2,3,... we have
1 — 2k\” (3k
10k + 3 gn ik ez
n(2n +1)(*") kzzo( )(k) (k)

For n € N the Bernoulli polynomial of degree n is given by

Bn(z) = Xn: (Z> Bz ¥

k=0

Conjecture 5.6. Let p > 3 be a prime. Then
S0 ()
o~ (—27)k
42% — 2p (mod p?)  ifp=1,4 (mod 15) & p = 22 + 159? (z,y € Z),
=¢ 2p— 1222 (mod p?) if p=2,8 (mod 15) & p = 322 + 592 (x,y € Z),
0 (mod p?) if ({5) = -1

k) \k
_ k
£ (-192)
_{ 2?2 —2p (mod p?) ifp=1 (mod 3) & 4p = z? + 27y* (z,y € Z),
~ | 0 (mod p?) if p=2 (mod 3);
p—1 (3k) p—l 4k>
= (5+(52))/2

Z 216k - ( > ; 48% (mOd b )

422 — 2p (mod p?) ifp=1,7 (mod 24) & p = 2 + 6y? (v,y € Z),
={ 822 - 2p modp ) ifp=5,11 (mod 24) & p = 222 + 3y? (z,y € Z),
(mod p?) if (52) = —1, i.e., p=13,17,19,23 (mod 24);
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dz? —2p (mod p?) if (7)) =1& p=2a”+2y* (z,y € Z),
0 (mod p?) ifp#7 and p=>5,7 (mod 8);

p—1 (2k\2 4k
(o) (o)
_9122\k
k::O( 2123)
{4m22p(modp2) if12|p—1, p=2%+9% 3{x and 3|y,

—(F)4ay (mod p*) if12|p—>5 and p = 2* +y* (z,y € Z),
0 (mod p?) if p=3 (mod 4).

Also, for any a € Z" we have

1 A= 15k + 4 /2k\ 2 [ 3k o 1N 4 1
p* =4 = —p°B, o | = dn?
P = (—27)k(k;) (kz) <3>+( 3 >3p p2(3> (mod p°),
LIS~ Bkl (28)* (3 P P 5, 1
= (P 5. (1 .
Pt = (—192)k</<;) (k) (3>+( 3 )1819 p2(3> (mod p?),
ipazl%H 26\5 (8K _ () (P 5 ap (1 (mod p?)
pa e 216k k k - 3 3 12p p—2 3 mo p ,
1 p*—1 8k 4+ 1 (2% 2 4k p PN 2 )
= _ () _ 5., (1 3
pe = 482k (k) (Qk) <3) ( 3 ) 24p p—2 (3) (mod P )7
LIS~ 40k 43 (28) 4k —3 (¥ P B 1 (mod p°) if p # 7
= () 52, (1),
pe — 284k k 2k 3 3 392 P 2 3 od p°) tf p ,
1% 28k +3 [2k\2[4k\ _ [p° AN 5 1 3
LS B (Y (1) (%) - (%) 2 (3)
and

1 8k+1/2k\” (4k\ _ )
— Z T (k) <2k> =0 (mod p*).

p*/2<k<p®

Remark 5.2. (i) In view of Conjecture 5.6, we also have conjectures such
as

—

2n(2ni 1) (3" i(l5k +4) (2:)2 (3:) (—27)n 1k ¢ 379Gty

k=0
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and
n—1

1 2K\ * [ 4k
40k + 3 284(n=1-k) c 7.
2n(2n + 1) (*") 2 )< k ) <2k>

n k=0

where n is any integer greater than one. In addition, we guess that for
any prime p > 3 and a € Z™ we have

122 5k4+1 [2k\2/4k N\ (N 5 1

— —_— == —p“B,_o | = d p%).

v 2t (e) () = (5)+(57) 1 (5) oot
(ii) The following Ramanujan-type series are closely related to some

congruences in Conj. 5.6.

i": Sk+1 (2k\°(3k\  4V3 i6k:+1 2k\° (3k\ _ 3V3
(—192)% \ k k) w7 & 2168 \k k) w

k=0

i8k+1 2k\” (4k\ _ 2V3 i40k+3 2k\° (4k\ 49
482k \ k 2k) m o 28t \k 2k) 331

=0

i28k+3 2k\” (4k\ 16
2123)k \ k) \2k)  V3r

and

For the sake of brevity, below we will omit remarks like Remarks 5.1
and 5.2.
For n € N the Euler polynomial of degree n is given by

n n—k
n Ek 1
k=0
Conjecture 5.7. Let p be an odd prime. Then
P—l (4k)

210
k=0

422 — 2p (mod p?) if p=1,9 (mod 20) & p = 22 + 5y? (z,y € Z),
2p 212 modp ) if p=3,7 (mod 20) & 2p = 2% + 5y? (v,y € Z),
(mod p?) if (—75) =1, i.e., p=11,13,17,19 (mod 20).

-1 -1
3 () (o
p p

iz 20k + 3 2]{: 4k
Pt = (—210)k 2k

)p2Ep3 (mod p?) for alla € Z.
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Provided p > 3, we have
p—l (4k)

24k
k=0

42 — 2p (mod p?) if p=1,9,11,19 (mod 40) & p = 22 + 10y? (x,y € Z),
2p 822 (mod p?) if p=7,13,23,37 (mod 40) & p = 222 + 5¢y% (z,y € Z),
(mod p?) if (—710) = —1, i.e., p=3,17,21,27,29,31,33,39 (mod 40),

10k + 1 2k 4k —2 -2\ p? 1 3
— — ] - —FE, 3| - d
2 () ()= G) - (52 e () o
for all a € Z*. When p > 5, we have
p—1 (4k)

Z 214345
k= O

422 — 2p (mod p?) if p=1,9 (mod 20), p=2a%+y?, 5tz and 5 |y,
={ 4xy (mod p?) if p=13,17 (mod 20), p=2?+y? and 5 | v + v,
0 (mod p?) if p=3 (mod 4).

Conjecture 5.8. Let p be an odd prime. Then

S G () ()

(_215)k
k=0
B (_72)(332 —2p) (mod p?) if (&) =1& 4p =2a* +11y* (z,y € Z),
| 0 (mod p?) if (£)=-1, i.e., p=2,6,7,8,10 (mod 11).

Also, for any a € Z" we have
i Z 154k 4+ 15 (6k\ [ 3k [ 2k
pe (—215)k \3k/) \ k k

k=0
-2 2\ 15 1
=15 (p_“) + (p ) 6P p*E, 3 (Z) (mod p?).

Moreover, for each n =2,3... we have

; (154k + 15) (g:) <3kk> (2:) ok g,

2n (2n—|—1

')’L
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Conjecture 5.9. Let p be an odd prime and leta € Z". Ifp =1 (mod 3),
then
p*—1 2
Ok +2 2K\ [ 3k ,
e = d p®).
2. o (k) (k) 0 (mod p)
k=0
If p=1,3 (mod 8), then

p*—1 2
16k + 3 (2k\ 2 [ 4k )
e = d p2atovs),
;;) 256k (k) (%) 0 (mod p )

If p=1 (mod 4), then

p“—1 3
Ak +1(26\° .
E G ( k) = 0 (mod p~?)

k=0

p®—1
36k +5 (6k\ (3K (2K _ pats, o
> 123k (3k:)(k)<k:>_o(m0dp )

k=0

and

Remark 5.3. The reader may consult conjectures of Rodriguez—Villegas
[RV] (see also [MO05]) on S0 (% ) (3’€) J108%, S0 (2R (;*Q) /256% and
S0 CRY (3R (3F) 123k modulo p?, where p > 3 is a prime.

We will give more conjectures similar to Conjectures 5.1-5.9 in the forth-
coming survey [S11b]. Now we turn to sums of products of two binomial
coefficients.

Conjecture 5.10. (i) For any prime p =1 (mod 3) and positive integer
a, we have
p“fl (3k)

a+1
54’C )

=0 (modp
k=

o

Let p = 1,3 (mod 8) be a prime and write p = x% + 2y* with

(i)
x =1 (mod 4). Then

p—1 (2k) (4k

k_%): _1)L@+5)/8] _ P 2
k;) gk = (U (25” 2x> (mod p7).

Also, for any a € Z™ we have

p*—=1 5 (2k\ (4k
k() (Gr) _ .
Z 114:2813]’C =0 (mod p**!*+or2).

k=0
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(iii) Let p = 1 (mod 4) be a prime and write p = x? + y? with x =
1 (mod 4) and y =0 (mod 2). Then

S { (—1)l2/8) (22 — p/(22)) (mod p?) if p=1 (mod 12),
(4)(2y — p/(2y)) (mod p?) if p="5 (mod 12).

Also, for any a € Z" we have

| BNl g (6kY (3K
e —(?é%)zl(kk) = 3 (mod 5).
k

p— 6k\ (3k
Z k(?)k)(k) =0 (mod pa—|—1) and
k=0 =0

864F

Conjecture 5.11. Let p > 3 be a prime.
(i) If p="7 (mod 12) and p = x* 4+ 3y? with y =1 (mod 4), then

5 (4) e = o (-8 oot

and we can determine y mod p* via the congruence

p—1 2k 2
> (E) ) (—1)®+V/%y (mod p?).

k=0

(ii) If p=1 (mod 12), then

07 () B v

k=0

If p=11 (mod 12), then

Remark 5.4. The author could prove that 2%;%(%)(2;)2/(—16)’“ =0
(mod p?) for any prime p =1 (mod 4).
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Conjecture 5.12. Let p be an odd prime and let a € 7.
(i) We have

B ()-(2) () o

Pl (20, _ (__1) - ( -1 )3p2Ep_3 (mod p?),

pa—l

and

where Cy, stands for the Catalan number %H(Qg) = (27:1) — (anl)'
(ii) Suppose p > 3. Then

and

where

1s a second-order Catalan number.
(iii) Assume p > 3. Then

paz—l () () (p_“ ) 7 (mod p),

/ £
— 27 3
p*—1 (2k\ (3k a a—1 2
D p p 1
> e = () - (55) 5o (5) moas)
k=0
p*—1 /2K (2) -1
C p° p* 2 1
el =(5) - (5) 37702 (5) moar)
k=0
Furthermore,
p*—1

33
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Remark 5.5. For a prime p > 3, Rodriguez-Villegas’ conjecture (cf. [RV])

s WG § (k)(zk)vz(gk)(;@)

432k

modulo p? were proved by Mortenson [M03b]. By Gosper’s algorithm (cf.
[PWZ]) we find that

go 91%2 (2:) (3:) _ (Bn+ 12)7(:m +2) (2:) (3:)

SO () () - S () ()

k=

and

Conjecture 5.13. Let p > 3 be a prime. Then

pil (%) = (p) « () = { (2((15711))//33) (mod p?)  ifp=1 (mod 3),
P 24k 3/ £ (—216)F p/(fé‘(gjlﬂ/;) (mod p?) if p=2 (mod 3).
Also

p—1 (Sk)Ck B 1 » p—1 (3k)0k B 1 (p_ (1_9))/3

2 Y (§> 2 (_kzm)k = 5(( . (§3)>/3) (mod p).

When p =1 (mod 3) and 4p = 22 +27y? with z,y € Z and x = 2 (mod 3),
we have

=55 () =S () ()

Conjecture 5.14. Let p > 3 be a prime.
(i) We always have

o« () tn)

135 =0 (mod p?).

Ifp=1 (mod 3) and p = x? + 3y* with x =1 (mod 3), then

p—1 <2k:k> D ,
Z sk = 2x — o (mod p~),

GZ) =2 (mod p?).
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If p=2 (mod 3), then

p—1 <2k> (4k) 3
k) \ok) _ 14 2
= (mod p?).
= 8t 2

(ii) If (2) =1 and p = 2* 4+ Ty* with (%) =1, then

k=0
Pl k18 /2K [4k D

=8|z d p?
,;06:% <k>(2k> 8(3)”3(”10 P’)

(iii) If p = 1 (mod 4) and p = 2? + y* with x = 1 (mod 4) and
e

If p=3 (mod 4), then

p—1 2k N 6 9 ,
Z (k7)2(k ) = (]—)) —3((p£)/2) (mod p?).

(p+1)/4

Remark 5.6. Let p > 3 be a prime. Concerning part (i) the author could
prove that

SO - (=2)57 GO (oa

= (=192)F - =
and k\ 4k k\ (4k
p=l 02 . 1/ -2\ 22 k(2 5 2
i =1 (7) 2 it oot
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We have similar things related to parts (ii) and (iii) of Conj. 5.14.

Finally, we mention that we also have some conjectural super congru-
ences involving quadratic polynomials and sums of products of more than
three binomial coefficients. For example, inspired by the identity

*(205k% — 160k + 32
Z NG ) = _QC(B)
k=1 ko ( k )
due to T. Amdeberhan and D. Zeilberger [AZ], on April 4, 2010 the author
(cf. [S10a]) conjectured that

(p—1)/2 5
2k 896
> (205k% + 160k + 32)(—1)* ( k) = 32p* + ?p5Bp 3 (mod p%)
k=0

for any prime p > 3. Also, (1.22) and (1.23) in Conjecture 1.4 were moti-
vated by the first and the second congruences in our following conjecture.

Conjecture 5.15. (i) For any odd prime p, we have

nZ: 1802 E;Tur 1 (2:)2 zn: (—2/4)2(;?1/32 = p? (%) (mod p®),

k=0
S () 5 () () () = o
et (0 () () = s )

(ii) If p > 3 is a prime, then

Zl n16: : ZO (Z>2 (2:) <2<:__ k:k)) = 424600, @)° (mod 27,

For any integer m > 1, we have

U = m mzl(?m%n)mm—l—” i <Z)2 (2:) (2(:__:)) € Z;

n=0 k=0

moreover, a., is odd if and only if m is a power of two.
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