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i. INTRODUCTION

Let # be a complex number with |¢| < Z and let the Euler numbers E,, (n=0,1,2,...) be
defined by the coefficients in the expansion of

© t2n
sect :;)Ezn—(—f;ﬁ'
Thatis, £, =1, E, =1, E, =5, E, =61, F; =1385, E, =50521, ...
We denote
E(n, k) — Z E2a|E2a'2 "'EZak (1)

2a)\Q2ay) ... 2ay)

@ oyt tag=n

where the summation is over all A-dimensional nonnegative integer coordinates (,, a,, ..., a;)
such that o, +a, + -+, =n and k is any positive integer. Recently, several researchers have
studied the numbers E(n, k). In [3], Wenpeng Zhang obtained an expression for E£(n,2m+1)
(m=>=1) as a linear combination of Euler numbers and obtained some interesting congruence ex-
pressions for Euler numbers. The main purpose of this paper is to express E(n, 2m) as a linear
combination of second-order Euler numbers, so that some congruence expressions are obtained
correspondingly. The two identities,

S (7)8e = Yy ()5 @
Jj=0 Jj=0
and
S (1)Emo=p3 ey (7)o, ®
7=0 =0

which were obtained by David Zeitlin (see [2], p. 238) are deduced, and some more common
results than (2) and (3) are achieved.

2., DEFINITIONS AND LEMMAS

0

Definition 1: 1f (A4,) is any sequence with 4, =1 and if f(r) =2, 4,t"/n! is its generating
function, then the "umbral" sequence A¥) of order k and the associated Appel sequence of
polynomials 4%)(x) of order k are defined, respectively, by

FOF = i AO" [ 4)

and :':0
e f(t) =D AP Int, %)

n=0
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where k is any integer. Clearly, A%)(0)= AP and 4D = 4,. Itis also easy to see that
n l/ . d
AB(x) = Zb C}) APx"J and that Z AW (x) =nA®)(x).
=

Remark 1: (a) When f(t) =sect, |t| < 7/2, (4) becomes
(secH)* =D EP" Inl, (6)
n=0
where E® are called Euler numbers of order £;
(b) When f(t)=t/(e' 1), |t| < 2m, (4) becomes

o0

(11 =) => BPi"In!, @)

n=0

where B,(,k) are called Bernoulli numbers of order £ (cf. [1], [2]);
(c) When f(t)=2/(e'+1), |t| < 7, (5) becomes

e(2/ (e +D)t = iE,(,k)(x)t" /n!, (8)

n=0
where E®)(x) are called Euler polynomials of order % (cf. [1], [2]);
(d) When f(t)=1/(e' - 1), |t]| < 27, (5) becomes

e (1/ (e - D) = iB,(,k)(x)t” /n!, ()
n=0

where B®)(x) are called Bernoulli polynomials of order & (cf. [1], [2]).

Clearly, the usual Euler numbers E, = E(V, Bernoulli numbers B, = B, Euler polynomials
E, (x)= E®(x), and Bernoulli polynomials B,(x) = B"(x). Using (6), (7), (8), and (9), we have °
E® =0 (n21), EP = (12" EP(£), and B = BH(0).

Definition 2: o ;(x,,x,,...,x,) (j=0,1,2,...,n) are defined as the coefficients of the polynomial
(x+x)(x+x,) - (x+x,) = Y 0,06, Xy o, X)X
Jj=0

1 —
Lemma 1: Eéﬁ) = (k—_l)f(;tz—)Eg;_'_g) +

Proof: By (6), we have

k-2

1 E&ED (k>2). (10)

S 1 -2y k=2 2y 2"
:Z:«O((k VP S S e R A Yoy

© 2n-2 0 2
1 ZE(k..z) " +k—2 E-2) "

TG-Dk-2&2TT @n-2) k15" @n)l

n=1
_ 1 dz k-2 k-2 k-2 _ k_ — (k) t2n
=T Zi;f(sec 07 4 57 (sec )™ = (sect)’ = ;}EZ,, @ (1n

and comparing the coefficient of " on both sides of (11), we immediately obtain (10). O
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Lemma 2: E? = - 1)n227:1£212n+2 D B, 12 (12)
Proof: By (6) and (7), we have
i n%— ] (2>*2-1B,,,, @ ")' ;:: ;7;( 227 -1) znth_ﬁ)
_ 42 @n—12> -1)B,, z_?ﬂ _ %Eﬁj @ -1)B, %
:4%(1‘12132" ((222;7 ‘IZ - (2n)') ;(t"‘(??—t_—f—lw)—t“(e,t_l—1+%t)j
:?%Ez(sec%‘)z:;};g) ((%22)2: _gl( 1y 22n E® (én)" (13)

and comparing the coefficient of 72" on both sides of (13), we immediately obtain (12). O
Remark 2: By (12), we have E? =1, E{P =2, E? =16, E® =272, E{» = 7936, E{Y = 353792,
E? =22368256, ...

3. MAIN RESULTS

Theorem 1: E$™ = om —1)'2 miEA v am—2-2> (14)

Jj=0
_ 2 2 .2 2 . .. .
where o, = 0,(2*,4%,6°, ..., (2m—2)*), and m is a positive integer.

Proof: We prove Theorem 1 using mathematical induction.
(@) When m=1, (14) is clearly true.
(b) Suppose (14) is true for some natural number m. By the supposition and (10), we have

1 2m
E(2m+2) v @m +__E(2m)
m Cm+DCm) " 2m+1

m—1 (2m2
Rzl Z mj 2n+2m—2] -2

(2)
T @am+)! .=0°'"J‘E2"+2'"-21 @m+1)! &

2 m=l

|ZU E§§+2m—21 _L_L'Z O on(j-1) 2n+2m—21
(2m+l) 2m+1)]

1
1 E® m=1 o) E® +(@2m)*o E®
T @m+1)t| + Z (O + @m0 1) Edriam2; m(m=1)2n
! a
= Eam+ ”ila(mﬂ) ey * C’(m+1)mE§;21)
n —
@2m+1)! = J

1 2
- W ZO U(m+1)j Eén?l-Zm—Zja (1 5)
"=
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and (15) shows that (14) is also true for the natural number m+1. From (a) and (b), we know
that (14) is true. O

] m-1 @
Gm=DiEn! ,Zz(:)a mEansam-2-25- (16)

Proof: From formulas (1) and (6), we have

Corollary 1: E(n,2m) =

2m
ZE(n 2m)t*" = (ZEZ,, ) 'J = (sec 1) = ZEgg"O én)' a7 |

n=0 n=0

Comparing the coefficients of 2" on both sides of (17) we have

E(n,2m) = (2 ) ——E(Zm, (18)

By (14) and (18), we immediately obtain (16). O

Corollary 2: For any odd prime p, we have the congruence

o 1 (modp) ifp=1(mod4),
P17 -1 (modp) if p=3(mod4).
Proof: Taking n=0 and 2m—1= p in Corollary 1, and noting that £, = E? =1, (p-1)!=
—1 (mod p), we can get

P-

2
- 2
= Z T, ED = EP +0 1 EP

E_L
2 2

=EP +2*.42.6*.8% .. (p-1)’ = EP, +(-1)T 3 (mod p),
where we have used the congruence

0,,. =0 (modp), j=12,.. iy 3

+l -
i 2

Therefore,

o 1 (modp) ifp=1(mod4),
P17 1-1 (mod p) if p=3(mod4).
This completes the proof. O

Corollary 3: For any odd prime p, we have the congruence

2p+1 2p+1 -1
__(pﬁ_—)BP“ =1 (mod p).

Proof: By Corollary 2 and (12). O

Remark 3: For p=3, the preceding congruence says that 608, =1 (mod 3) while, for p>3,
using Fermat's little theorem, i.e., 2” =2 (mod p), the congruence says that 12B,,, =1 (mod p).
These facts can be derived directly from the standard recursion for Bernoulli numbers:
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Theorem 2: 1f p is any integer, then
S () 4 0e) =ni(-x - pAY, (19)
j=0

where A%®)(x) are defined as in Definition 1.

Proof: We use the notation [f"]A(f) to denote the coefficient of ¢” in the power series expan-
sion at 0 of A(¢). Then, by the definition of 4*)(x) and the binomial expansion,

= nl[")(1- e £ (1)P)".

If g(t) =1-e™f(#)?, then g(0)=0 and g'(t) = —e*(xf () + pf ()P~ f'(1)), so that g'(0) =
—(x+ pA)). Thus, g(t) = —(x + p4)t +0(t?) and g(¥)" = (—x— pA)"t" +0(r"*).

Corollary 4: 1f p is any integer, then

@ é(—l)f (’j’;)E;w')(J‘x):n!(g—x)"; (20)
®) §<—1>f (’]’-)B;Pf>0x>=n!(§—x)". @1)

Proof: By formula (19), we immediately obtain (20) and (21), since in the Euler case
f(#)=2/(e' +1) and in the Bernoulli case f(f)=17/(e'—1). In both cases, 4, = f(0)=1 and
A4 =f(0)=-1/2. O

Corollary 5: If p is any integer, then
7 : ; !
@ e (1)EP©O=-p2,
=0 J 2
n!

n (n ) _nl
m Sy (j)Eo-7.

© é(— 1y (7)3},}’” -2,

~.

@ Yy (7)Er -2

j=0
Proof: Taking x = 0 in Corollary 4, we immediately obtain Corollary 5. O
Remark 4: By Corollary 5, we immediately obtain (2) and (3) (see [2], p. 238).
2n
Corollary 6: ) (-1 (2]7_1 ) EP) =0. (23)
j=0
Proof: Taking x=p/2 in Corollary 4(a) and noting that E?’ = (-1)"22"E{P)(Z), we
immediately obtain (23). O
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NEW PROBLEM WEB SITE

Readers of The Fibonacci Quarterly will be pleased to know that many of its problems can now
be searched electronically (at no charge) on the World Wide Web at

http://problems.math.umr.edu

Over 20,000 problems from 38 journals and 21 contests are referenced by the site, which was
developed by Stanley Rabinowitz's MathPro Press. Ample hosting space for the site was gener-
ously provided by the Department of Mathematics and Statistics at the University of Missouri-
Rolla, through Leon M. Hall, Chair.

Problem statements are included in most cases, along with proposers, solvers (whose solutions
were published), and other relevant bibliographic information. Difficulty and subject matter vary
widely; almost any mathematical topic can be found.

The site is being operated on a volunteer basis. Anyone who can donate journal issues or their
time is encouraged to do so. For further information, write to:

Mr. Mark Bowron

Director of Operations, MathPro Press
P.O. Box 713

Westford, MA 01886 USA
bowron@my-deja.com
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