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Abstract

In this paper we derive a general combinatorial identity in terms of polynomials with
dual sequences of coefficients. Moreover, combinatorial identities involving Bernoulli and Euler
polynomials are deduced. Also, various other known identities are obtained as particular cases.
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1. Introduction

Let {a,},cn be a sequence of complex numbers where N = {0, 1, 2, ...}. We call the
sequence {a, },cn given by

n
ay = Z(’f)(—l)"a,» (L.1)
i=0
the dual sequence of {a,},eN. It is well known that a}* = a, for all » € N (see, e.g. [2,
pp. 192—-193]). Those self-dual sequences are of particular interest and were investigated

in [5]. The Bernoulli numbers By, By, ... are given by By = 1 and Y I ("T)B; =
0(n = 1,2,3,...); since By = —1/2 and By4+1 = 0 fork = 1,2,... the sequence
{(—=1)" By}, is self-dual as observed in [5]. Like the definition of Bernoulli polynomials
(see, e.g. [6]), we introduce

n n

An(x) — Z <7) (_1)iaixn—i and AZ(x) = Z <’:) (—1)ia;kxn—i. (12)

i=0 i=0
Obviously 4,(0) = (—1)"a,, A,(1) = a; and

A ()= <n i 1)(—1)"61,'(11 +1=Dx" = (n+ D dp ().

i
i=0
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In 1995 Kaneko [3] found the following new recursion formula for Bernoulli numbers:
Lkt
Z( _ )(k+j+ DBt =0  fork=1,2,....
j=0~ 7

By means of the Volkenborn integral, Momiyama [4] got the following symmetric
extension: if k,/ € Nand k +/ > 0, then

k I
k+1 1+1
(_1)k§:< j )(’+J+1)Bl+j+(—1)’§ <j; )(k+j+1)Bk+j=0.

j=0 j=0
Recently Wu et al. [7] proved further that for £,/ € N we have

k !
k+1 [+1
(—1)k2< j )(l+j+1)Bl+j(t)+(—1)lZ<—; )(k+j+1)3k+j(—t)

=0 =0
= (=DFk +142)(k +1+ D, (1.3)
Motivated by the above work, we obtain the following general theorem.
Theorem 1.1. Letk,l e Nandx +y +z = 1. Then

k I *
K\ i Ai+j+1(0) N o Aiy i@
-1 k k—j J -1 ! < ) 1—j J
( );)<j)x EETRA PN V) i =y
e+
_ _ao(=x) i 04
k+1+ D)
Also,

k !

k . / )
—DFY° <j)xk—fAz+j<y) =0 <j)x"fAz+j @) (1.5)

Jj=0 Jj=0

and

Kk s
<—1)k2< . )xk—f“<l+j+1)Az+j<y)
=0~ J
"N,
+<—1)’Z< ) )x’—f+1<k+j+ DAiy;(2)
=0
= (k +1+ (=" 1 ) + (=D 45, (2). (1.6)
Remark 1.1. (1.5) in the case / = 0 yields that
k X _ k k _
(.)xk‘fAjm = (D0 —x -y =) ( .)ok—fAj<x +)
—0 J =0 J
= Ar(x + ).

J



