NH,
q JOURNAL OF
?ﬁ COMPUTATIONAL AND

APPLIED MATHEMATICS

ELSEVIER Journal of Computational and Applied Mathematics 115 (2000) 471-477

www.elsevier.nl/locate/cam

Addition formulas for polynomials built on classical
combinatorial sequences

Christian Radoux *

Faculté des Sciences, “Le Pentagone”, Université de Mons-Hainaut, Avenue du Champ de Mars 6,
B-7000 Mons, Belgium

Received 7 January 1998

Abstract

We prove addition formulas for some polynomials built on combinatorial sequences (Catalan numbers, Bell numbers, .. .)
or related to classical polynomials (Hermite,...). These relations give also an explicit computation of several Hankel
determinants. (©) 2000 Elsevier Science B.V. All rights reserved.

1. The Hankel matrix, of any order, built on Catalan numbers has determinant 1

It is well known that the Catalan number c, = (2: )/(n+ 1) counts the number of sequences of n
integers 1 and #n integers —1, with partial sums always positive.
Let us now introduce c,; = [(2k + 1)( *)/(n + k + 1).

Here is the array of the first ¢, o
1
1 1
2 3 1
5 9 5 1
14 28 20 7 1
42 90 75 35 9 1

132 297 275 154 54 11 1

429 1001 1001 637 273 77 13 1

1430 3432 3640 2548 1260 440 104 15 1
4862 11934 13260 9996 5508 2244 663 135 17 1.
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Because of the trivial relation ¢, , = (,ffk)— (, fknﬂ ), we see that ¢, counts the number of sequences
of (n+ k) integers 1 and (n — k) integers —1, with partial sums always positive.
Now the coefficient of x™*' in (1 —x)*(1 +x)*™ is —2¢;y;.
On the other hand, the coefficient of x“ in (1 —x)(1 +x)% is (¥)(2i —2a + 1)/(2i —a+1).
Identifying the term x’™/*! in the trivial identity (1—x)*(14x)*"%=[(1—x)(14+x)*][(1—x)(1+x)¥]
and using the antisymmetry of the coefficients of these polynomials, we get easily [1]
min(i, j)

Ci+j = E Ci,ij,k.
k=0

Another way of writing this formula is the following.

..........

then 4,8, = H,.
This relation implies det(H,) = det(4,)det(B,)=1-1=1.

2. The inverse of that matrix

Let OC,,’i’j = (Hn_l )i,j-
On the one hand, we have (1 —x)(1 +x)* =>]_, c,p(x"F — x"thehy,
Dividing by x"*'? and replacing next x by €**, we obtain

> caxsin(2k + 1)o = 2% sin a cos™ o.
k=0
On the other hand, by induction

sin(2n+ =3 (—1)* (” Tk
k=0

) 2% sin o cos* o
n—k

So, with the above notations, (4;'),; = (—1)"“(1’:3) and, therefore,

P k+i\ (k+j
= (=D (k—i> <k—§)'

k=max(i,)

We have also

/ (ki
Z(_l)kﬂ (k . i> Cik = 0i ).
k=0

3. Some consequences

" 2n>
Cnk = 5
o= (i

Z (7 1 )kcn,k — 0:

k=0
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n
E 2

cn,k = Cop,
k=0

> @k + ey =27,

k=0

Z (_l)k(zk + l)cn,k — —2C,,,1,

k=0

z”: 2(2n* + 2n + 1)(4n)!
C}’l cﬂ n— —

rar Sl n!(3n+2)!

(Hint: use the Leibnitz rule on the Taylor coefficient c,; = 1/(n — k)!((d"*/dx"~*)((1 — x)
(1+x)*"))s=0-)

oo cn’
VK, ; o =2

(Hint: first ¢, is also a Fourier coefficient: ¢, ; = (22"")/n [, cos* asin(2k + 1)osin ado, and next

Ly Cnk/22 = [ (3002, cos™ o) sin(2k + 1)asinado = [; D qy = 1r.)
4. Catalan polynomials
We define now the mth Catalan polynomial by
Pm(x) = Z Cm,kxk-
k=0
We also define
Py(x)  Pi(x) P(x) - Pu(x)
P(x)  P(x)  P(x) oo Pa(x)
H,(x)=|Py(x)  P(x) Pyx) - Pra(x)].
Pn(x) Pn+1(-x) })ﬂ+2(x) te PZn(x)

Note that (1 4+ x) divides every element of this determinant, except Po(x). Its value is therefore, as
simple as possible

H,(x)=(1+x)".
The proof is quite easy.
Let us put a,,(x) =>;_, ¢, x*" (in particular, a,(x) = P,(x) and a,_,(x)=1).
This polynomial is the coefficient of u" in (1 — u)(1 + u)*/(1 — ux), ie. in > |_,Cus
(u"_k _ un+k+1 ) ZZO ulx’.
So, we have the addition formula

min(m,n)

am+n,0(x) = am,O(x)an,O(x) + (x + 1) Z am,k(x)an,k(x)'

k=1
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In other words, with the corresponding above notations, the matrix J, i.e.

Po(x)  Pi(x) Py(x) Py(x) -0 Pu(x)
Pi(x) Py(x) P;(x) Py(x) e Prp(x)
Py(x)  Ps(x) Py(x) Ps(x) o Pua(x)
Py(x)  Pa(x) Ps(x) Pg(x) -+ Pus(x)
Py(x)  Ppa(x)  Pupa(x)  Pus(x) o0 Pa(x)
is the product of .7, i.e.
aoo(x) 0 0 0 0
aio(x)  (x+ Dapi(x) 0 0 0
ap(x) (x4 Dazi(x) (x4 Daya(x) 0 0
aso(x)  (x+ Dasi(x)  (x+ Dasa(x)  (x+ 1ass(x) 0 ’
apo(x)  (x+ Da,i(x) (x4 Dan(x)  (x+ Da,s(x) -0 (0 + Dag,a(x)
by 4, i.e. by
aoo(x)  aro(x)  ax(x) azo(x) - aue(x)
0 ap(x)  apy(x)  a(x) - au(x)
0 0 ap(x)  aza(x) o apa(x)
0 0 0 as3(x) - as(x)
0 0 00 e an

The special case x = 0 is the numerical theorem above, since a,,0(0) = P,(0) =c,. P,(1) = (2,;”)
gives also another amusing little theorem.

The case x = —1 is quite uninteresting: Vm>=1, P,(—1)=0.

The inversion formula becomes of course

(e ()

k=0

5. A related problem

Consider now the polynomial Q,(x)=>";_,(})x".

We have
Oo(x) Oi(x) Os(x) T O,(x)
Oi(x) Os(x) 0Os(x) o Opn(x)
Ox(x)  Os(x) O4(x) -+ Quaa(x) | =2"x"0D2,
Qn(x) Qn+1(x) Qn+2(x) e Q2n(x)

I have already given [2] an analytic proof of that identity, but the following one is almost obvious.
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Indeed, let us define by induction the r,, ,(x) by
rm,O(x) = Qm(x)
and
V}’l Z 1, rm,n(x) = rm—l,n—l(x) + (x + l)rm—l,n(x) + xrm—l,n+1(x)

(with 7,,,(x) =0 if n > m).
Here are the first 7, ,(x)

1

x+1 1

x> 4+4x+1 2x +2 1

X 49 +9x + 1 3x2 +9x +3 3x+3 1

X416 +36x +16x+1 43 +24x* +24x+4  6x* +16x+6 4x+4 1.

By induction, we get an addition formula analogous to the previous one for Catalan polynomials

min(m,n)

rm+n,0(x) = rm,O(x)rn,O(x) + 2 Z xkrm,k(x)rn,k(x)‘

k=1

Writing it as a product of matrices proves the theorem at once.

Remark. The case x =1 gives again the theorem concerning the Hankel determinant built on the
central binomial coefficients, since Q,,(1)= (2: ).

6. Bell polynomials

Let us call S, the Stirling number of the second kind, counting the equivalences with & classes

over a set of n elements.
The Bell polynomial B, (x) is defined by

BO(x) = 1:
Vm=1, Bu(x)=>) Sux*
k=1

(B,(1) is the mth Bell number, number of all equivalences over a set of n elements).
The classical relation S, s = kS + Snix—1 gives Byii(x) = x(B,(x) + B/, (x)) and leads, by
induction, to the addition formula

min(m,n) i k k
X d d
Bui(x)= o <dkam(x)> <dkan(x)> :

k=0

Of course, (d”/dx™)B,(x) = m!
So, again with the same technique, we find (see also [3])
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7. Hermite polynomials

The generating series for these polynomials is

o0
(xz) 7(17)()2 . H,,(x) n
e e _;—n! 1"
n=

Let us introduce the polynomials s, ,(x) by
s00(x) =1,
vn, Sm,n(x) — Smfl,nfl(x) + 2XS,,,,1’,,(X) - 2(” + l)smfl,nJrl(x)

(with, of course s,,,(x)=0 if n & {0,...,m}).
Here are of the first s, ,(x):

1
2x 1

45> — 2 4x 1

8x® — 12x 12x> — 6 6x 1

16x* — 48x* + 12 32x° — 48x 24x* — 12 8x 1

32x° — 160x> + 120x  80x* —240x> + 60  80x> — 120x 40x> —20 10x 1
By induction, we get
Smo(x) = Hy(x)

and the addition formula

min(m,n)

Supno() = D (=2) ks, 1)1 ().

k=0

So, the usual technique gives (see also [4]), for the corresponding Hankel determinant, the constant
value

8. Derangement polynomials

Our last example is the derangement polynomial

" !
d(x) = Z(—l)k%x”’k.
k=0
Note that, indeed, d,(1) is the number of derangements, i.e. of permutations without any fixed point,
over a set of n elements.
Here, we introduce the polynomials 7, ;(x) = (1/k!?)(d*/dx*)d,,(x).
Of course, t,0(x) =d,(x) and ¢, ,(x) = 1.
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The induction gives

min(m,n)

thrn,O(x): Z k!zxzktm,k(x)tn,k(x)

k=0

and, always with the same technique (see also [5]),

det(d;y;(x))ij=0,.n = (Hk!2> R Gb)

k=0
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