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THE COMBINATORICS OF AL-SALAM-CHIHARA ¢-LAGUERRE
POLYNOMIALS

ANISSE KASRAOUI, DENNIS STANTON, AND JIANG ZENG

ABSTRACT. We describe various aspects of the Al-Salam-Chihara ¢-Laguerre polynomials. These
include combinatorial descriptions of the polynomials, the moments, the orthogonality relation
and a combinatorial interpretation of the linearization coefficients.
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1. INTRODUCTION
The monic simple Laguerre polynomials L, (x) may be defined by the explicit formula:

L) = 3 -0m () )

k=0
or by the three-term recurrence relation

Lni1(z) = (x — (2n + 1)) Ly(z) — n*Ly_1(z). (2)
The moments are

pn = L(z") = / x"e Tdx = nl. (3)
0

The linearization formula reads as follows:
Ln1 Z ng n9 7
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where

nilngl 2N2Hn3=2s |

cr, = :
rn2 ;(S—nl)!(s—’l’LQ)!(S—’l’Lg)!(Ng—l—’I’L3—28)!713!

Equivalently we have

2N2+7’L3—2S S!

Ly (@) Ly (2) Ly (%)) = Z (s —nq)! i (4)

= (s —n2)!(s — ng)!(Ny + ng — 2s)!

Given positive integers ni,ns,...,n, such that n = ny + --- + ng, let S; be the consecutive

integer segment {ny +---n;—1 +1,...,n1 + -+ + n;} with ng = 0, then S4 U... US, = [n]. A

permutation o of [n] is said to be a generalized derangement if i and o (i) do not belong to a

same segment S; for all ¢ € [n]. Let D,, be the set of generalized derangements of [n| then we
have

L(Lp,(2) ... Ly () = > 1. (5)

G’EDn

A g-version of (1) was studied by Garsia and Remmel [9] in 1980. Several g-analogues of the
moments (2) and recurrence relation(3) were investigated in the last two decades (see [2,18,19])
in order to obtain new mahonian statistics on the symmetric groups. On the other hand, in view
of the unified combinatorial interpretations of several aspects of Sheffer orthogonal polynomials
(moments, polynomials, and the linearization coefficients)(see [14,20,22]) it is natural to seek
for a g-version of this picture.

As one can expect, the first result in this direction was the linearization formula for g-Hermite
polynomials due to Ismail, Stanton and Viennot [12], dated back to 1987. In particular, their
formula provides a combinatorial evaluation of the Askey-Wilson integral. However, a similar
formula for g-Charlier polynomials was discovered only recently by Anshelevich [1], who used
the machinery of ¢-Levy stochastic processes. Short later, Kim, Stanton and Zeng [15] gave a
combinatorial proof of Anshelevich’s result.

The object of this paper is to give a ¢-version of all the above formulas for simple Laguerre
polynomials.

2. AL-SALAM-CHIHARA POLYNOMIALS REVISITED

The Al-Salam-Chihara polynomials @, (z) := Q,(z; a, 3|q) may be defined by the recurrence
relation [16, Chapter 3]:

{Qo(m); 1L, Q-(z) =0, (6)

Qn1(w) = 2z — (a + P)q")Qn(@) — (1 = ¢")(1 — aBq" ) Qn-1(x), 1 >0.

Let Qn(x) = 2"p,(z) then

opule) = pusa (o) + 30+ A" pu(e) + 30— (A — b Dpuala). (D)
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They also have the following explicit expressions:

-1
Qn(z; o, Blg) = (aﬁ’ 2n 3¢< s;gu ‘q; q)

_ q", But _
= (qu; q)pu" 201 (a_lq_nﬂu_l‘q;a 1QU>

—n

= (Bu™"; Q)nu” 201 <Bfll — ‘q B8 qu 1>,

where x = or z =cosf if u = e,

The Al-Salam-Chihara polynomials have the following generating function

" _ (ot Bt @)oo
(¢; @) (te? te™; q)oo

utu" !
2

= ZQn(m§a7ﬂ|Q)
n=0

They are orthogonal with respect to the linear functional ﬁq:

(q,08,e*%,e729; )

ﬁq(mn) = %/0 (cos H)H(a6i67a6—i6756i6756—i6; q)ood97 (8)
where x = cos 8. Note that
Ly(Qn(@)?) = (¢ D)nl0B; @)n.
Theorem 1. We have
Qny (2)Qns (z) = Y O3 (00, B @) Qug (), 9)

n3>0
where

n3 Nao+ns (Q7 q)nl (q; q)ng
Criina00 55 0) = (=1) (@B; @)ns

% 2 : Oéﬁ, n1+m3a

it (@ Dngtna—ny—ma—2m3 (6 Dma (6 Dmstni—ns (6 Dmstn—ns (@ Dms

Proof. Clearly C1i2 ., (. 5 q) = Lq(Quny ()Qny () Qs (2))/ L4 (Qny () Qs (2)). Using the Askey-
Wilson integral:

mo ﬁn5 +ng—ni1—mao—2ms q(rréz ) +(n3+n2 7n127m2 72m3)

/ e ooy (titatsts; Qoo
H 1 (e e q)o [li<jcncaltite; @)oo

one can prove [12, Theorem 3.5] that
Ly(G(t1,2)G(t2, 2)Glts, )

_ (atatats, Batitats, afg; q)003¢2 titz, fifs,  bfs g
(t1ta, t1t3,t2t3; @)oo atytats, Blitats ™
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Therefore
' to? tn?
L(Quy (2)Qns (2)Qny () ;
m%m ()0, (2) s (W) T Dy (6 Do (@ Ding
= (atatatsg®, Btatatsd*, afi@)e (aB)* (10)
= (titagh, titsgk, tatzd®; @)oo (45 Qi
Using the Euler formulas:
_1)g(3) 1 1
(1 g)oe = Y0 C T, =y
= (@D (t: oo =5 (@5 0
we can rewrite the sum in (10) as follows:
(Of/B Oéll 5l2qk(ll+l2)(—t1t2t3)l1+12q(l21)+(l22)
Oéﬂ, oo . .
= (¢ )x Ve (5 ) (g5 i,
q(m1+m2+m3)k’t7177«1+m2t7277«1+m3tg7«1+m3
. ()
50 (@5 @i (@5 Dma (G Dms
Substituting
(aﬁql1+l2+m1+m2+m3)k 1
g (Q7 Q)k - (aﬂqll+12+ml+m2+m3;q)oo
n (11), we get
l la
Z Frignans (aﬁ)n1+m3allﬁbq(2)+(2) (—1)ll+l2 (12)
i @G D (6 Do (6 Do (6 D (45 Dy ’
where l1 + s +m1 +mo =n1, l1 + 1l +mq +m3g =ns and [y +l2+m2+gng = ngs.
Since l1 + Il = Ny + ng (mod 2), extracting the coefficient of (q;q)njl(qu); G 0 (12) and
dividing by (g, @f; q)n, we obtain (9) where [y is replaced by ma. O

3. THE NEW ¢-LAGUERRE POLYNOMIALS

We define the new ¢-Laguerre polynomials L, (x; q) by re-scaling Al-Salam-Chihara polyno-

mials:
\/§>” <(q—1)x+y+1
Ln:v;q=<— Qn —VY4lq 13
@ o= (4 Sl (13)
It follows from (7) that the polynomials Ly, (z; ¢) satisfy the recurrence:
Lng1(z; q) = (= = yln + g — [nlg) Ln(x: ¢) — y[nlgLa-1(w; q)- (19)
We derive then the explicit formula for L, (z):
n k—1
n— n! n -n), n— —I\T
Ln(w; q) = ) (=1)"F 2 M ¢ Emy T (2= (1 = wa)ila) - (15)
k=0 q q =0
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Thus
Ly(z; q) = —y,
Ly(z; q) = 2% — (14 2y + qy)z + (1 + q)y?,
Ly(z; q) = 2° — (Py + 3y + ¢+ 2+ 2qy)z”
+ (PP Y+ q+2qu+ 33+ 1+ 4q + 2y + 3y
—Q2¢+2q+ ¢ +1)y°

A combinatorial interpretation of these g-Laguerres polynomials can be derived from the
Simion and Stanton’s combinatorial model for octabasic Laguerre polynomials [19]. For a subset
A of [n], the functional digraph of an injection f : A — [n] consists of disjoint paths and cycles.
Each path P is of the form ag — a1 — -+ — a;, where f(a;) = aj41 for 0 < j <[, with fao)
empty, and a; € [n] — A. We put last(P) = a; and if ¢ = a € P we write ind(i, P) = k for the
index of 7 on the path P. For any path P in the digraph and two integers ¢ < j, we put

np(i,j)={a€P:i<a<j}.
For p € P and two integers i < j, we define
mp(p;i,j) = {a € P:i<a<j,ind(p, P) <ind(a, P)}|,

that is, the number of points on the path ”to the right” of p, whose values are strictly between i
and j. And finally, for i € A, we denote by F(i) the "first forward iterate” of f which is smaller
than 7, i.e.,

Fi) = fP(i), where p =min{m > 1, f™(i) < i if such m exists};
R if {m > 1, f™(i) < i} is empty.

For instance, suppose that the path P =2 —- 7 — 1 — 5 — 3 is a connected component
of the functional diagraph of f. Then np(1,4) = [{2,3}] = 2, mp(7;1,4) = |{3}| = 1, and
F(2)=F(7)=1,F(1) =1, and F(5) = 3.

For any k € [n], let a(k) = w(k) = 0 if k ¢ A, otherwise if k is on a cycle or a path P such
that k£ > last(P), then «(k) = 1 and

wk)=F(k)—1— > ng(0,F(k));

last(Q)>k
if k is on a path P such that k < last(P), then a(k) = 0 and
wk) =k—1—mp(k;0,k) = > ng(0,k),

last(Q)>last(P)
where @) ranges over all paths in the functional digraphs of f. Let
w(4, f) =Y w(k) and a(4,f)=>" a(k).
keA keA

Example 1. Let n =9, A = {2,9} and 0 = (6)(47)(3518) (in cycle notation with maximum
at last). Then we have cyc(o) =3 and

wA,o)=B-1-1)+0G-1-1)+(1—-1)+4—-1-2) =5
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Theorem 2. The q-Laguerre polynomials have the following interpretation:
Ly(z; q) = Z (_1)\Alxn—lA\ya(A,f)qw(A,f)7
AC[n],f:A—[n]
where f is injective.

Proof. This is the a = 1, s = v = 1 and r = t = ¢ special case of the quadrabasic Laguerre
polynomials [19, p.313]. O

Remark 1. It is easy to see that the constant term L, (0) is equal to
L,(0) = (=1)"y"nl,.

So the restriction of the statistic on permutations is a Mahonian statistic.

4. MOMENTS OF THE ¢-LAGUERRE POLYNOMIALS

Let S, be the set of permutations of [n] := {1,2,...,n}. For ¢ € S, the crossing number of
o is defined by

cr(o) =Y #{jli <i<o(h) <o)+ #{ili >i>a(j) > a(i)},
i=1

i=1
while the number of weak excedances of o is defined by
wex(o) =#{i|]l <i<nandi<o(i)}.

We can depict these statistics by associating with each permutation o of [n] a diagram by
drawing an arc i — o(i) above (resp. under) the segment 1 — 2 — --- — n if i < o(i) (resp.
i > o(i)). For example, the permutation 0 =9374611581102 can be depicted as follows:

Let u,(f )(y,q) be the enumerating polynomial of permutations in S,, with respect to weak
excedances and crossing numbers:

Dy, q) = > yert?ger@),
O'ESn

Randrianarivony [17] and Corteel [3] have proved the following continued fraction expansion:

. 1
E(y,q,t) ==Y _ui(y,)t" = WER
n>0 1— bot My

Aot?
1— bt — 22

(16)

where b, = y[n + 1]g + [n]; and A\, = y[n]2.

We derive then from the classical theory of orthogonal polynomials the following interpretation
of the moments of the g-Laguerre polynomials.
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Theorem 3. The n-th moment of the q-Laguerre polynomials is equal to u,(f) (y,q). More pre-

cisely, let L, be the linear functional defined by Ly(x") = ,u%) (y,q), then
Ly(Lny (5 0) Loy (5 4)) = 4™ (1119)* 60 s (17)
The first values of the moment sequence are as follows:
Y,4) =Y,
v, q) =y +y’,
y.0) =y + B+ q)y’ +v°,
q) =y + (6+4g+¢*)y + (6 +4q+ )y’ +y".

Combining the results of Corteel [3], Williams [21, Proposition 4.11] and the classical theory
of orthogonal polynomials, one can write the moments of the above ¢-Laguerre polynomials as
a finite double sum (cf. (28)). Here we propose a direct proof of this result. Actually we shall
give such a formula for the moments of Al-Salam-Chihara polynomials.

O
é(
s (
(.

Definition 4. Define the y-versions of the q-Stirling numbers of the second kind by

k—1
ZS n.k,y) [T(X = 1le(1 = ya™)). (18)
7=0

The y-versions of q-Stirling numbers of the first kind can be defined by the inverse matriz or
equivalently

n—1
[T = 1= ya™) =3 sqln. k) X .
J=0 k=1

Remark 2. We have
Sq(n, k»y)|q:1 = S(”) k)(l - y)n—k’ Sq(n, k‘,O) = Sq(nv k))

where S(n, k) and Sy(n,k) are, respectively, the Stirling numbers of the second kind and their
well-known q-analogues, see [11].

Consider the rescaled Al-Salam-Chihara polynomials P, (z):
Pa(X) = Qn(((q = DX + 1/0” + 1)a/2; @, Blg)

:a—n"mka k(B 2k

ﬂ S0 =g a2). (19)

Theorem 1. The moments of the rescaled Al-Salam-Chihara polynomials P,(X) are

il B) = 7 Sy (. k, 1/0)(B; qhrg~ @) (1 — @) Fa 2k,

k=1
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Proof. Let L : X™ — pu,(«, 3) be the linear functional. We check that these moments do satisfy
L(P,(X)) =0 for n > 0. Let aj be the coefficients in front of the product in (19), then we have,
using y-Stirling orthogonality,

n k J

L(P,(X)) = ZakZS‘Y(k’j’ 1/a?) ZSq 3.t 1/a2)(aB; q)tq_(;)(l —q)ta™?

k=0 j=1 =1

= Z ak(Oéﬂ; q)kq_(g)(l _ q)—ka_Qk
k=0

=

—

“n = ( i Q)k k
=a(af; @n ) 0" =0
kzzo % Ok

Note that the last equality follows by applying the g-binomial formula. ]

Theorem 2. The generating function for the moments p,(c, 3) is

o0

. (B g (’;)(1 — ) a2k 2
ZM” o kzzo T ( 1 [igt(1 - q77/a?)) 20

Proof. By definition (18) we have
Sy(n,k,y) = Sy(n— 1,k — 1,9) + [k],(1 — yg*)S,(n — 1, k,y).
It follows that (18) is equivalent to

tk
2 Saln ko y)t" = — (21)
n>k Hi:l(l — [iqt(1 —q7*y))
which yields immediately (20) in view of Theorem 1. O

The moment of ¢g-Charlier polynomials corresponds to the § = 0, « = —1/4y/a(1l — q) case,
while that of ¢-Laguerre polynomials corresponds to the o = 1/,/y, a8 = ¢ case. Therefore,

S 7(10) a, - S (qt)k ’ 929
7;” (0 kZon 1(¢" = ¢'[ilgt + a(l — q)[i]qt) 22
= —_— klq(qty)® 53
L = ) T ) 29)

Theorem 3. Let p=1/q. We have

3 (o kg~ (1 - g Faek ci(a, ) (24)

= T (= [t —q/a?) gl -lilt(l—q7"/a?)’

where
o . .
(aBiq)i ¢~ o™ (p"™ap/o?ip)w

(@) = (:9)i ('=%/a2;q)i (P /02;p)os
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Proof. Note the following partial fraction decomposition formula:

. -y [Tl = o)
(1—ait)(1 —agt)...(1 —axt) a 1—at
Therefore
k
i T
[T, (1= [ilgt(1 —q7'/a2) =51 i)
where

1 [k‘] az(k—i)q(’g)Jrk—i?
i, (

k!, ' . 0<i<k).
Kly il (@2 /a2 q)i(q T 2ia2; q)k— (O<i<k)

V(1) =

Substituting this in (24) yields

| _ N (@B [k ¢* o
Cz(aaﬁ)_§ (@ 0)k |:2':|q(q1—2z‘/a2;q)i(q1+2ia2§q)k—i

k

_ (@B ¢ o™ > (@Bds ) «q
(G0 ("7 /0*q)i = (¢r (¢

The theorem follows then by applying the ;®; summation formula (see [10, IL5]).

By partial fraction decomposition (see [21, Theorem 4.12]), we get

)

i/h(f)(a, g — 3 L0 el = ™)/ (ol — @'

i>0 ilgq” (¢ = q'[ilgt + alilgt(1 — q))

¥ (¢* —y)
ZM =2 L= @it + [ity)

=4 (g

Note that (27) yields the following polynomial formula in y for p%)( Y, q):

n k-1
N\ i n
0= 3wt (oo (1))
=11i=

(c)

while (26) does not yield such a polynomial formula in a for uy’(a,q).
On the other hand, it follows from (25) and (21) that

G ER] ke (1= g )"
_q i—k k*—i q Y
Sq(n k,y) = k!, Zuqy T i Ty

i=1

(25)

(26)

(27)

(29)

Using Theorem 1 and the above explicit formula for ¢-Stirling numbers we can also write the

moments f,(«, 3) as a double sum.
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5. LINEARIZATION COEFFICIENTS OF THE q—LAGUERRE POLYNOMIALS

The following is our main result of this section.

Theorem 5. The linearization coefficients of the q-Laguerre polynomials are

Lo(Lny (w3 q) . Lo (x5 9)) = > yv=@g7l), (30)

oc€D(n1,....,nK)

A proof a la Viennot (cf. [12,15]) of (30) would use the combinatorial interpretations for the
moments and ¢-Laguerre polynomials to rewrite the left-hand side of (30) and then construct
an adequate killing involution on the resulting set. For the time being we do not have such a
proof to offer, instead we provide an inductive proof.

We first show that the above result is true for (ny,...,ng) = (1,...,1).

Lemma 6. Let d,(y,q) = ZaeDn ywer(@)ger(@) - Then Ly((x—y)") =dn(y,q)-

Proof. Note that
n
k(N — 14
Lalla =M = o1 ()l )
k=0
By binomial inversion, it suffices to prove that

Oy, q) = <Z> Y dn_r(y,q)-

k=0
But the latter identity is obvious. ]

wex(o) ,cr(o)

The invariance of ZUED(m,ng,...,nk) Y q by permutating the n/s is a direct consequence
of Theorem 5, but for our proof we need to first establish this property.

Theorem 7. For any permutation v € S we have

Z ywez(a)qcr(a) _ Z ywez(a) qcr(a) )

o€D(n1,n2...,nk) TED (T (1) 1My (2) 5+ 5Py (k) )

Since the two cyclic permutations (1,2) and (1,2,3,...,k) generate the symmetric group Sk,
Theorem 7 is a corollary of the following two lemmas (proved in the next two sections).

Lemma 8.
Z ywer(a) qcr(cr) _ Z ywer(a) qcr(cr) )
c€D(n1,n2,...,nk) c€D(n2,n3,....,nk,n1)
Lemma 9.
Z ywer(a) qcr(a) _ Z ywer(a) qcr(cr) )
oc€D(n1,n2,...,nk) oc€D(n2,n1,n3...,nk)

Proof of Theorem 4. Writing (14) as

(& = ) Ln(2) = Lnt1(2) + (yg + D[nlgLn(z) + ylnlzLa-1(z),
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we derive that

> w(m) = > wim) + g+l Y wm) (31)

o€D(1,n,n2,...,ny) o€D(n+1,n2,...,ny) o€D(n,n2,...,nk)
2
+y[nl; ) w(r),
c€D(n—1,n2,...,nk)

wex(o) ,cr(o)

where w(m) =y q“"'?). In view of Lemma 6 it suffices to prove (31).
We distinguish four cases for permutations = € D(1,n,na, ..., ng).
a) m(1),7 (1) € {2,...,n+1}. Let 7(1) =i and 7(j) = 1 with i,j € {2,...,n+ 1}.
Then we define the mapping # — 7’ € D(n — 1,n9,...,n%) by deleting 1 and j and
adding the edge 7=1(j) — i if i # j. Clearly
w(r) = ygt VU2 (.

Summing over all i,5 € {2,...,n + 1} yields the generating function:

y[n]g Z ywer(a) qcr(a)'
c€D(n—1,n2,...,nk)

b) (1) € {2,...,n+1} and 7~ 1(1) > n+1. We define the mapping = — 7’ € D(n,na, ..., n)
by deleting i := (1) and replace the two edges 1 — 7(1) — 72(1) by 1 — 7%(1). Clearly
w(m) = y¢" tw(r’). Summing over all i = 2,...,n + 1 yields the generating function:

qy[n]q Z ywer(a)qcr(a)'
c€D(n,na,...,nk)

c) m (1) € {2,...,n+1}and 7(1) > n+1. We define the mapping # — 7’ € D(n,na, ..., n)
by deleting i := 7~ (1) and replace the two edges 1 « 77 1(1) « 772(1) by 1 « 7 2(1).

Clearly w(n) = ¢ 2w(r’). Summing over all i = 2,...,n + 1 yields the generating

function:
[n]q Z ywex(a) qcr(a) )

oc€D(n,na,...,nk)

d) 7(1) > n+ 1 and 7 (1) > n + 1. Clearly we can consider 7 as a permutation in
D(n+ 1,n9,...,nk). The generating function is

Z ywex(a) qcr(a) )
c€D(n+1,n2,....,nk)
Summing up we obtain (31). O

When k = 2 Theorem 4 reduces to the orthogonality of the g-Laguerre polynomials (17).
When k = 3 we can derive the following explicit formula from Theorem 1.

Theorem 10. We have
Lg(Lny (5 @)Ly (25 ) Lng (2 0)) = >

nily naly nsly slqy®
(n1 +ng +n3 — 2s)!ly(s — n3)lg(s —n2)!ly(s —n1)ly

ny+ng +ns —2s k+1\ (n+ng+n3—2s—k
xz[ ' (5

k
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Proof. By Theorem 1 with a = ﬁ and b = ,/yq we have

[’q(Lnl (l’; Q)an (x§ Q)Lng (x§ Q))
m ni1+n2—mns .
Lt 0?) () Clmebia

Z n1lq nalg ngly (n1 + ms)! yr2 e meTms q(’";2)+(n3+n2—”1—2m2—2m3+1)
B (

nsg +ng —nyp — mo — 2m3)!q mQ!q (mg+n; — ng)!q (mg +ny — ng)!q mglq '

m2,ms3

Substituting s = ny +mg and k = n3 + ny — n; — mgo — 2mg in the last sum yields the desired
formula. ]

Remark 3. It would be interesting to give a combinatorial proof of the above result as in [12,15].
When g = 1 such a proof was given in [23].

We end this section with an example. If n = (2,2, 1), by Theorem 8 we have

21,21, 1 sl y?
(5—=28)ly(s = Dly(s —2)!4(s — 2)!

5 - 28 k (k;1)+(572257k)
X
kzm [ N Ly q
=(1+9)°1+q)y. (32)

On the other hand, the sixteen derangements, depicted by their diagrams and the correspond-
ing weights are tabulated as follows:

[’q(LQ(m; q)La(z; )Ly (x5 q)) = Z

s
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e L S L

Summing up we get }-,cpeo1) ¥ 7q77 = y*(1 + qy)(1 + ¢)®, which coincides with (32).

6. PROOF OF LEMMA 8
For each fixed k € [n] define the two subsets of S,,:
kS, ={o € S,|o(i) >k forl<i<k},
Stk={oeS,|lon+1—-i)<n+1—Fk forl<i<k}.

We first construct a simple bijection ®j, : *S,, — S¥. Let 0 € S¥. For 1 < i < n we define
o' (i) := ®y(0)(i) as follows:
o(i+k)—k, ifl<i<n—kando(i+k)>k;
o(i)=1{ oli+k)+n—Fk, ifl<i<n—Fkando(i+k)<Ek;
o(i+k—n)—Fk, ifn—k+1<i<n.

We can illustrate the map by the diagrams of permutations.

g — o
1 kk+1 ¢ o(i) n - 1 i—ko(i)—k n—k n
o(i) i o(i)—k i—k
1 k n — 1 n—k n

TABLE 1. The mapping @ : 0 — o’.

For example, consider the permutation o € 3S;5, whose diagram is given below.
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Then the diagram of ®3(c0) is given by

The main properties of ®; are summarized in the following result.

Lemma 11. For each positive integer k € [n], the map ® : *S, — Sk is a bijection such that
for any o € *S,, there holds

(wex, cr)®r (o) = (wex, cr)o. (33)

Now, Lemma 8 is an immediate consequence of Lemma 11. Let n = ny + ng + -+ + ny.
Then D(ny,ne,...,n;) € ™S,. By definition of ®,,, for any o € ™ S,, and i € [n — n;] satis-
fying o(i + n1) > n1, we have i — ®,,(0)(i) =i+ n1 — o(i +n1), so @, (D(n1,n2,...,n)) C
D(ng,ns,...,nk,n1). Since the cardinality of D(ni,ns,...,n,) is invariant by permutations of
the n;’s and ®,,, is bijective, we have ®,,, (D(n1,ng,...,n;)) = D(ng,ns, ..., ng,n1). The result
follows then by applying (33).

/
7 L,(O‘) R,‘(O‘)
PN PN
1 k n 1 n—k n
1 JaVa JaVa
1 k n 1 n—k n
1 k AN 1T N —k n
1 k n 1 n—k n
2 k n—k
1 T~~~ — n 1 n
e N IO T
1 k n 1 n—k n
3
1 k n 1 n—k n
k n—k
TTTT— T R

TABLE 2. Forms of crossings in L;(o) and R;(o”).

Proof of Lemma 11 It is easy to see that ®;, is a bijection. Let o € *S,, and ¢/ = ®1(c). The
equality wex(o’) = wez (o) follows directly from the definition of ®. It then remains to prove



hal-00332856, version 1 - 22 Oct 2008

THE COMBINATORICS OF AL-SALAM-CHIHARA ¢-LAGUERRE POLYNOMIALS 15

that er(o’) = er(o). We first decompose the crossings of o and ¢’ into three subsets. Set

Li(o) ={(i,j) | k <i<j<o(i)<o(j) or i>j>o(i)>o(j) >k},
Lo(o) ={(i,j) |i<j<k<o(i)<o(j) or i>j>k>o(i)>0c(j)}
Ls(o) ={(i,j) | i<k <j<o(i)<o(j) or i>j>0(i)>k=0(j)},
and
Ri(o")={(i,j) |i<j<od(i)<o(j)<n—k or n—k>i>j>d(i)>d (5},
Ro(o) = {(i)) |i<j<n—k<dG) <) or i>j>n—k>d()>0 ()}

R3(0d)={(i,j) |i<j<od'(i)<n—-k<d'(j) or i>n—k>j>a(i)>oa()}

The ”forms” of the crossings in the L;’s and R;’s is given in Table 2. Clearly, we have cr(o) =
Z?:l |L;(0)| and er(o’) = Z?:l |R;(¢")| since o € ¥S,, and o’ € SF.

o — o
k i J [ oj i-k j-k oi-k 0j-k n-k
k i i aj i-k J-k o;-k n-k
k aj (=5} J i oj-k ok j-k -k n-k
o;-k 0j-k n-k n-k+1 n-k+j
i J k i aj
oj ok j i m
J-k i-k n-k n-k+o; n-k+o;
ik J oi Tj J-k gj-k
n-k n-k+1
i k J gj J-k -k
9k Ti J i oi-k i-k
T~ > 7 j-k nk  n-kto;
ok i
J oj j-k i-k oj-k  n-k n-k+o;
k
i J i J-k i-k n-k n-k+o;
o; 7 oj-k oi-k J-k n-k n-k+1
7 k T

TABLE 3. Effects of the mapping ®;. on the crossings of o and o”.
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By the definition of @, it is readily seen (see Row 1 in Table 3) that (i,j) € Li(0o) if and
only if (i — k,j — k) € Ri(0’), and thus |L1(0)| = |R1(c”)|. Similarly, we have (see Row 2 in
Table 3) that |Lo(0)| = |R2(0”)|. Tt then remains to prove that |Ls(o)| = |R3(0’)|. Let

Ly(o)={(,)) |o(i) <k <j<i<o(j) or i<k<o(j)<o(i)<j}

Then it is not difficult to show (see Row 4 of Table 3) that |R3(c”)| = |L4(0)|. It then suffices
to prove that |Ls(o)| = |Ls(0)].

Suppose o([1,k]) = {i1,ia,...,ix} and o ([1,k]) = {j1,J2,---,jr}- Then by definition of
L3(0) and L4(o) we have

k

La(o)| =Y {1k <t<is <o)} +{C] L>js > o() >k}, (34)
s=1
k

La(@)| =Y {1 0> i > o(0) > K} + [{C]| k< £ < js < o(0)}]. (35)
s=1

For any integer ¢ € [n] set A;(0) ={j | j <i<o(j)}. Note that it is easily seen that
[Ai(0)l =i lj<i<o(H=Wili>i>o()} =]4(o7")]. (36)
Let s € [k]. By elementary manipulations we get
Hl|k<tl<is<ol)}={l|l<is<ol)} —{L |t <k<is<o(l)}
= [Ai, (o) + x(is < 0(is)) = HE € < k <is <o (0)}]

= Ai, (o) + x(is < o(is)) — [{t [ir > is}]. (37)
By a similar reasoning, we obtain the following identities:
{e1€>js > o(t) > kY = |4, (07 ) = {t 5 > jis}. (38)
O] €>is > o(0) > kY| = [Ai, (07| = [{t | je > is}| (39)
{1k < 0<js <o)} =45 (0)| + x(k < o™ (js) <js) = [{t | i > js}]- (40)
Inserting (37) and (38) in (34) and using (36), we get
k
Ls(0) = > |Ai ()] + 145, (0)] + x(is < 0(is)) = [{t | ir > is}| — {t | G > Gs}. (41)
s=1

Similarly, inserting (39) and (40) in (35) and using (36), we get
k

|La(0)] = D [Ai ()] + 145, () + x(k < o7 (Gs) < js) = Ht | je > isH = [{t | i > G}l (42)
s=1

Since the i4’s and j;’s are distinct we have El;:l {t | ie > is}| = Zizl Ht | je > Js} = (g)
and thus

k
S Ut e > s+ 1t | g > s} = k(k = 1). (43)
s=1



hal-00332856, version 1 - 22 Oct 2008

THE COMBINATORICS OF AL-SALAM-CHIHARA ¢-LAGUERRE POLYNOMIALS 17

On the other hand,

k k
Kt e > st {t Lie > gt =Y [t e # s}

s=1 s=1

k
=k = xUs € {ir,i2, . ik})
s=1

k
=2 =S x(o7 (s < K. (44)
s=1

Also, it follows from the definition of the j,’s that for any s € [k], we have js > k and 07 1(j;) # s,
and thus

X(k <07 (js) < Go) +x(07 (Gs) > Gs) = x(07(js) > k). (45)
Inserting (53), (54) and (45) in (41) and (42) lead to |L3(o)| = |L4(0)| as desired.

7. PROOF OF LEMMA 9

For any two integers ni,no satisfying Ny := nq + no < n we denote by Sn(m’m) the set of

permutations ¢ in S, such that
(i,0()) & [1,n1]* U [n1 + 1, NoJ?.

In other words, any two integers in [1,n1] or [n; + 1, N3] are not connected by an arc in its
graph.

We now construct a map I'"1:%2) : 5 — ¢/ from Sn(”l’”?) to Srfm’nl) as follows. Fori=1,...,n,
(1) If i > Ny and o(i) > Na, set o'(i) = o(3).
(2) Suppose
Z,O'(Z)) | 1< 0'(2) < NQ} = {(il,NQ +1 —jl), (’iQ,NQ +1 —jg), ey (ip,NQ +1 _jp)}
0(i),i) | o(i) <i < No} = {(k1,No + 1 = l1), (k2, Na+ 1 = lo), ..., (kg, Na + 1 — £g)}.

Then set ¢/(js) = No +1 —i5 and o/ (No + 1 — ky) = ¢; for any s € [p] and ¢ € [q].

(3) Let

{(
{(

C={ic[l,Ny]; o(i) >Ny} and D ={i€[l,No]; o (i) > Na}.
It is easy to see that |C|=|D|. Suppose C' = {c1,c2,...,cu}< , D ={di,do,...,dy}< ,
o(C) = {ri,r2,...,7y}< and 0~ Y(D) = {51, 82,..., 84}« . Let a, 3 € S, be the (unique)
permutations satisfying o(c;) = r,(;) and o l(d;) = sp(;) for each 1 <i <wu. Let
E= [17N2]\{jlv"'ajp)NQ"i'l_kla"'7N2+1_kq}
F = [1,N2]\{N2—|—1 —il,...,Ng—I—l—’ip,gl,...,gq}.
Clearly, we have |E| = |C| and |F| = |D|. Suppose E = {e1,...,e4}< and F =
{f1,-+, ful<. Then set o'(e;) = ro(;) and o'(s;) = fa() for each 1 <i <.
We can illustrate the map through the diagrams of permutations. See Table 4.
)

For example, if we consider the permutation in 51(53 4 whose diagram is given by
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o — o’
1 No i o(i) n — 1 No i o(i) n
o(i) I3 o (i) i
1 No n e 1 No n
N2 N2
14 N1 Na 41— j¢ n — 1 j& mn2 No +1 — iy n
ks ma1 No+1—4; Ly M2 No+1—k
1 No n RN 1 No n
1 Cj N2 Ta(j) N — 1 €j No Ta(i) n
1 €j No SBG)  n 1 fi No SpG)
—

TABLE 4. The mapping ['™72) : 5 — ¢

It is not hard to check that T'("1:72) is well defined from S,Em’m) to Sn(”?’”l). Since each step
of the construction of I'™1"2) ig reversible, the map ['("1:72) ig bijective. Actually we can prove,
the details are left to the reader, that (I'("172))=1 = P(n2.m),

Lemma 12. For each positive integers ny,ng,n, with Ny < n, the map T(":"2) 4s q bijection
from Sn(mm) to S,EW’M) such that for each o € 8,5”1’”2), we have

(wex, er)T M2 (0) = (wez, er)o. (46)

As an immediate consequence, we obtain Lemma 9. Let n = ny + no + --- + ng. Then
D(ni,ng,...,ng) C S,(mma), By definition of I'":"2)  for any o € S and i > Ny satisfying



hal-00332856, version 1 - 22 Oct 2008

THE COMBINATORICS OF AL-SALAM-CHIHARA ¢-LAGUERRE POLYNOMIALS 19

o(i) > Na, we have
i =T (g)(i) =i — o (i),

SO F(”“”?)(D(m,ng, ...,ng)) € D(ng,ns,...,ng,ni). Since the cardinality of D(n1,no, ..., nk)
doesn’t depend of the order of the n;’s and I'("1:72) ig g bijection, we have
F(7L177L2)(’D(n1, no, ... ,nk)) = D(TLQ, ng,...,Ng, nl).

Lemma 9 then follows from (46).

i G ") G ()
1 1 N2 n 1 N2 n
NN /NN
1 N3 n 1 Ny n
N2 N2
1 SN 1 AN
2 1 ni No n 1 na No n
ni No n2 N2
NN n 1 n
3 1 N2 n 1 N2 n
N2 N2
1 n 1 n
e N Py N
4 1 N2 n 1 N3 n
1 N2 n 1 N2 n
N2 N2
1 T~ X n 1 T~ X n
- N -l
5 1 ni No n 1 na N n
1 ni No n 1 n2 N2 n
ni No n2 No
1T N> — n 1T N5 — n

TABLE 5. Forms of the crossings in G\ (y) and G{">™ (y).

7 7

Proof of Lemma 12 It was shown above that T'(™72) is bijective. Let o € 3,5”1’"2) and
o' := T'(™2)(g5). The equality wex(o’) = wex (o) is an immediate consequence of the definition
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of T("1:2) Tt then remains to prove that cr(o’) = ¢r(o). The idea is the same than for the proof
of Lemma 8. We first decompose the number of crossings of ¢ and ¢’. For each permutation
v € Sy, set

G () = {(i,4) | No < i < <7(8) <7(G) or > >~(i) >(j) > No},
(mm (v) = {(,5) | i <j<~(i) <v() <No or Ny>i>j>~(i)>~()}
G(mm () ={(,4) | i <j<Na<~(E) <v(j) or i>j>Ny>~(i)>~(j)}
G(nlm (v) =1(1,7) | 1 < Noy < j <~(@) <~(j) or i>j>~(i)>No>~0)},
G (4) = {(i,§) | i < j <) < Ny < 4(j) or i>Ny>j>~(i)>~(j)}
Clearly, for any v € Sn(m’M), we have cr(y) = Z?:l |Gz('m’n2)(’7)|- In particular,
CT(U)ZEE’]GE"M"?)W and cr(a')=i|G§"2’”“(o’)l- (47)
i=1 =1

The "forms” of the crossings in the Ggm’m)’s and GZ(-nQ’nl)’s are given in Table 5. By the
definition of I'("1m2) it is readily seen (see Row 1 in Table 6) that ngl’m)(a) = Gg"z’m)(a’)
and thus \ngl’m)(aﬂ = \Ggm’m)(a’ )|. By similar considerations we can prove (see Table 6)
that |G§m’n2)(a)\ = \GE”Q’HI)(U’H for i = 2,3,4. It then suffices to prove that \Génl’nz)(a)\ =

|ng2’m)(a’ )| which will follow from the following lemma.

Lemma 13. Let ni,no,n be positive integers with No < n and v € 8,5"1’"”

B(7) :={(i,7(1)) [ i <~(i) < Na}t = {(1,51), (22, J2), - - -, (i, Jp) }
B(y™) ={(y(2),4) | v(i) <i < Na} = {(k1,01), (k2,L2), ..., (kq, £g)},
with i1 <ig < -+ <ip and k1 < kg < --- < ky. Then we have

. Suppose that

P

|Gén1,n2)(’y)| _ Z(]T . ir) + Z(&“ N kr o 1) _ <p—;q>' (48)
r=1

r=1
Suppose
B(o) ={(i1,No+1—j1),...,(ip, No+1—jp)}
B(o™") ={(ki,Na+1—101),..., (ke Na+1—£,)},
then, by construction of ¢/, we have
B(o") ={(j1,Na+1—1i1),...,(Jp, N2 +1—1,)}
B(o' ™) ={(ts,Na+1—k1),...,(Lg; Na+ 1 —kg)}.
By symmetry, the identity (48) is also valid on 8,2”2’”1). Applying (48) to ¢’ and o lead to

|ng1’n2)(a)| = |ng1’"2)(a’)|. This conclude the proof of Lemma 12. It then remains to prove
Lemma 13.
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Ny T~ 1

1 7 J g; gj 1 7 7 a; g;j
No n No n
1 [ J gj 1 [ J aj
N> ] o J i N2 93 Oi J i
1 n 1 S~ > 7 n
N2 N2
1is it n1 Na+1-js Nao+1-j; n 1 Jjt Js M2 Na+1-iy No+1l-ig n
ks kit M1 No+1-£s No+1-44 by L5 M2 No+41-ky No+1-kg
I Nl N n T Nl M n
n n
1 [ ¢ Na Ta; Taj 1 €i €j N2 To; Ty
d; dj N S, SBj  m fi  fi N2 56, SB; n
1 1
n n
1 ¢ N2 J Tay aj 1 € N2 J Ty 93
n n
1 ¢ N2 Touy J 1 e N Toy J
1 d; Na 0j 58, i n 1 fi Na j 58, J n

TABLE 6. Effects of the mapping I'""2) on the crossings of ¢ and o’

Proof of Lemma 13 By definition of Gémm)(v), we have

21

GE ()] = {G,g) i< 5 < A6) < Na < vG)H + {G5) |9(G) < 2() < 5 < Na < i}

+{i [ <) < Na <2(0)}].

Now, by elementary manipulations and the definition of B(v) we get

{(@.9) i< j <y() < No <y =D He lir <z <jr < N2 <y(2)}]
r=1

I
:ME

\
I
—

(49)

o iy <@ < i}l - Ha | i < < i, y(@) < N},
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But for any r € [1,p], we have [{z | i, < 2 < j,}| = jr —i» — 1 and

Hz |ir <@ <jr, y(x) < No}
=[{z |ir <2 <jr,z <y(@) < No}|+ {z | iy <2 <jp,v(x) <z < No}|
=|{t | i, <it < jr} + |{t | ir <l < j,}| by definition of B(v) and B(y™!),
={t | ir <t} +[{t [l < i}l

since by definition of S(mm) we have that for any integers r and t, i, < nq, kt < nq, jr > ng

and ¢; > nq, and thus i, < j; and 7, < ;.
Summing over all r yields

P

[{(i,5) 1§ < <) < No<yG)H = Gr—ir=1)=>_ [{t [ir <i}[=D_ [{t | b < ji}]. (50)
r=1 r=1

r=1

Since [{(i,5) | 7(j) < (i) <j < Ny < i} = [{(5,5) [ i <j <7710 < No <)}, it
follows from (50) that

q

{(@5) [7() <7() <G < No < i} =) (b= ke = 1) = > [t [ ke <k} =Dt 1Ge < 3.
r=1 r=1 r=1
(51)

Remarking that |{i | i < v(i) < Na < ¥2(i)}| = |[{t | 7(j;) > Na}| and inserting (50) and (51)
n (49) lead to

Q

p

G () =3y —i Z —ky = 1)+ [{t | v(je) > Nao}| — Z {t [ dir < it} (52)

r=1 r=1
p q
= {1 < g} —Zl{t | B <k} =)t ] de < 6},
r=1 r=1 r=1
Since the i,’s and k,’s are distinct we have
S p ! q
Sl <= (5) and etk <= (3) (53)
On the other hand,
p q p
STHE < g+ Wt lge< e} =Y [t ] # G}
r=1 r=1 r=1
=pqg—|{t|js € {l1,02,..., Ly}
k
=pg— Y Kt | v0i) < Na}l, (54)

where the last identity follows from the definitions of B(y) and B(y~!). Inserting (53) and (54)
n (52) lead to (48). This concludes the proof of Lemma 13. O
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