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ABSTRACT. A concrete aspect of Grothendieck Duality is used to give local
cohomology proofs of combinatorial identities including MacMahon’s master
theorem, Grosswald identity, identity of Shoo, Tepper identity, and others.

In combinatorial analysis, the method of integral representation is widely used
(see, for example, [1]). This analytic method provides an analytic framework in
which many combinatorial problems can be systematically solved. The basis for
this method is given with the help of the formalism of residues and the formal
properties for transforming integrals. The symbolic apparatus of this method dates
back at least to 18th century, however, without rigorous foundations. For instance,
the convergence of series was not taken into account.

On the other hand, the method of formal power series and formal Laurent series
has also been developed for solving combinatorial problems (see, for example, [3]).
Contour integrals in the analytic method are replaced by “taking the coefficient
of a monomial in a series” in this algebraic method. However the concept of
differentials is lacking in the algebraic side. In this article, we enrich the existing
algebraic methods by using a concrete aspect of Grothendieck Duality. “Taking the
coefficient” thus becomes more natural with the presence of differentials.

In section 1, we give an algebraic definition of residues and review their prop-
erties. In section 2, we give local cohomology proofs of some known combinatorial
identities which were shown by the analytic methods in [1] and [2]. Our proofs
resemble the symbolic guise of the proofs in [1] or [2]. For the general language of
commutative algebra, the reader is referred to [7], [5], and [4].

1. RESIDUES

Let k be a field. Formal power series rings over x can be characterized without
referring to variables. Assume that a Noetherian local ring (R, m) containing  is a
formal power series ring of n variables over k, that is, the following three conditions
are satisfied.

e R is complete and is of Krull dimension n.
e R is m-smooth over k.
e The induced map x — R/m is an isomorphism.
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Choose a regular system of parameters Xy, -+, X,, of R (that is, n elements which
generate m). Then elements in R can be written uniquely as an infinite sum

> an XX iy, iy, € K-
il;"' »7;7120
The universal separated differential module (Qp /> d) of R over k is freely generated
by dXi,---,dX,. Elements in the top local cohomology module HQ(A"QR/N) of
A g /r supported at m can be described using generalized fractions:

Definition 1. Let fi,---, f,, be a system of parameters of R (that is, n elements
which generate m up to radical). We define

w ~ . .
|: i1 in :| (WE/\nQR/Fm 7/17-.-727’L>0)
1o 7fn f17”'7fn
to be the image of
(N S,
(Jclfn)Z

under the canonical map

(AnQR/n)h ; *HZ(/\nQR/n)-

Jn

(i=td1+-+in)

Theorem 1. If g1 = ffl, oo gn = fin, then

i1 i - i1 4 :
1 ’ o 7fn/n/ fl)yfn 1 ’ o 7fnn g17'”7gn

A proof of the above theorem is sketched in [4, (2.2)]. As a consequence of the
above theorem, we may write generalized fractions without subscript. Generalized
fractions enjoy the following properties:

Property 1 (linearity law). For wi,ws € /\”QR/K, i1, ,in >0, and k1, ko € kK,

kiwr + kaws ] [ w1 ] [ wo ]
i i =k i i +k ( i :
|: 117"'7fnn ! 113"'7fnn 2 113"'afnn

Property 2 (vanishing law; [4], 2.3.i, or [6], 7.2.a). For w € /\”QR/K,

w
i i =0
|: 117"'afnn:|

if and only if (fi* - fin)sw € (FCFY | pin(sty \n Qg/,; for some s > 0.

In particular, for any 1 < j < n,

ij
S =
1 in
17"'afn

Property 3 (transformation law; [4], 2.3.ii, or [6], 7.2.b). For w € /\”QR/N and a
system of parameters fi,--- , f/ of R,

{ w } _ { det(r; ;) w ]
fla"'?f@ f{a?fé ’
if fi =30 yrijfjfori=1,--- ,n.
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Note that elements in H7, (/\”QR/K) can be written uniquely as a finite sum

T [ o B A e
i1, 400 >0 Lo 2
So we can make the following definition.
Definition 2. The residue map
resx, .. X, HQ(A"QR/K) — K
is defined to be the k-linear map satisfying
sy, x| @i X0 X, } _ {aih,..ﬂ-n, i == =1,
T X X 0, otherwise.

Many of our applications are based on the following theorem which is a special
case of [4, (5.3)].
Theorem 2. Let Y1,---,Y, be another reqular system of parameters of R. Then
resx,,...,x, = I€Sy;,....v, -

So we can write resx, ... x, simply as res.

Using modules of zero dimensional support, the notion of residues can be ex-
tended to power series rings over a complete local ring [4, Chapter 5]. In such

general context, residue maps are transitive. Here we only state a special case
which will be used later.

Property 4 (transitivity law). For fo, f1, fo--- € s[[X]],
+ fiY + foY2 + .. )dXdY m—1dX
resx,y |: (fO fl Xf1217ym ) :| =Tresx |: f Xln :| .
2. APPLICATIONS

Example 1 (MacMahon’s Master Theorem). Let « be a field, let

n
Xi:Zaijxj (aijen, i=1,2,--~,n),
j=1
and let mq, mo, - - - , m,, be non-negative integers. Then the coefficient of z}"* - - - '~
in X" .- X" is equal to the coefficient of wi"* ---w! in the inverse of
l—anwr —apwr -+ —apun
—anwe 1 —agws -+ —azws
D =
—Qp1Wn —An2Wn T 1- ApnWn
Proof (cf. [2]). Consider the powers series ring k[[x1, - - - , ,]] in which the theorem
is properly stated. Let Y; = 1 4+ X;. Then the required coefficient is equal to
Y™t Y dey - - day,
I'=res { $71m+17n... gt :
Let w; = x;/Y; (i =1,---,n). Then wy,--- ,w, is a regular system of parameters
of k[[x1,- - ,zy]]. By the transformation law, we have
(Y1 Y,)"tday - dwy
I =res w1n1+17... 7u);’lﬂn-l‘l ’
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Since
1—-apwy —apw -+  —apw;
p p 1 —az1wz 1 —axws --- —Q2,W2 p p
wl...w - . . . xl...x
" Y, : : . : "’
—Ap1Wnp —Ap2Wnp tee 1- ApnWn
we get
I — res D=l dw; - - - dw,
w71711+1’ L. 7,w’rrf,n-‘,—l
which is the coefficient of wi™ -+ w™ in D1, O

Let k be a field of characteristic 0. Consider the power series rings x[[z]] and

k[[x,y]]. The facts that
1+z)"dz | _ (n
res kA1 =,

ros 1+z)"(1+y)"dedy | (M) (n
xh-ﬁ-l’yk"t‘l - h k
will be used.
Example 2 (cf. [1], (2.1)).

Zq:(—l)k@?) = (—1)q<p; 1)7 p>q.

and

)
=k§:<—1>’€res Rt
|

i pop—k
= Z(—l)kres (1+ ?pfl du ] (transformation law)
k=0
i p q _1\k.,.p—k
=res (1+2) Zk;ﬂr(l 1)*ar™tde } (linearity law)
[ (1 +2)P~ (2Pt + (=1)92P~9)dw
=res P
i p=1(_1)aP—4
=res (1+2) 3359 +11 JiaP~tdz ] (linearity and vanishing law)

r —1)4 p—1
=res (=1) (1552;?) d:c} (transformation law)

<))

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



APPLICATIONS OF RESIDUES TO COMBINATORIAL IDENTITIES 1015

Example 3 (Grosswald identity; cf. [1], (1.42)). Assume n —r = 0 (mod 2).

(1) () ()

Proof. Replacing v by n —r — v, we have

e (1)) S ()2

v=0

Using the transformation law and the linearity law, we have

S (g ) - 2 S s A S

=0 =0
_ 2r_n’§res [ (M@ +x£ii:ig—2x)”dx }
v=0
T [0 () (f.x%%z:ll(l +2)2" d ]
_ 9P nieg : (1- 1%%):_(}:; )2 du }
— e | ;ﬁiidw } :

Using the linearity law and the definition of residues, we have

o[ O BN ] a7

Example 4 (Identity of Shoo; cf. [1], (2.16)).

S ()

Proof. Using the transformation law and the linearity law, we have
i m\? (n+2m —k
k 2m

- ™14 2)™(1+y) 2k ded
= Zres [ (k)( x)m—(k-i-l yy)2m+1 4

™M+ y)m R (1 4 2)™ (1 + ) da dy
res $m+1 y2m+1

Cpes | T Ty A+ @) (14 y) T drdy
xm+l7y2m+l .
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Using the transitivity law, the linearity law, and the definition of residues, we have

o[ ATy (U 2)™ (1 ) dady
xm+1’y2m+l

| (O T (0 |

CEOETG

Using the methods as before, one can verify easily that

S0 )= (IS ) ) - ()

k=m
O
Given an element f in the maximal ideal of x[[z]], we denote
2 fn
el =l =
2! n!
and
T A A
m(4+f)=f-L ¢+ T
n(l+f):=f 5 T3 1 5
Then
—In(l-z)dz | 1
res {,Un+1 = n
and
res ede | _ 0"
$n+1 - n|
for a € k.
Example 5 (Tepper identity; cf. [1], (2.2)). Let « be an element in «; then
. <
(o= [ 02
P rl, p=r.
Proof.
- r [ !S> (= 1)E (D) er(@=F) dy
Z(_l)k <k> (a — k)P = res P ol x)”&f)
k=0 L
[ pl(1—e e dr
= Tres p ( $p+)l }
[ plera(z _ 22 4 ..y
= res| P€ (17 x1’2J!Fl+ ) dx]
_ 0, 0<p<m,
rl, p=r
O
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Example 6 (cf. [1], (2.26)).

()55
Proof.
é(-nk—l(g):j = gires{(—l)k(Z)mle}r(ll—x)dx}

L { (=D¥(R)2*9 (1 — 2) da ]

(]

ZIJk+1
k=1j=1
- —D*(™) (1 — 2" In(1 — z) dz
= %res[ (=1) (k);z(ckﬂ(l)—x() ) }

N Ty
{ (z—=1)"In(l —z)dz }

2"t (1 - x)
{—ln(l—w)dw} (w x )

wn+1
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